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Abstract. For analytic function of the form fi(z) = z +
∑
n=2 a

i
nz
n, in the open unit

disk, the study on class Γα(ζ1, ζ2; γ) is extended to the class of ΓDα(ζ1, ζ2; γ) and some
of their properties in relation to the coefficient bounds, convex combination as well as
convolution were discussed.
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Introduction
Let A denote the class of functions of the form

f(z) = z +
∞∑
n=2

anz
n

analytic and normalized with f(0) = f ′(0)− 1 = 0 in the open disk,
U = {z ∈ C : |z| < 1}. Makinde and Oladipo [6] intoduced the class

(1) Γα(ζ1, ζ2, γ) =

{
fi ∈ A

∣∣∣∣ G(z) + 1
α
− 1

ζ1(G(z) + 1
α

) + ζ2

∣∣∣∣ ≤ γ

}
for some complex ζ1, ζ2, α and for some real γ, 0 ≤ |ζ1| ≤ 1, 0 < |ζ2| ≤ 1, |α| ≤ 1 and
0 < γ ≤ 1. See also, [1,2,3,4,5,7,8].
In this paper, we investigated the extension of the class Γα(ζ1, ζ2, γ to the class ΓDα(ζ1, ζ2; γ)

Defined by

(2) ΓDα(ζ1, ζ2; γ) =

{
fi ∈ A

∣∣∣∣ G(z) + 1
α
− 1

ζ1(G(z) + 1
α

) + ζ2

∣∣∣∣ ≤ γ

}
for the integral operator

(3) Fα, (z) =

∫ z

0

k∏
t=1

(
Dnfi(s)

s

)1/α

ds, α ∈ C
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Where

(4) Dnfi(z) = z +
∞∑
n=2

nkanz
n, k = 1, 2, 3, ...

Moreover,
LetDnfi(z) = z+

∑∞
n=2 n

kainz
n andDngi(z) = z+

∑∞
n=2 n

kbinz
n, we define the convolution

of Dnfi(z) and Dngi(z) by

(5) Dnfi(z) ∗Dngi(z) = (Dnfi ∗Dngi)(z) = z +
∞∑
n=2

nka
i
nb
i
nz

n

We shall now present our main results.

Main Results
Theorem 1 Let Dnfi be in A. Then Dnfi is in the class ΓDα(ζ1, ζ2; γ) if and only if

(6)
k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|ain| ≤ γ|ζ1 + αζ2| − |1− α|

γ|ζ1 + αζ2| > |1− α|

Proof

∣∣∣∣∣ G(z) + 1
α
− 1

ζ1(G(z) + 1
α

) + ζ2

∣∣∣∣∣ =

∣∣∣∣∣
∑k

i=1
1
α

(
Dn+1fi(z)

Dnfi(z)
− 1

)
+ 1

α
− 1

ζ1

(∑k
i=1

1
α

(
Dn+1fi(z)

Dnfi(z)
− 1

)
+ 1

α
+ ζ2

)∣∣∣∣∣, k ≥ 1

=

∣∣∣∣∣ 1− α +
∑k

i=1

∑∞
n=2 n

k(n− α)ainz
n

ζ+αζ2 +
∑k

i=1

∑∞
n=2 n

k(nζ1 + αζ2)ainz
n

∣∣∣∣∣
≤ |1− α|+

∑k
i=1

∑∞
n=2 n

k(n− α)|ain|
|ζ+αζ2| −

∑k
i=1

∑∞
n=2 n

k(nζ1 + αζ2)|ain|

≤ γ

LetDnfi(z) satisfy the inequality (6) above, thenDnfi(z) belong to the class ΓDα(ζ1, ζ2; γ)

Coversely, Let Dnfi(z) ∈ ΓDα(ζ1, ζ2; γ), then inequality
k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|ain| ≤ γ|ζ1 + αζ2| − |1− α|
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is satisfied. Corollary 1 If Dnfi(z) ∈ ΓDα(ζ1, ζ2; γ) then

|ain| ≤
γ|ζ1 + αζ2| − |1− α|

nk+1(γζ1 + 1) + αnk(γζ2 − 1)

Theorem 2 Let the function Dnfi(z) ∈ ΓDα(ζ1, ζ2; γ) and the function Dngi(z) defined
by

Dngi(z) = z +
∞∑
n=2

nkbinz
n

be in the same ΓDα(ζ1, ζ2; γ). Then the function Hi(z) defined by

Hi(z) = (1− λ)Dnfi(z) + λDngi(z) = z +
∞∑
n=2

nkCi
nz

n

also belong to the class ΓDα(ζ1, ζ2; γ)

where Ci
n = (1− λ)ain + λbin, 0 ≤ λ ≤ 1

Proof Suppose that both Dnfi(z) and Dngi(z) belong to the class ΓDα(ζ1, ζ2; γ).
Then by (6), we have

k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|Ci

n|

=
k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|(1− λ)ain + λbin|

= (1− λ)
k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|ain|

+ λ

k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|bin|

≤ (1− λ){γ|ζ1 + αζ2| − |1− α|}+ λ{γ|ζ1 + αζ2| − |1− α|}

= γ|ζ1 + αζ2| − |1− α|

Thus, the convex combination ofDnfi(z) andDngi(z) also belong to the class ΓDα(ζ1, ζ2; γ)

Theorem 3 Let the function Dnfi1(z) ∈ ΓDα(ζ1, ζ2; γ) and the function Dnfi2(z) belong
to the class ΓDα(β1, β2; γ). Then Dnfi1(z) ∗ Dnfi2(z) = (Dnfi1 ∗ Dnfi2)(z) belong to the
class ΓDα(ζ1, ζ2; γ) ⊂ ΓDα(β1, β2; γ)

Proof Dnfi1(z) ∈ ΓDα(ζ1, ζ2; γ) implies that

k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|ain1| ≤ γ|ζ1 + αζ2| − |1− α|
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and Dnfi2(z) ∈ ΓDα(β1, β2; γ) implies that
k∑
i=1

∞∑
n=2

[
nk+1(γβ1 + 1) + αnk(γβ2 − 1)

]
|ain2| ≤ γ|β1 + αβ2| − |1− α|

where ain1, ain2 < 1

Now,

(Dnfi1 ∗Dnfi2)(z) =
k∑
i=1

∞∑
n=2

[
nk+1(γβ1 + 1) + αnk(γβ2 − 1)

]
|ai1n||ai2n|

≤
k∑
i=1

∞∑
n=2

[
nk+1(γζ1 + 1) + αnk(γζ2 − 1)

]
|ai1n|

≤ γ|ζ1 + αζ2| − |1− α|

This implies that (Dnfi1 ∗ Dnfi2)(z) belong to the class ΓDα(ζ1, ζ2; γ) ⊂ ΓDα(β1, β2; γ)

Corollary 2 Let (Dnfi1 ∗ Dnfi2)(z) belong to the class ΓDα(ζ1, ζ2; γ) ⊂ ΓDα(β1, β2; γ).
Then

|ai1n||ai2n| ≤
γ|ζ1 + αζ2| − |1− α|

nk+1(γζ1 + 1) + αnk(γζ2 − 1)
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