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Abstract. In the field of geometric function theory, numerous notable authors have extensively used
orthogonal polynomials. In this paper, we solve the Fekete-Szegö problem, and also give bound estimates
for the coefficients and an upper bound estimate for the second Hankel determinant for functions in the
class GΣ(v, σ) of analytic and bi-univalent functions involving the Euler polynomials.
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1. Introduction and preliminaries

Let A denote the class of all complex valued functions f(z) given by

f(z) =
∞∑
l=2

slz
l = z + s2z

2 + s3z
3 + · · ·+ slz

l + · · · , sl ∈ C, (1.1)

which are holomorphic in the open unit disk

U = {z ∈ C : |z| < 1}

in the complex plane. A function is called univalent in U if it never takes a value twice. Mathematically

f (z1) 6= f (z2) for all points z1 and z2 in U implies z1 6= z2.

Let S represent the class of all univalent functions in A as well. As the class of starlike and convex
functions of order φ, respectively, the classes S∗(φ) and C(φ) are some of the significant and well-
researched subclasses of S therefore have been added here as follows (see [1, 4]).
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S∗(φ) =

{
f ∈ S : <

(
zf ′(z)

f(z)

)
> φ, φ ∈ [0, 1), z ∈ U

}
and

C(φ) =

{
f ∈ S : <

(
1 +

zf ′′(z)

f ′(z)

)
> φ, φ ∈ [0, 1), z ∈ U

}
.

Remark 1.1. It is easy to seen that

S∗(0) = S∗ and C(0) = C,

where S∗ and C are the well-known function classes of starlike and convex functions respectively.

Let the function g(z) and f(z) be analytic in U . We say that the function f(z) is surbordinate to g(z),
written as f(z) ≺ g(z), if there exists a Schwarz function ω that is analytic in U with

|ω(z)| < 1 and ω(0) = 0 (z ∈ U)

such that

g(ω(z)) = f(z).

Beside that, if the funtion g is univalent in U , then the following equivalence holds:

f(z) ≺ g(z) if g(0) = f(0)

and

f(U) ⊂ g(U).

For more details see [1].
It is generally known that for every f ∈ S, its inverse function is defined by

F(f(z)) = z, f(F(w)) = w,

(
|w| < r0(f), r0(f) ≥ 1

4

)
and (z, w ∈ U),

and may have the following analytical extension in U .

F(w) = w − s2w
2 + (2s2

2 − s3)w3 + (−5s3
2 + 5s2s3 − s4)w4 + · · · . (1.2)

An analytic function f is called bi-univalent in U if f and f−1 are both univalent U . The classes of all
such function is denoted by Σ.

The so-called “polynomials" are a significant and fascinating group of special functions, specifically
orthogonal polynomials. They can be found in various disciplines of the natural sciences, such as
coding theory, discrete mathematics (graph theory, combinatorics), Eulerian series, elliptic functions,
theta functions, continuous fractions etc.; see [6, 7], algebras and quantum groups [8–10].
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Using the generating function, the Eulers polynomials Em(v) are frequently defined (see, e.g., [2,5]):

L(v, t) =
2etv

et + 1
=
∞∑
m=0

Em(v)
tm

m!
, |t| < π. (1.3)

An explicit formula for Em(v) is given by

En (v) =
n∑

m=0

1

2m

m∑
k=0

(−1)k

 m

k

 (v + k)n .

Now from the above equation we get Em (v) in term of Ek as

Em(v) =

m∑
k=0

m
k

 Ek
2k

(
v − 1

2

)m−k
. (1.4)

The initial Euler polynomials are:

E0(v) = 1

E1(v) =
2v − 1

2

E2(v) = v2 − v (1.5)

E3(v) =
4v3 − 6v2 + 1

4

E4(v) = v4 − 2v3 + v.

The Fekete-Szegö functional Lβ(f) = |t3 − βt22| for f(z) ∈ S is well-known for its role as a functional
in determining the sharp upper bound for functions f(z) ∈ S in geometric function theory. It was
established by Fekete and Szegö [25] when they disproved the conjecture and Littlewood and Parley
that the modulus of coefficients of odd functions f ∈ S are less than or equal to 1. The functional has
recieved great attention (see for instance, [26,27]), particularly in many subfamilies of analytic and
univalent functions. The extablishment of sharp upper bound for functional Lβ(f) for any family of
functions S ⊂ A is what is known as the Fekete-Szegö problem of S.

Pommerenke [28] investigated and defined below the nth-Hankel determinant, denoted by
Hs(n)(s, n ∈ N = {1, 2, 3, · · · }), for any function f ∈ S in geometric function theory:

Hs(n) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

tn tn+1 . . . tn+s−1

tn+1 tn+2 . . . tn+s

tn+2 tn+3 . . . tn+s+1

... ... . . .
...

tn+s−1 tn+s . . . tn+2(s−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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For certain s and n values,

H2(1) =

∣∣∣∣∣∣ t1 t2

t2 t3

∣∣∣∣∣∣ = |t3 − t22| and H2(2) =

∣∣∣∣∣∣ t2 t3

t3 t4

∣∣∣∣∣∣ = |t2t4 − t23|. (1.6)

We see that the determinant |H2(1)| corresponds with the Fekete-Szego functional L1(f), implying
that Lβ(f) is a generalization of |H2(1)|. Recent research in this area includes the papers in [29, 30].
Pommerenke [28] discussed several uses of Hankel determinants in the analysis of singularities and
power series with integral coefficients of analytic functions. Another area of application is in the
solution of orthogonal polynomial problems (see Junod [31]).

In this study, we define the new subclass introduced and studied in the present paper, denoted
byWΣ(τ, v), consisting of bi-univalent functions satisfying a certain subordination involving Eulers
polynomials. We solve the Fekete-Szegö problem for functions in the classWΣ(τ, v) and in the special
instances, as well as provide bound estimates for the coefficients and an upper bound estimate for the
second Hankel determinant.

Definition 1.2. For f ∈ WΣ(τ, v), suppose the following subordination is true:

(f ′(z))τ ≺ L(v, z) =

∞∑
m=0

Em(v)
zm

m!
(1.7)

and
(F ′(z))τ ≺ L(v, w) =

∞∑
m=0

Em(v)
wm

m!
, (1.8)

where τ > 0, v ∈ (1
2 , 1], z, w ∈ U , L(v, w) is given by (1.3), and F = f−1 is given by (1.2). It could be

seen that both the functions f and and its inverse F = f−1 are univalent in U , so we can conclude that
the function f is bi-univalent belonging to the function classWΣ(τ, v).

Remark 1.3. Setting τ = 1 in Definition 1.2, we have the class of bounded turning functions f ∈ R∗Σ(v),
which fulfilled the following conditions:

f ′(z) ≺ L(v, z) =
∞∑
m=0

Em(v)
zm

m!
(1.9)

and
F ′(z) ≺ L(v, w) =

∞∑
m=0

Em(v)
wm

m!
, (1.10)

where z, w ∈ U , L(v, w) is given by (1.3), and F = f−1 is given by (1.2).

Next, let P present the familiar Carathéodory class of functions α, analytic in an open unit disk U ,
those are normalized by

α (z) = 1 +

∞∑
n=1

αnz
n, (1.11)
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such that
<{α (z)} > 0 (∀ z ∈ U) .

Lemma 1.4. [1] Let the function α ∈ P given by the series

α(z) = 1 + α1z + α2z
2 + · · · (z ∈ U) (1.12)

then

|αk| ≤ 2 (k ∈ {1, 2, 3, · · · }). (1.13)

Lemma 1.5. [32] Let the function α ∈ P given by (1.12), then

2α2 = α2
1 + x(4− α2

1) (1.14)

and

4α3 = α3
1 + 2α1(4− α2

1)x− α1(4− α2
1)x2 + 2(4− α2

1)(1− |x|2)z (1.15)

for some x, z, |x| ≤ 1 and |z| ≤ 1.

2. Coefficients Bounds for the Functions of ClassWΣ(τ, v)

Theorem 2.1. Let f ∈ WΣ(τ, v). Then:

|s2| ≤
√

Ω1(τ, v),

|s3| ≤
(2v − 1)2

16τ2
+

2v − 1

6τ

and

|s4| ≤
(46τ2 + 69τ − 227)(2v − 1)3

8832τ3
+

5(2v − 1)2

48τ2
+

4v3 − 6v2 + 1

96τ

where

Ω1(τ, v) =
(2v − 1)3

|2τ(2v − 1)2(2τ + 1)− 16τ2(v2 − 3v + 1)|
. (2.1)

Proof. Let f ∈ Σ given by (1.1) be in the class GΣ(v, σ). Then

(f ′(z))τ = L(v, a(z)) (2.2)

and
(F ′(z))τ = L(v, b(w)). (2.3)

We define α, δ ∈ P as follows:

α(z) =
1 + a(z)

1− a(z)
= 1 + α1z + α2z

2 + α3z
3 + · · ·

⇒ a(z) =
α(z)− 1

α(z) + 1
(z ∈ U) (2.4)

and
δ(w) =

1 + b(w)

1− b(w)
= 1 + δ1w + δ2w

2 + δ3w3 + · · ·
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⇒ b(w) =
δ(w)− 1

δ(w) + 1
(w ∈ U). (2.5)

From (2.4) and (2.5), we get

a(z) =
α1

2
z +

(
α2

2
− α2

1

4

)
z2 +

(
α3

2
− α1α2

2
+
α3

1

8

)
z3 + · · · (2.6)

and

b(w) =
δ1

2
w +

(
δ2

2
− δ2

1

4

)
w2 +

(
δ3

2
− δ1δ2

2
+
δ3

1

8

)
w3 + · · · . (2.7)

Taking it from (2.6) and (2.7), we have:

L(v, a(z)) = E0(v) +
E1(v)

2
α1z +

[
E1(v)

2

(
α2 −

α2
1

2

)
+
E2(v)

8
α2

1

]
z2

+

[
E1(v)

2

(
α3 − α1α2 +

α3
1

4

)
+
E2(v)

4
α1

(
α2 −

α2
1

2

)
+
E3(v)

48
α3

1

]
z3 + · · · (2.8)

and

L(v, b(w)) = E0(v) +
E1(v)

2
δ1w +

[
E1(v)

2

(
δ2 −

δ2
1

2

)
+
E2(v)

8
δ2

1

]
w2

+

[
E1(v)

2

(
δ3 − δ1δ2 +

δ3
1

4

)
+
E2(v)

4
δ1

(
δ2 −

δ2
1

2

)
+
E3(v)

48
δ3

1

]
w3 + · · · . (2.9)

It follows from (2.2), (2.3), (2.8), and (2.9) that we have:

2τs2 =
E1(v)

2
α1 (2.10)

3τs3 + 2τ(τ − 1)s2
2 =
E1(v)

2

(
α2 −

α2
1

2

)
+
E2(v)

8
α2

1 (2.11)

4τs4 + 6τ(τ − 1)s2s3 +
4

3
τ(τ − 1)(τ − 2)s3

2 =
E1(v)

2

(
α3 − α1α2 +

α3
1

4

)
+
E2(v)

4
α1

(
α2 −

α2
1

2

)
+
E3(v)

48
α3

1 (2.12)

−2τs2 =
E1(v)

2
δ1 (2.13)

−3τs3 + (6τ + 2τ(τ − 1))s2
2 =
E1(v)

2

(
δ2 −

δ2
1

2

)
+
E2(v)

8
δ2

1 (2.14)

−4

3
τ(τ + 2)(τ + 4)s3

2 + 2τ(3τ + 7)s2s3 − 4τs4 =
E1(v)

2

(
δ3 − δ1δ2 +

δ3
1

4

)
+
E2(v)

4
δ1

(
δ2 −

δ2
1

2

)
+
E3(v)

48
δ3

1 . (2.15)

Adding (2.10) and (2.13) and further simplification, we have

α1 = −δ1, α2
1 = δ2

1 and α3
1 = −δ3

1 . (2.16)



Asia Pac. J. Math. 2023 10:16 7 of 17

When (2.10) and (2.13) are squared and added, the following result is obtained:

8τ2s2
2 =
E2

1 (v)(α2
1 + δ2

1)

4
(2.17)

⇒ s2
2 =
E2

1 (v)(α2
1 + δ2

1)

32τ2
. (2.18)

Also, adding (2.11) and (2.14) gives

2τ(2τ + 1)s2
2 =

2E1(v)(α2 + δ2) + α2
1(E2(v)− 2E(v))

4

8τ(2τ + 1)s2
2 = 2E1(v)(α2 + δ2) + α2

1(E2(v)− 2E(v)). (2.19)

Applying (2.16) in (2.17)
α2

1 =
16τ2

E2
1 (v)

s2
2. (2.20)

In (2.19), replacing α2
1 with the following results:

|s2|2 ≤
E3

1 (v)(|α2|+ |δ2|)
4|τ(2τ + 1)E2

1 (v)− 2τ2[E2(v)− 2E1(v)]|
. (2.21)

Applying Lemma 1.4 and (1.5), we get:

|s2| ≤
√

Ω1(τ, v)

where Ω1(σ, v) is given by (2.1).

Subtracting (2.14) and (2.11) and with some computation, we have

s3 = s2
2 +
E1(v)(α2 − δ2)

12τ
(2.22)

s3 =
E2

1 (v)α2
1

16τ2
+
E1(v)(α2 − δ2)

12τ
. (2.23)

Applying Lemma 1.4 and (1.5), we get:

|s3| ≤
(2v − 1)2

16τ2
+

2v − 1

6τ
. (2.24)

By removing (2.15) from (2.12), we arrive at:

s4 =
−(46τ2 + 69τ − 227)E3

1 (v)

8832τ3
α3

1 +
5E2

1 (v)(α2 − δ2)

96τ2
α1 +

E1(v)(α3 − δ3)

16τ

+
[E2(v)− 2E1(v)](α2 + δ2)

32τ
α1 +

[6E1(v)− 6E2(v) + E3(v)]

192τ
α3

1. (2.25)

Applying Lemma 1.4 and (1.5), we get:

|s4| ≤
(46τ2 + 69τ − 227)(2v − 1)3

8832τ3
+

5(2v − 1)2

48τ2
+

4v3 − 6v2 + 1

96τ
.

�
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Taking τ = 1 in Theorem 2.1, we have the next corollary.

Corollary 2.2. Let f ∈ R∗Σ(v). Then:

|s2| ≤
√

Ω1(τ, v),

|s3| ≤
(2v − 1)2

16
+

2v − 1

6

and

|s4| ≤
7(2v − 1)3

552
+

5(2v − 1)2

48
+

4v3 − 6v2 + 1

96

where

Ω1(v) =
(2v − 1)3

|6(2v − 1)2 − 16(v2 − 3v + 1)|
.

3. Fekete-Szegö Inequalities for The Functions of ClassWΣ(τ, v)

Theorem 3.1. Let f ∈ WΣ(τ, v). Then, for some µ ∈ R,

∣∣s3 − µs2
2

∣∣ ≤


2|1− µ|Ω1(τ, v)
(
|1− µ|Ω1(τ, v) ≥ 2v−1

6τ

)
2v−1

3

(
|1− µ|Ω1(τ, v) < 2v−1

6τ

)
,

where Ω1(τ, v) is given by (2.1).

Proof. From (2.22), we get:
s3 − µs2

2 = s2
2 +
E1(v)(α2 − δ2)

12τ
− µs2

2.

Applying the popular triangular inequality, we get:

|s3 − µs2
2| ≤

2v − 1

6τ
+ |1− µ|Ω1(τ, v)

If:
|1− µ|Ω1(τ, v) ≥ 2v − 1

6τ
.

Futhermore, we get
|s3 − µs2

2| ≤ 2|1− µ|Ω1(τ, v)

where
|1− µ| ≥ 2v − 1

6τ · Ω1(τ, v)

and if:
|1− µ|Ω1(τ, v) ≤ 2v − 1

6τ

then, we get:
|s3 − µs2

2| ≤
2v − 1

3

where
|1− µ| ≤ 2v − 1

6τ · Ω1(τ, v)
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and Ω1(τ, v) is given in (2.1). �

Taking σ = 1 in Theorem 3.1, we have the next corollary.

Corollary 3.2. Let f ∈ R∗Σ(v). Then, for some µ ∈ R,

∣∣s3 − µs2
2

∣∣ ≤


2|1− µ|Ω1(τ, v)
(
|1− µ|Ω1(τ, v) ≥ 2v−1

6

)
2v−1

3

(
|1− µ|Ω1(τ, v) < 2v−1

6

)
,

where

Ω1(v) =
(2v − 1)3

|6(2v − 1)2 − 16(v2 − 3v + 1)|
.

4. Second Hankel Determinant for the ClassWΣ(τ, v)

Theorem 4.1. Let the function f(z) given by (1.1) be in the classWΣ(τ, v). Then:

H2(2) =
∣∣s2s4 − s2

3

∣∣ ≤



T (2, v) (B1 ≥ 0 and B2 ≥ 0)

max
{(

2v−1
6τ

)2
, T (2, v)

}
(B1 > 0 and B2 < 0)

(
2v−1

6τ

)2
(B1 ≤ 0 and B2 ≤ 0)

max {T (g0, v), T (2, v)} (B1 < 0 and B2 > 0) .

Where

T (2, v) =
(46τ2 + 69τ − 227)E4

1 (v)

2208τ4
+
E1(v)E3(v)

48τ2
+
E4

1 (v)

16τ4
,

T (g0, t) =
E2

1 (v)

9τ2
+

97336B4
2

9B3
1

+
1058B3

2

9τB2
1

,

B1 = E1(v)

[
3E3

1 (v)(64τ2 + 96τ − 227) + 138τ2(6E1(v)− 6E2(v) + E3(v)) + 414E3
1 (v)

− 276τE1(v)− 1656τ2E1(v) + 736τ4E2
1 (v)

]
g4,

B2 = E1(v)

[
3E2

1 (v) + 11τE1(v) + 9τ(E2(v)− 2E1(v))

]
g2.

Proof. From (2.10) and (2.25), we have

s2s4 =
−(46τ2 + 69τ − 227)E4

1 (v)

35328τ4
α4

1 +
5E3

1 (v)(α2 − δ2)

384τ3
α2

1 +
E2

1 (v)(α3 − δ3)

64τ2
α1

+
E1(v)[E2(v)− 2E1(v)](α2 + δ2)

128τ2
α2

1 +
E1(v)[6E1(v)− 6E2(v) + E3(v)]

768τ2
α4

1.
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With some calculations, we have

s2s4 − s2
3 =
−(46τ2 + 69τ − 227)E4

1 (v)

35328τ4
α4

1 +
E3

1 (v)(α2 − δ2)

384τ3
α2

1 +
E2

1 (v)(α3 − δ3)

64τ2
α1

+
E1(v)[E2(v)− 2E1(v)](α2 + δ2)

128τ2
α2

1 +
E1(v)[6E1(v)− 6E2(v) + E3(v)]

768τ2
α4

1

− E
4
1 (v)

256τ4
α4

1 −
E2

1 (v)(α2 − δ2)2

144τ2
.

By using Lemma 1.5,
α2 − δ2 =

(4− α2
1)(x− u)

2
(4.1)

α2 + δ2 = α2
1 +

(4− α2
1)(x+ u)

2
(4.2)

and

α3 − δ3 =
α3

1

2
+

4− α2
1

2
α1(x+ u)− 4− α2

1

4
α1(x2 + u2)

+
4− α2

1

2

[
(1− |x|2z)− (1− |u|2)w

] (4.3)

for some x, u, z, wwith |x| ≤ 1, |u| ≤ 1, |z| ≤ 1, |w| ≤ 1, |α1| ∈ [0, 2] and substituting (α2+δ2), (α2−δ2)

and (α3 − δ3), and after some strightforword simplifications, we have

s2s4 − s2
3 =
−(46τ2 + 69τ − 227)E4

1 (v)

35328τ4
α4

1 +
E3

1 (v)(4− α2
1)(x− u)

768τ3
α2

1 +
E2

1 (v)

128τ2
α4

1

+
E2

1 (v)(4− α2
1)(x+ u)

128τ2
α2

1 −
E2

1 (v)(4− α2
1)(x2 + u2)

256τ2
α2

1

+
E2

1 (v)(4− α2
1)[(1− |x|2z)− (1− |y|2)w]

128τ2
α1 +

E1(v)[E2(v)− 2E1(v)]

128τ2
α4

1

+
E1(v)[E2(v)− 2E1(v)](4− α2

1)(x+ u)

256τ2
α2

1 +
E1(v)[6E1(v)− 6E2(v) + E3(v)]

768τ2
α4

1

− E
4
1 (v)

256τ4
α4

1 −
E2

1 (v)(4− α2
1)2(x− u)2

576τ2
.

Let g = α1, assume without any restriction that g ∈ [0, 2], η1 = |x| ≤ 1, η2 = |u| ≤ 1 and applying
triangular inequality, we have

|s2s4 − s2
3| ≤

{
(46τ2 + 69τ − 227)E4

1 (v)

35328τ4
g4 +

E2
1 (v)

128τ2
g4 +

E2
1 (v)(4− g2)

64τ2
g

+
E1(v)[E2(v)− 2E1(v)]

128τ2
g4 +

E1(v)[6E1(v)− 6E2(v) + E3(v)]

768τ2
g4 +

E4
1 (v)

256τ4
g4

}

+

{
E3

1 (v)(4− g2)

768τ3
g2 +

E2
1 (v)(4− g2)

128τ2
g2 +

E1(v)[E2(v)− 2E1(v)](4− g2)

256τ2
g2

}

(η1 + η2) +

{
E2

1 (v)(4− g2)

256τ2
g2 − E

2
1 (v)(4− g2)

128τ2
g

}
(η2

1 + η2
2) +

E2
1 (v)(4− α2

1)2

576τ2
(η1 + η2)2
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and equivalently, we have

|s2s4 − s2
3| ≤M1(v, g) +M2(v, g)(η1 + η2) +M3(v, g)(η2

1 + η2
2) +M4(v, g)(η1 + η2)2 (4.4)

= J(η1, η2)

where,

M1(v, g) =

{
(46τ2 + 69τ − 227)E4

1 (v)

35328τ4
g4 +

E2
1 (v)

128τ2
g4 +

E2
1 (v)(4− g2)

64τ2
g

+
E1(v)[E2(v)− 2E1(v)]

128τ2
g4 +

E1(v)[6E1(v)− 6E2(v) + E3(v)]

768τ2
g4 +

E4
1 (v)

256τ4
g4

}
≥ 0

M2(v, g) =

{
E3

1 (v)(4− g2)

768τ3
g2 +

E2
1 (v)(4− g2)

128τ2
g2 +

E1(v)[E2(v)− 2E1(v)](4− g2)

256τ2
g2

}
≥ 0

M3(v, g)

{
E2

1 (v)(4− g2)

256τ2
g2 − E

2
1 (v)(4− g2)

128τ2
g

}
≤ 0

M4(v, g) =
E2

1 (v)(4− α2
1)2

576τ2
≥ 0

where 0 ≤ g ≤ 2. Now, we maximize the function Z(λ1, λ2) in the closed square

Ψ = {(η1, η2) : η1 ∈ [0, 1], η2 ∈ [0, 1]} for g ∈ [0, 2].

For a fixed value of g, the coefficients of the function J(η1, η2) in (4.4) are dependent on m, thus
the maximum of J(η1, η2) with regard to g must be investigated, taking into account the cases when
g = 0, g = 2 and g ∈ (0, 2).
The First Case

When g = 0,
J(η1, η2) = M4(v, 0) =

E2
1 (v)

36τ2
(η1 + η2)2.

It is obvious that the function J(η1, η2) reaches its maximum at (η1, η2) and

max {J(η1, η2) : η1, η2 ∈ [0, 1]} = J(1, 1) =
E2

1 (v)

9τ2
. (4.5)

The Second Case

When g = 2, J(η1, η2) is expressed as a constant function with respect tom, we have

J(η1, η2) = M1(v, 2) =

{
(46τ2 + 69τ − 227)E4

1 (v)

2208τ4
+
E1(v)E3(v)

48τ2
+
E4

1 (v)

16τ4

}
.

The Third Case

When g ∈ (0, 2), let η1 + η2 = d and η1 · η2 = q in this case, then (4.4) can be of the form

J(η1, η2) = M1(v, g) +M2(v, g)d+ (M3(v, g) +M4(v, g))d2 − 2M3(v, g)l = Q(d, q) (4.6)
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where, d ∈ [0, 2] and q ∈ [0, 1]. Now, we need to investigate the maximum of

Q(d, q) ∈ Θ = {(d, q) : d ∈ [0, 2], q ∈ [0, 1]} . (4.7)

By differentiating Q(d, q) partially, we have
∂Q

∂c
= M2(v, g) + 2(M3(v, g) +M4(v, g))d = 0

∂Q

∂l
= −2M3(v, g) = 0.

These results reveal that Q(d, g) does not have a critical point in Ψ, and so J(η1, η2) does not have a
critical point in the square Ψ.
As a result, the function J(η1, η2) cannot have its maximum value in the interior of Ψ. The maximum
of J(η1, η2) on the boundary of the square Ψ will be investigated next.
For η1 = 0, η2 ∈ [0, 1] (also, for η2 = 0, η1 ∈ [0, 1]) and

J(0, η2) = M1(v, g) +M2η2 + (M3(v, g) +M4(v, g))η2
2 = D(η2). (4.8)

Now, sinceM3(v, g) +M4(v, g) ≥ 0, then we have

D′(η2) = M2(v, g) + 2[M3(v, g) +M4(v, g)]η2 > 0

which implies that D(η2) is an increasing function. Therefore, for a fixed g ∈ [0, 2) and v ∈ (1/2, 1], the
maximum occurs at η2 = 1. Thus, from (4.8),

max {G(0, η2) : η2 ∈ [0, 1]} = J(0, 1)

= M1(v, g) +M2(v, g) +M3(v, g) +M4(v, g). (4.9)

For η1 = 1, η2 ∈ [0, 1] (also, for η2 = 1, η1 ∈ [0, 1]) and

J(1, η2) = M1(v, g) +M2(v, g) +M3(v, g) +M4(v, g) + [M2(v, g)

+2M4(v, g)]η2 + [M3(v, g) +M4(v, g)]η2
2 = N(η2) (4.10)

N ′(η2) = [M2(v) + 2M4(v)] + 2[M3(v) +M4(v)]η2. (4.11)

We know thatM3(v) +M4(v) ≥ 0, then

N ′(η2) = [M2(v) + 2M4(v)] + 2[M3(v) +M4(v)]η2 > 0.

Therefore, the functionN(η2) is an increasing function and the maximum occurs at η2 = 1. From (4.10),
we have

max {J(1, η2) : η2 ∈ [0, 1]} = J(1, 1)

= M1(v, g) + 2[M2(v, g) +M3(v, g)] + 4M4(v, g). (4.12)
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Hence, for every g ∈ (0, 2), taking it from (4.9) and (4.12), we have

M1(v, g) + 2[M2(v, g) +M3(v, g)] + 4M4(v, g)

> M1(v, g) +M2(v, g) +M3(v, g) +M4(v, g).

Therefore,

max {J(η1, η2) : η1 ∈ [0, 1], η2 ∈ [0, 1]}

= M1(v, g) + 2[M2(v, g) +M3(v, g)] + 4M4(v, g).

Since,
D(1) ≤ N(1) for g ∈ [0, 2] and v ∈ [1, 1],

then
max {J(η1, η2)} = J(1, 1)

occurs on the boundary of square Ψ.
Let T : (0, 2)→ R defined by

T (v, g) = max {J(η1, η2)} = J(1, 1) = M1(v, g) + 2M2(v, g) + 2M3(v, g) + 4M4(v, g). (4.13)

Now, inserting the values ofM1(v, g),M2(v, g),M3(v, g) andM4(v, g) into (4.13) and with some calcu-
lations, we have

T (v, g) =
E2

1 (v)

9τ2
+

B1

105984τ4
g4 +

B2

288τ3
g2, (4.14)

where

B1 = E1(v)

[
3E3

1 (v)(46τ2 + 69τ − 227) + 138τ2(6E1(v)− 6E2(v) + E3(v)) + 414E3
1 (v)

− 276τE1(v)− 1656τ2E1(v) + 736τ4E2
1 (v)

]
g4

B2 = E1(v)

[
3E2

1 (v) + 11τE1(v) + 9τ(E2(v)− 2E1(v))

]
g2.

If T (v, g) has a maximum value in the interior of g ∈ [0, 2] and by applying some elementary calculus,
we have

T ′(v, g) =
B1

26496τ4
g3 +

B2

144τ3
g.

Now, we need to examine the sign of the function T ′(v, g) depending on the signs of B1 and B2 as
follows
1st Result:

Suppose B1 ≥ 0 and B2 ≥ 0 then,
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T ′(v, g) ≥ 0. This shows that T (v, g) is an increasing function on the boundary of g ∈ [0, 2] that is
g = 2. Therefore,

max {T (v, g) : g ∈ (0, 2)} =
(46τ2 + 69τ − 227)E4

1 (v)

2208τ4
+
E1(v)E3(v)

48τ2
+
E4

1 (v)

16τ4
.

2rd Result:

If B1 > 0 and B2 < 0 then,

T ′(v, g) =
B1g

3 + 184τB2g

26496τ4
= 0 (4.15)

at critical point

g0 =

√
−184τB2

B1
(4.16)

is a critical point of the function T (v, g). Now,

T ′′(g0) =
−B2

48τ3
+

B2

144τ3
> 0.

Therefore, g0 is the minimum point of the function T (v, g). Hence, T (v, g) can not have a maximum.
3rd Result:

If B1 ≤ 0 and B2 ≤ 0 then,

T ′(v, g) ≤ 0.

Therefore, T (v, g) is a decreasing function on the interval (0, 2). Hence,

max {T (v, g) : g ∈ (0, 2)} = T (0) =
E2

1 (v)

9τ2
. (4.17)

4th Result:

If B1 < 0 and B2 > 0

T ′′(v0, g) =
−B2

72
< 0.

Therefore, T ′′(v, g) < 0. Hence, g0 is the maximum point of the function T (v, g) and the maximum
value occurs at g = g0. Thus,

max {T (v, g) : g ∈ (0, 2)} = T (g0, s)

T (g0, t) =
E2

1 (v)

9τ2
+

97336B4
2

9B3
1

+
1058B3

2

9τB2
1

.

�

Taking τ = 1 in Theorem 4.1, we have the next corollary.
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Corollary 4.2. Let the function f(z) given by (1.1) be in the classR∗Σ(v). Then:

H2(2) =
∣∣s2s4 − s2

3

∣∣ ≤



T (2, v) (B1 ≥ 0 and B2 ≥ 0)

max
{(

2v−1
6

)2
, T (2, v)

}
(B1 > 0 and B2 < 0)

(
2v−1

6

)2
(B1 ≤ 0 and B2 ≤ 0)

max {T (g0, v), T (2, v)} (B1 < 0 and B2 > 0) .

Where

T (2, v) =
13E4

1 (v)

1104
+
E1(v)E3(v)

48
,

T (g0, t) =
E2

1 (v)

9
+

97336B4
2

9B3
1

+
1058B3

2

9B2
1

,

B1 = E1(v)

[
72E3

1 (v)− 828E2(v) + 138E3(v)− 1104E1(v) + 736E2
1 (v)

]
g4,

B2 = E1(v)

[
3E2

1 (v) + 9E2(v)− 7E1(v)

]
g2.

5. Conclusion

According to their usefulness in numerous various fields of mathematics and other sciences, as noted
in the introduction section, special functions and polynomials have recently attracted the attention of
numerous well-known mathematicians. For functions in the classWΣ(τ, v) of analytic and bi-univalent
functions involving the Euler polynomials, we solved the Fekete-Szegö problem in this paper and
also obtain bound estimates for the coefficients and an upper bound estimate for the second Hankel
determinant. According to [?, 11–24], the aforementioned conclusions can be extended to a class of
specific q-bounded turning functions.
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