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Abstract. This paper presents the problem of a vendor-buyer integrated production in-
ventory model for two stage supply chain under investment for quality improvement.
The buyer faces as a linear demand, which is assumed to be function of its unit selling
price. Total profit is the supply chain performance measure and it is computed as the
difference between revenue from sales and total cost, where the latter is sum of the ven-
dor’s and buyer’s setup/order and inventory holding costs, and opportunity investment
cost . Moreover, a capital investment, which is necessary to improve the quality of the
product, is also considered in the total profit function. Main focus for this paper is the
investment for quality improvement for joint optimization. In this paper we can use log-
arithmic function to obtain the investment in quality improvement. The model is based
on the integrated total profits of both buyer and vendor which find out the optimal val-
ue of order quantity, opportunity investment cost for quality improvement.In this study
first, we developed mathematical model and procedure of finding the optimal solution
is developed. Also the solution procedure is developed in order to find the total profit
of the vendor and the buyer which is to be maximized. Some numerical examples are
also used to analyze the effect of the price-sensitivity of demand on the improvements
in total profit. A computer code using the software Matlab is developed to derive the
optimal solution and numerical example is presented to illustrate the proposed models.
The result are illustrate with the help of numerical example. Graphical representation
is also presented to illustrate the proposed model.
2010 Mathematics Subject Classification. 90B05.
Key words and phrases. Supply Chain Model, Vendor buyer coordination, Total profit,
Shipment policy, Investment for quality improvement.

1. Introduction
Supply chain management often requires the integration of inter and intra orga-

nizational relationships and coordination of different types of flows within the entire
c⃝2014 Asia Pacific Journal of Mathematics
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supply chain structure. Supply chain management (SCM) helps firms in integrat-
ing their business by collaborating with other value chain partners to meet the un-
predictable demand of the end user. Supply chain management (SCM) seems to be
a growing area of interest amongst researchers and practitioners from varied disci-
plines. Supply chain Management (SCM) has evolved from the age when issues relat-
ed to materials flow (Forrester, 1961) was introduced, which later on become part of
Supply Chain Management (SCM).

The Just in time (JIT) system plays an important role in present supply chain man-
agement. One of the major tasks of maintaining the competitive advantages of just in
time production is to compress the lead time needed which is associated with deliv-
ering high quality products to customers. In the dynamic, competitive environment,
successful companies have devoted considerable attention to reduce inventory cost and
lead time. In the past, most of the inventory model researchers considered only the
independent view point. However, in supply chain environmental, the co-ordination of
all the partners is the key to efficient management of a supply chain to achieve global
optimality. Research on coordinating supply chains is currently very popular. During
the last few years, the concept of integrated vendor-buyer inventory management has
attracted considerable attention, accompanying the growth of Supply Chain Manage-
ment (SCM).

A supply chain is defined as a network of facilities and distribution options that per-
form the functions of procurement of materials, transformation of these materials into
intermediate and finished products, and the distribution of these finished products to
customers. Managing such functions along the whole chain; that is, from the suppli-
er’s supplier to the customer’s customer; requires a great deal of coordination among
the players in the chain. The effectiveness of coordination in supply chains could be
measured in two ways: reduction in total supply chain costs and enhanced coordina-
tion services provided to the end customer and to all players in the supply chain.

A supply chain encompasses all activities in fulfilling customer demands and re-
quests. These activities are associated with the flow and transformation of goods from
the raw materials stage, through to the end user, as well as the associated informa-
tion and funds flows. There are four stages in a supply chain: the supply network, the
internal supply chain (which are manufacturing plants), distribution systems, and
the end users. Moving up and down the stages are the four flows: material flow, ser-
vice flow, information flow and funds flow. The supply chain begins with a need for a
computer. In this example, a customer places an order for a Dell computer through
the internet. Since Dell does not have distribution centers or distributors, this order
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triggers the production at Dell’s manufacturing center, which is the next stage in the
supply chain. Microprocessors used in the computer may come from AMD (Advanced
micro divisor) and a complementary product like a monitor may come from Sony.

Dell receives such parts and components from these suppliers, who belong to the
up- stream stage in the supply chain. After completing the order according to the
customer’s Specification, Dell then sends the computer directly to the users through
UPS (Uniform power supply), a third party logistics provider. Supply Chain Manage-
ment is a set of synchronized decisions and activities utilized to efficiently integrate
suppliers, manufacturers, warehouses, transporters, retailers, at the right quantities,
to the right locations, and at the right time, in order to minimize system- wide costs
while satisfying customer service level requirements. The objective of Supply Chain
Management (SCM) is to achieve sustainable competitive advantage.

In many practical situations, setup cost can be controlled and reduced through vari-
ous effects such as worker training, procedural changes and specialized equipment ac-
quisition. If the ordering cost per order could be reduced effectively, the total relevant
cost per unit time could be automatically improved. Through the Japanese experience
of using Just in time (JIT) production and benefits associated with efforts to reduce
the ordering cost can be clearly perceived. In recent years, several authors have stud-
ied inventory models with controllable setup cost and lead time.

The integrated vendor-buyer problem is called the joint economic lot sizing (JELS)
problem. The global supply chain is very complex, and link-by-link understanding of
joint policies can be very useful Ben-Daya et al.[14] and Khan et al.[12] proposed a
two-stage integrated inventory system to incorporate the just in time (JIT) concept in
the conventional joint batch- supplier problem. The integrated model between suppli-
er and purchaser for improving the performance of inventory control has attracted a
great deal of attention from researchers. Goyal[21] suggested a joint economic lot-size
model where the objective was to minimize the total relevant costs for both the vendor
and the buyer. Goyal[21] and Goyal[20] first introduced the idea of a joint total cost
for a single-vendor and a single-buyer scenario assuming an infinite production rate
for the vendor and lot- for- lot policy for the shipments from the vendor to the buyer.

Banerjee[1]relaxed the infinite production rate assumption. Then Goyal[19] con-
tributed to the efforts of generalizing the problem by relaxing the assumption of lot-
for-lot. He assumed that the production lot is shipped in a number of equal-size ship-
ments. Viswanathan et.al[23] later developed a model of single-vendor, single-retailer
distribution channel, where the retailer faces a price sensitive deterministic demand.
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Another recent paper in this area is by Ray et al.[22] who introduced an integrat-
ed marketing-inventory model for two pricing policies, price as a decision variable and
mark- up pricing. Recently, Bakal et al.[10] presented two inventory models with price-
sensitive demand. Two different pricing strategies were also investigated, where (i)
the firm chooses to offer a single price in all markets selected, and (ii) a different price
is set for each market. Recently, the lot sizing problem has received considerable at-
tention. But the majority of analysis have always assumed implicitly perfect quality
of products. Product quality, however, is not always perfect, and is usually a function
of the state of the production process. When the production process is in control, the
items produced would be of high or perfect quality. As time goes on, the process may
deteriorate and begin to produce defective items. Thus, the relationship between pro-
duction lot size and the quality of the product may be significant.

As global market became more competitive, supply chain coordination became a key
component for enhancing its profitability and responsiveness. When there is no coor-
dination, the supply chain members act independently to maximize their own profit,
which does not ensure that the parties as a whole reach on optimal result Sajadieh et
al.[17]both form economic and environmental points of view. When there is coordina-
tion, the total supply chain profit/cost is maximized / minimized, but the saving from
coordination shifts to the side of the vendor and buyer is the one who will be operation
off its optimal policy.

In the cases where no coordination exists between supply chain members, the vendor
and the buyer will act independently to maximize their own profit. This independent
decision behavior usually cannot assure that the two parties, as whole, reach the opti-
mal state. In traditional inventory management, the optimal inventory and shipment
policies for manufacturer and buyer in a two echelon supply chain are managed in-
dependently. As a result the optimal lot size for the purchaser may not result in an
optimal policy for the vendor and vice versa. To overcome this difficulty, the integrated
vendor-buyer model is developed, where the joint total relevant cost for the purchaser
as well as the vendor is maximized. Consequently, determining the optimal policies,
based on integrated total cost function rather than buyer or supplier individual cost
function, result in a reduction of the total inventory cost of the system.

Quality has been highly emphasized in modern production/inventory management
systems. Also, it has been evidenced that the success of Just-In-Time (JIT) produc-
tion is partly based on the belief that quality is a controllable factor, which can be
improved through various efforts such as worker training and specialized equipment
acquisition. In the classical economic order quantity (EOQ) model, the quality-related
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issue is often neglected; it implicitly assumes that quality is fixed at an optimal level
(i.e., all items are assumed with perfect quality) and not controllable. However, this
may not be true. In a real production environment, we can often observe that there
are defective items being produced. These defective items must be rejected, repaired,
reworked, or, if they have reached the customer, refunded; and in all cases, substantial
costs are incurred.

Porteus[5] and Rosenblatt et al.[16]were the first to explicitly elaborate on the sig-
nificant relationship between quality imperfection and lot size. Specifically, Porteus et
al.[5] extended the economic order quantity EOQ model to include a situation where
the production process is imperfect, and based on this model he further studied the
effects of investment in quality improvement by introducing the additional investing
options. Since Porteus[5]several authors proposed the quality improvement models
under various settings, see e.g. (Keller et al.[7]; Hwang et al.[8]; Moon[9]; Hong et
al.[11]; and Ouyang et al.[13]). We note that in the body of literature (Hong et al.[11];
Hwang et al.[8]; Keller et al.[7]; Lau et al.[2]; Nasri et al.[6]; Moon[9]) a common ap-
proach utilized to develop the total cost of quality improvement model is adding the
investment cost required for quality improvement to the system operating costs, where
the investment amount is further charged a fixed opportunity cost instead of modeling
the system with discounted costs. However, in practice, the opportunity cost rate (e.g.,
interest rate) may not be fixed; it may slightly change from time to time, particularly,
in an unstable environment.

We assume that the relationship between setup cost reduction (or process quality
improvement) and capital investment can be described by the logarithmic investmen-
t function. This logarithmic investment function which has been used in previous
researches by (Paknejad et al.[15]; Nasri et al.[6]; Sarker et al.[3]; Hofmann[4]) is con-
sistent with the Japanese experience as reported in Hall[18]. In addition, a procedure
is provided to find the optimal production runs time and then to find the optimal setup
cost and process quality improvement level.
In this paper, we develop an integrated production-inventory system consisting of a
single vendor and single buyer, under investment in quality improvement. On the oth-
er hand, it can be considered as an integrated operations-marketing model which is
developed for a two stages supply chain model, under investment in quality improve-
ment where production optimization incorporated. The objective of this paper is to
maximize the total profit for the single vendor and single buyer.
The paper is organized as follows; the problem is defined in section 2. Notations and
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assumptions are discussed in section 3. Section 4 is discussed with joint optimiza-
tion for the buyer and the vendor integrated model. In section 4.1 investments for
quality improvement. In section 5, Solution procedure for joint optimization model is
presented. In section 6, an algorithm is developed to find the optimal solution to the
integrated model. In section 7, numerical examples are presented. Finally, we draw
conclusion and further researches are summarized in Section 8.

2. Problem definition

Consider a two supply chain model for a product which consists of a single vendor
and single buyer. The final demand for this product is assumed to be deterministic but
price sensitive. The objective is to determine the number of shipments m , the selling
price δ as well as the optimal order quantity Q, so that the total profits of the vendor
and the buyer total profit TP are maximized.

3. Notations and Assumptions
To develop the proposed model, we adopt the following notations and assumptions

which are similar to those used

3.1. Notations. To develop the proposed model, we adopt the following notations
P Production rate of the vendor , P > D

Q Optimal order quantity.
Av Vendor’s setup cost.
Ab Buyer’s ordering cost.
δ The buyer unit selling price.
D(δ) Demand rate as a function of unit selling price.
hv Inventory holding cost for the vendor per year.
hb Inventory holding cost for the buyer per year.
m The number of deliveries in which the product is delivered from the vendor

to the buyer in one production cycle, a positive integer.
g Vendor unit defective cost per defective item.
θ0 Original percentage of defective products

produced once the system is in the out of control state prior to investment.
θ Percentage of defective products produced once the system

is in the out of control state.
q(θ) Vendor’s capital investments require reducing the out of control probability

from θ0 toθ
i Vendor’s fractional opportunity cost of capital per unit time.
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ε Percentage decrease in θ per dollar increase investment in q(θ)

TP Total Profit for both the vendor and the buyer.

3.2. Assumptions. To develop the proposed model, we adopt the following assump-
tions

1. The integrated system of single-vendor and single-buyer for a single product is
considered.

2. The buyer faces a linear demand D(δ) = a − bδ(a > b > 0) as a function of its
unit selling price.

3. The inventory is continuously reviewed and replenished.
4. Shortage is not allowed.
5. Shipments from the vendor to the buyer use a lot-for-lot policy
6. The relationship between lot size and quality is formulated as follows: while

vendor is producing a lot, the process can go out of control with a given probabilityθ
each time another unit is produced. The process is assumed to be in control in
the beginning of the production process. Once out of control, the process pro-
duces defective items and continues to do so until the entire lot is produced.
(This assumption is in line with Porteus[5]).

7. The out of control probability is a continuous decision variable, and is described
by a logarithmic investment function. The quality improvement and capital
investment is represented byq(θ) = q1ln

(
θ0
θ

)
for(0 < θ ≤ θ0),where θ0 is the cur-

rent probability that the production process can go out of control, and q1
(
1
ε

)
,

with denoting the percentage decrease in θ per dollar increase in q(θ) . The
application of the logarithmic function on capital investment and quality im-
provement has been proposed by many authors, for example, Porteus[5]; Keller
et al.[7] and Hong et al.[11].

8. The inventory holding cost at the buyer is higher than that at the vendor, i.e.
hb > hv.

9. All defective items produced are detected after the production cycle is over, and
rework cost for defective items will be incurred.

10. Defective item rework cost per unit time, the expected number of defective items
in a run ofmQ size with a given probability of θ that the process can go out of
control is m2Q2θ

2
. Thus, the defective cost per unit time is given gmDQθ

2
.

11. Opportunity cost of quality improvement investment q1ln
(
θ0
θ

)
.

188



4. Model formulation

In this section, the optimal policy of the integrated system is derived. However, for
comparative purposes, we first obtain the buyer and the vendor policies if each party
optimizes its profit independently. The policies and profits are then compared to the
case of integrated system when they cooperate; particularly in information sharing.
We assume that the buyer faces a linear demand D(δ) = a− bδ(a > b > 0) as a function
of its unit selling price. As D(δ) > 0. The maximum selling price is a

b
i.e. δ < a

b
. The

total profit (TP ) is equal to the gross revenue minus the sum of purchasing, order
processing for both vendor and buyer, and inventory holding costs for both vendor and
buyer costs. The total profit (TP )

max
Q,m

TP (Q,m) = aδ − bδ2 − (a− bδ)(Av +mAb)

mQ
− hvQ

2

[
m

(
1− a− bδ

P

)
− 1

+

(
2(a− bδ)

P

)]
(1)

s.t. δ < a
b
, Q > 0,m is an integer

4.1. Investment for Quality Improvement. Based on (1), we wish to study the ef-
fect of investment for quality improvement. Consequently, the objective of the integrat-
ed model is to maximize the profit for the optimal ordering, shipment, and investment
for quality improvement by simultaneously determining the optimal values of Q,m, θ

subject to (0 < θ ≤ θ0) Thus, the total profit per year that is,

TP (Q,m, θ) = aδ − bδ2 − (a−bδ)(Ab+
Av
m

)

Q
− Q

2

{
hb + gmθ(a− bδ) +

hv

[
m

(
1− a−bδ

P

)
− 1 +

(
2(a−bδ)

P

)]}
− iq1ln

(
θ0
θ

)
(2)

for 0 < θ0 < θ where i is the vendor’s fractional opportunity cost of capital per unit
time

5. Solution procedure for total profit model

The system for total profit is concave in Q for given values of the buyer’s selling price
δ and the number of shipments m . The optimal order quantity and process quality
can then be obtained as

∂TP

∂Q
=

(a− bδ)(Ab +
Av

m
)

Q2
− 1

2

{
hb + gmθ(a− bδ)

+hv

[
m

(
1− a− bδ

P

)
− 1 +

(
2(a− bδ)

P

)]}
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∂TP

∂Q
= 0

Q∗ =

√√√√√ 2(a− bδ)(Ab +
Av

m
){

hb + gmθ(a− bδ) + hv

[
m

(
1− a−bδ

P

)
− 1 +

(
2(a−bδ)

P

)]}(3)

∂TP

∂θ
=

−Qgm(a− bδ)

2
+

iq1
θ

∂TP

∂θ
= 0

θ∗ =
2iq1

Qgm(a− bδ)
(4)

Substituting expression (3) into the cost function (2), we obtain

(5) TP (Q,m, θ) = aδ − bδ2 −

√
2(a− bδ)(Ab +

Av

m
)

{
G+G1

}
+ iq1

(
θ0
θ

)

where G = hb + gmθ(a− bδ)andG1 =

{
hv

[
m

(
1− a−bδ

P

)
− 1 +

(
2(a−bδ)

P

)]}
For a given value of δ ,maximizing TP is equivalent to minimizing the following ex-
pression

TP = 2(a−bδ)

(
Ab +

Av

m

){
hb+gmθ(a−bδ)

[
hv

[
m

(
1− a− bδ

P

)
− 1 +

(
2(a− bδ)

P

)]]}
We first assume that m is a continuous variable. Taking the first and second partial
derivatives of TP with respect to m,we obtain
∂TP

∂m
= 2 (a− bδ)

[
m2Abhv(P − a+ bδ)− 2Avhv(a− bδ)− Av(hb − hv)P +m2PAbg(a− bδ)Q

m2P

]
∂TP

∂m2
= 4(a− bδ)Av

[
2hv(a− bδ) + (hb − hv)P

m3P

]
Ashb > hv and δ < a

b
.the second derivative is positive. Consequently, TP is strictly

convex in m. Solving ∂TP
∂m

, we get

m =

√
Av [2hv(a− bδ) + (hb + hv)P ]

Ab [hv(P − a+ bδ) + Pg(a− bδ)θ]
(6)

Recalling the integrity constraint on m one gets,

m∗(m− 1) ≤ Av [2hv(a− bδ) + (hb + hv)P ]

Ab [hv(P − a+ bδ) + Pg(a− bδ)θ]
≤ m∗(m− 1)
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6. Algorithm

Step 1.
Set θ = θ0 and Repeat (i) - (iii) until no change occurs in the values of Q,m, θ. Denote
these solution by Q∗,m∗, θ∗ respectively.
(i) Substitute θ into equation (6) to find m.
(ii) Use θ and m to compute Q from equation (3).
(iii) Use Q and m to determine θ from equation (4).
Step 2.
If θ ≤ θ0, then the solution found in step 1 is optimal solutions and go to step (4). Oth-
erwise go to step (3).
Step 3.
Set θ∗ = θ0, then substitute θ∗ into equation (6) to compute m∗ and determine Q∗ from
equation (3) using the values of θ∗,m∗ . Then go to step (4).
Step 4.
Determine TP (Q∗,m∗, θ∗) from equation (2) using the values ofQ∗,m∗, θ∗. TP (Q∗,m∗, θ∗)

is a set of optimal solutions.

7. Numerical Examples

Consider an inventory system with the following characteristics P = 3200/year, Av =

400/unit, Ab = 25/unit, hb = 5/unit, hv = 4/unit, i = 0.2, g = 15/unit, q(θ) = 400log
(
θ0
θ

)
,

where θ0 = 0.0002. Besides, we take q1 = 400, a = 1500, b = 10, δ = 15.50/unit/year.
Applying the solution procedure we have number of shipments m∗ = 5 , optimal order
quantity Q∗ = 128 units process quality θ∗ = 0.000012392 units , Total profit TP = 18420

. In order to gain insight into this effect, different levels of a, b, δ have been considered
in the table (1), (2) and (3) and figures (1)-(6).

Table 1. Decision variable under joint optimization (a)

a m Q θ∗ TP

500 3 93 0.000011082 3936
1000 4 114 0.000027683 11084
1500 5 128 0.000012392 18420

8. Conclusion

In this paper, we developed an integrated production inventory marketing model
for joint optimization model. In this paper demand function is more price-sensitive
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Table 2. Decision variable under joint optimization (b)

a m Q θ∗ TP

10 5 128 0.000012392 18420
20 5 118 0.000015193 16124
30 4 129 0.000019973 13846
40 4 117 0.000025900 11591
50 4 104 0.000035367 9358
60 3 115 0.000054242 7160

Table 3. Decision variable under joint optimization (δ)

a m Q θ∗ TP

5.50 6 117 0.000010515 5460
10.50 5 131 0.0000116743 12189
15.50 5 128 0.000012392 18420

Figure 1. Graphical representation for optimal solution in Different val-
ues a

demand. In the present work we have developed an integrated production invento-
ry model in which the objective is to maximize the total profit of the buyer and the
vendor by optimizing the optimal order quantity, number of shipments and process
quality. Moreover, a capital investment, which is necessary to improve the quality
of the product, is also considered in the total profit function. This paper attempts to
determine the optimal order quantity and capital investments in process quality im-
provement for production system such that the total profit is maximized. The cost of
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Figure 2. Graphical representation optimal solution

Figure 3. Graphical representation for optimal solution in Different val-
ues b

capital (i.e., opportunity cost) is one of the key factors in making the inventory and
investment decisions. The main purpose of this paper is to present the vendor buyer
integrated production inventory model with investment for quality improvement. In
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Figure 4. Graphical representation optimal solution

Figure 5. Graphical representation for optimal solution in Different val-
ues δ

our model, the capital investment for quality improvement is assumed to be a logarith-
mic function. Also the solution procedure is developed in order to find the total profit
of the vendor and the buyer which is to be maximized. Then, an algorithm procedure
is developed in order to find that the optimal order quantity, number of shipments,
process quality and total profit is maximized, and our approach is illustrated through
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Figure 6. Graphical representation optimal solution

a numerical example is given to illustrate the solution procedure.Graphical represen-
tation is also presented to illustrate the proposed model. Developing the model to the
multi-supplier case is also proposed for the future research.
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