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Abstract. The concept of semidetached UP (BCC)-subalgebras is introduced, and their properties are
investigated. Several conditions for a semidetached structure inUP (BCC)-algebras to be a semidetachedUP
(BCC)-subalgebra are provided. The concepts of (∈,∈ ∨ qk)-fuzzy UP (BCC)-subalgebras, k-left (k-right)
(qk,∈ ∨ qk)-fuzzy UP (BCC)-subalgebras, (qk,∈ ∨ qk)-fuzzy UP (BCC)-subalgebras, and (∈ ∨ qk,∈ ∨ qk)-
fuzzy UP (BCC)-subalgebras are introduced, and relative relations and properties are discussed.
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1. Introduction

The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which is mentioned in [8], played a
vital role in generating some different types of fuzzy subgroups, called fuzzy subgroups, introduced
by Bhakat and Das [1]. In particular, the idea of an (∈,∈ ∨q)-fuzzy subgroup is an important and
useful generalization of the Rosenfeld’s fuzzy subgroup [9]. In UP-algebras, the concept of fuzzy
UP-subalgebras, which is studied in [10], is also important and useful generalization of the well-known
concepts. The notion of UP-algebras (see [4]) and the concept of BCC-algebras (see [7]) are the same
concept, as shown by Jun et al. [6] in 2022. We shall refer to it as BCC rather than UP in this article out
of respect for Komori, who initially described it in 1984. In Bordbar et. al. [2] introduced the notion of
semidetached subalgebras, and investigated their properties.
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In this paper, we introduce the concepts of (∈,∈ ∨ qk)-fuzzy BCC-subalgebras, k-left (k-right)
(qk,∈ ∨ qk)-fuzzy BCC-subalgebras, (qk,∈ ∨ qk)-fuzzy BCC-subalgebras, and (∈ ∨ qk,∈ ∨ qk)-fuzzy
BCC-subalgebras, and investigate relative relations and properties. We provide several conditions for a
semidetached structure in BCC-algebras to be a semidetached BCC-subalgebra.

2. Preliminaries

The concept of BCC-algebras (see [7]) can be redefined without the condition (2.6) as follows:
An algebra X = (X, ·, 0) of type (2, 0) is called a BCC-algebra (see [3]) if it satisfies the following

conditions:

(∀x, y, z ∈ X)((y · z) · ((x · y) · (x · z)) = 0) (2.1)

(∀x ∈ X)(0 · x = x) (2.2)

(∀x ∈ X)(x · 0 = 0) (2.3)

(∀x, y ∈ X)(x · y = 0 = y · x⇒ x = y) (2.4)

After this, we assign X instead of a BCC-algebra (X, ·, 0) until otherwise specified.
We define a binary relation ≤ on X as follows:

(∀x, y ∈ X)(x ≤ y ⇔ x · y = 0) (2.5)

In X , the following assertions are valid (see [4]).

(∀x ∈ X)(x ≤ x) (2.6)

(∀x, y, z ∈ X)(x ≤ y, y ≤ z ⇒ x ≤ z) (2.7)

(∀x, y, z ∈ X)(x ≤ y ⇒ z · x ≤ z · y) (2.8)

(∀x, y, z ∈ X)(x ≤ y ⇒ y · z ≤ x · z) (2.9)

(∀x, y, z ∈ X)(x ≤ y · x, in particular, y · z ≤ x · (y · z)) (2.10)

(∀x, y ∈ X)(y · x ≤ x⇔ x = y · x) (2.11)

(∀x, y ∈ X)(x ≤ y · y) (2.12)

(∀a, x, y, z ∈ X)(x · (y · z) ≤ x · ((a · y) · (a · z))) (2.13)

(∀a, x, y, z ∈ X)(((a · x) · (a · y)) · z ≤ (x · y) · z) (2.14)

(∀x, y, z ∈ X)((x · y) · z ≤ y · z) (2.15)

(∀x, y, z ∈ X)(x ≤ y ⇒ x ≤ z · y) (2.16)
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(∀x, y, z ∈ X)((x · y) · z ≤ x · (y · z)) (2.17)

(∀a, x, y, z ∈ X)((x · y) · z ≤ y · (a · z)) (2.18)

A fuzzy set [11] in a nonempty setX is defined to be a function λ : X → [0, 1], where [0, 1] is the unit
closed interval of real numbers.

Definition 2.1. [5] A fuzzy set λ in a nonempty set X of the form

λ(y) =

t ∈ (0, 1] if y = x,

0 if y 6= x,

is said to be a fuzzy point with support x and value t and is denoted by xt.

For a fuzzy point xt and a fuzzy set λ in a nonempty setX , Pu and Liu [8] introduced the symbol xtαλ,
where α ∈ {∈, q,∈ ∨q,∈ ∧q}. To say that xt ∈ λ (resp., xtqλ), we mean λ(x) ≥ t (resp., λ(x) + t > 1),
and in this case, xt is said to belong to (resp., be quasi-coincident with) a fuzzy set λ. To say that xt ∈ ∨qλ
(resp., xt ∈ ∧qλ), we mean xt ∈ λ or xtqλ (resp., xt ∈ λ and xtqλ). We assign the symbol xtαλ to the
negation of xtαλ.

Jun [5] considered the general form of the symbol xtqλ as follows: for an arbitrary element k ∈ [0, 1),
we say that

xtqkλ⇔ λ(x) + t+ k > 1, (2.19)

xt ∈ ∨qkλ⇔ xt ∈ λ or xtqkλ. (2.20)

Definition 2.2. [10] A fuzzy set λ in X is called a fuzzy BCC-subalgebra of X if it satisfies:

(∀x, y ∈ X)(λ(x · y) ≥ min{λ(x), λ(y)}). (2.21)

Definition 2.3. [10] For any fuzzy set λ in a nonempty set X and any t ∈ [0, 1], the set U(λ, t) = {x ∈

X | λ(x) ≥ t} is called a level subset of λ.

Definition 2.4. [5] A fuzzy set λ in X is called an (∈,∈ ∨qk)-fuzzy BCC-subalgebra of X if it satisfies:

(∀x, y ∈ X,∀t, r ∈ (0, 1])(xt ∈ λ, yr ∈ λ⇒ (x · y)min{t,r} ∈ ∨qkλ). (2.22)

3. Semidetached BCC-Subalgebras

Given a set X and a subinterval Ω of [0, 1], a semidetached structure over Ω is defined to be a pair
(X, f), where f : Ω→ P (X) is a mapping when P (X) is represented as the power set of X .

Definition 3.1. A semidetached structure (X, f) over Ω is called a semidetached BCC-subalgebra over Ω

with respect to t ∈ Ω (briefly, t-semidetached BCC-subalgebra over Ω) if f(t) is a BCC-subalgebra ofX .
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We say that (X, f) is a semidetached BCC-subalgebra over Ω if it is a t-semidetached BCC-subalgebra
over Ω with respect to all t ∈ Ω.

Given a fuzzy set λ in a set X , consider the following mappings:

`λU : Ω→ P (X), t 7→ U(λ, t), (3.1)

`λQk
: Ω→ P (X), t 7→ Qk(λ, t), (3.2)

`λEk
: Ω→ P (X), t 7→ Ek(λ, t), (3.3)

where Qk(λ, t) = {x ∈ X | xtqkλ} and Ek(λ, t) = {x ∈ X | xt ∈ ∨qkλ}, which are called the qk-set and
∈ ∨qk-set with respect to t (briefly, t-qk-set and t-∈ ∨qk-set), respectively, of λ. A t-qk-set with k = 0 is
called a t-q-set and is denoted by Q(λ, t). A t-∈ ∨qk-set with k = 0 is called a t-∈ ∨q-set and is denoted
by E (λ, t). Note that, for any t, r ∈ (0, 1], if t ≥ r, then every r-qk-set is contained in the t-qk-set, that is,
Qk(λ, r) ⊆ Qk(λ, t). Obviously, Ek(λ, t) = U(λ, t) ∪Qk(λ, t).

Lemma 3.2. [10] A fuzzy set λ is a fuzzy BCC-subalgebra of X if and only if U(λ, t) is a BCC-subalgebra of

X for all t ∈ [0, 1] if it is nonempty.

Theorem 3.3. A semidetached structure (X, `λU ) is a semidetached BCC-subalgebra over Ω = (0, 1] if and only

if λ is a fuzzy BCC-subalgebra of X .

Proof. Straightforward from Lemma 3.2. �

Theorem 3.4. If λ is an (∈,∈)-fuzzy BCC-subalgebra (or equivalently, λ is a fuzzy BCC-subalgebra) of X ,

then a semidetached structure (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0, 1].

Proof. Let x, y ∈ `λQk
(t) for t ∈ Ω = (0, 1]. Then xtqkλ and ytqkλ, that is, λ(x)+t+k > 1 and λ(y)+t+k >

1. It follows from (2.21) that λ(x·y)+t+k ≥ min{λ(x), λ(y)}+t+k = min{λ(x)+t+k, λ(y)+t+k} > 1.
Hence, (x · y)t ∈ ∨qkλ, and so x · y ∈ `λQk

(t). Therefore, `λQk
(t) is a BCC-subalgebra ofX . Consequently,

(X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0, 1]. �

Corollary 3.5. If λ is an (∈,∈)-fuzzy BCC-subalgebra (or equivalently, λ is a fuzzy BCC-subalgebra) of X ,

then a semidetached structure (X, `λU ) is a semidetached BCC-subalgebra over Ω = (0, 1].

Given a fuzzy set λ in X,x, y ∈ X, t, r ∈ [0, 1], and k ∈ [0, 1), we consider the following condition:

xtqkλ, yrqkλ⇒ (x · y)min{t,r} ∈ ∨qkλ. (3.4)

Definition 3.6. A fuzzy set λ in X is called a k-left (resp., k-right) (qk,∈ ∨qk)-fuzzy BCC-subalgebra of
X if it satisfies the condition (3.4) for all x, y ∈ X and t, r ∈ (0, 1−k2 ] (resp., t, r ∈ (1−k2 , 1]).
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Theorem 3.7. Every k-right (qk,∈ ∨qk)-fuzzy BCC-subalgebra of X is an (∈,∈ ∨qk)-fuzzy BCC-subalgebra.

Proof. Let λ be a k-right (qk,∈ ∨qk)-fuzzy BCC-subalgebra of X . Let x, y ∈ X and t, r ∈ (0, 1] be
such that xt ∈ λ and yr ∈ λ. Then λ(x) ≥ t and λ(y) ≥ r. Suppose that (x · y)min{t,r}∈ qkλ. Then
λ(x · y) < min{t, r} and λ(x · y) + min{t, r} + k ≤ 1. It follows that λ(x · y) < 1−k

2 and so that
λ(x · y) < min{t, r, 1−k2 }. Hence, 1 − k − λ(x · y) > 1 − k − min{t, r, 1−k2 } = max{1 − k − t, 1 −

k − r, 1 − k − 1−k
2 } ≥ max{1 − k − λ(x), 1 − k − λ(y), 1−k2 }, and so there exists δ ∈ (0, 1] such that

1 − k − λ(x · y) ≥ δ > max{1 − k − λ(x), 1 − k − λ(y), 1−k2 }. Then δ ∈ (1−k2 , 1], λ(x) + δ + k > 1

and λ(y) + δ + k > 1, that is, (x, δ)qkλ and (y, δ)qkλ. Since λ is a k-right (qk,∈ ∨qk)-fuzzy BCC-
subalgebra of X , it follows that (x · y, δ) ∈ ∨qkλ. On the other hand, 1− k − λ(x · y) ≥ δ implies that
λ(x · y) + δ + k ≤ 1, that is, (x · y, δ)qkλ and λ(x · y) ≤ 1 − δ − k < 1 − k − 1−k

2 = 1−k
2 < δ, that is,

(x · y, δ)∈λ. Hence, (x · y, δ)∈ ∨qkλ, which is a contradiction. Therefore, (x · y)min{t,r} ∈ ∨qkλ, and thus
λ is an (∈,∈ ∨qk)-fuzzy BCC-subalgebra of X . �

Corollary 3.8. Every 0-right (q,∈ ∨q)-fuzzy BCC-subalgebra of X is an (∈,∈ ∨q)-fuzzy BCC-subalgebra.

We consider the converse of Theorem 3.7.

Theorem 3.9. If every fuzzy point has the value t in (0, 1−k2 ], then every (∈,∈ ∨qk)-fuzzy BCC-subalgebra of

X is a k-left (qk,∈ ∨qk)-fuzzy BCC-subalgebra.

Proof. Let λ be an (∈,∈ ∨qk)-fuzzy BCC-subalgebra of X . Let x, y ∈ X and t, r ∈ (0, 1−k2 ] be such that
xtqkλ and yrqkλ. Then λ(x) + t + k > 1 and λ(y) + r + k > 1. Since t, r ∈ (0, 1−k2 ], it follows that
λ(x) > 1− t− k ≥ 1−k

2 ≥ t and λ(y) > 1− r − k ≥ 1−k
2 ≥ r, that is, xt ∈ λ and yr ∈ λ. It follows from

(3.4) that (x · y)min{t,r} ∈ ∨qkλ. Hence, λ is a k-left (qk,∈ ∨qk)-fuzzy BCC-subalgebra of X . �

Corollary 3.10. If every fuzzy point has the value t in (0, 0.5], then every (∈,∈ ∨q)-fuzzy BCC-subalgebra of

X is a 0-left (q,∈ ∨q)-fuzzy BCC-subalgebra.

Proposition 3.11. If (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1], then

(∀x, y ∈ X,∀t, r ∈ Ω)(xt ∈ λ, yr ∈ λ⇒ (x · y)max{t,r}qkλ). (3.5)

Proof. Let x, y ∈ X and t, r ∈ Ω = (1−k2 , 1] be such that xt ∈ λ and yr ∈ λ. Then λ(x) ≥ t > 1−k
2 and

λ(y) ≥ r > 1−k
2 , which imply that λ(x) + t + k > 1 and λ(y) + r + k > 1, that is, xtqkλ and yrqkλ. It

follows that x, y ∈ `λQk
(max{t, r}) and max{t, r} ∈ (1−k2 , 1]. Since `λQk

(max{t, r}) is a BCC-subalgebra
of X by assumption, we have x · y ∈ `λQk

(max{t, r}) and so (x · y)max{t,r}qkλ. �

Corollary 3.12. If (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0.5, 1], then

(∀x, y ∈ X,∀t, r ∈ Ω)(xt ∈ λ, yr ∈ λ⇒ (x · y)max{t,r}qλ). (3.6)
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Proposition 3.13. If (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0, 1−k2 ], then

(∀x, y ∈ X,∀t, r ∈ Ω)(xtqkλ, yrqkλ⇒ (x · y)max{t,r} ∈ λ). (3.7)

Proof. Let x, y ∈ X and t, r ∈ Ω = (0, 1−k2 ] be such that xtqkλ and yrqkλ. Then x ∈ `λQk
(t) and y ∈ `λQk

(r).
It follows that x, y ∈ `λQk

(max{t, r}) and max{t, r} ∈ Ω = (0, 1−k2 ]. Thus x · y ∈ `λQk
(max{t, r}) since

`λQk
(max{t, r}) is a BCC-subalgebra of X by the assumption. Hence, λ(x · y) + k + max{t, r} > 1 and

so λ(x · y) > 1− k −max{t, r} ≥ 1−k
2 ≥ max{t, r}. Thus (x · y)max{t,r} ∈ λ. �

Corollary 3.14. If (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0, 0.5], then

(∀x, y ∈ X,∀t, r ∈)(xtqλ, yrqλ⇒ (x · y)max{t,r} ∈ λ). (3.8)

Theorem 3.15. If λ is a k-right (qk,∈ ∨qk)-fuzzy BCC-subalgebra of X , then (X, `λQk
) is a semidetached

BCC-subalgebra over Ω = (1−k2 , 1].

Proof. Let x, y ∈ `λQk
(t) for t ∈ (1−k2 , 1]. Then xtqkλ and ytqkλ. Since λ is a k-right (qk,∈ ∨qk)-fuzzy

BCC-subalgebra of X , we have (x · y)t ∈ ∨qkλ, that is, (x · y)t ∈ λ or (x · y)tqkλ. If (x · y)t ∈ λ, then
λ(x · y) ≥ t > 1−k

2 > 1 − t − k and so λ(x · y) + t + k > 1, that is, (x · y)tqkλ. Hence, x · y ∈ `λQk
. If

(x · y)tqkλ, then x · y ∈ `λQk
(t). Therefore, `λQk

(t) is a BCC-subalgebra ofX , and consequently (X, `λQk
) is

a semidetached BCC-subalgebra over Ω = (1−k2 , 1]. �

Corollary 3.16. If λ is a 0-right (q,∈ ∨q)-fuzzy BCC-subalgebra of X , then (X, `λQk
) is a semidetached

BCC-subalgebra over Ω = (0.5, 1].

Theorem 3.17. For a BCC-subalgebra A of X , let λ be a fuzzy set in X such that

(1) λ(x) ≥ 1−k
2 for all x ∈ A,

(2) λ(x) = 0 for all x ∈ X\A.

Then λ is a k-left (qk,∈ ∨qk)-fuzzy BCC-subalgebra of X .

Proof. Let x, y ∈ X and t, r ∈ (0, 1−k2 ] be such that xtqkλ and yrqkλ. Then λ(x) + t + k > 1 and
λ(y) + r + k > 1, which imply that λ(x) > 1− t− k ≥ 1−k

2 and λ(y) > 1− r − k ≥ 1−k
2 . Hence, x ∈ A

and y ∈ A. Since A is a BCC-subalgebra ofX , we get x · y ∈ A and so λ(x · y) ≥ 1−k
2 ≥ max{t, r}. Thus

(x ·y)max{t,r} ∈ λ, and so (x ·y)max{t,r} ∈ ∨qkλ. Therefore, λ is a k-left (qk,∈ ∨qk)-fuzzy BCC-subalgebra
of X . �

Corollary 3.18. For a BCC-subalgebra A of X , let λ be a fuzzy set in X such that

(1) λ(x) ≥ 0.5 for all x ∈ A,

(2) λ(x) = 0 for all x ∈ X\A.

Then λ is a 0-left (q,∈ ∨q)-fuzzy BCC-subalgebra of X .
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Proposition 3.19. If (X, `λEk
) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1], then

(∀x, y ∈ X,∀t, r ∈ Ω)(xtqkλ, yrqkλ⇒ (x · y)max{t,r} ∈ ∨qkλ). (3.9)

Proof. Let x, y ∈ X and t, r ∈ Ω = (1−k2 , 1] be such that xtqkλ and yrqkλ. Then x ∈ `λQk
(t) ⊆ `λEk

(t)

and y ∈ `λQk
(r) ⊆ `λEk

(r). It follows that x, y ∈ `λEk
(max{t, r}) and so from the hypothesis that x · y ∈

`λEk
(max{t, r}). Hence, (x · y)max{t,r} ∈ ∨qkλ. �

Corollary 3.20. If (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1], then

(∀x, y ∈ X,∀t, r ∈ Ω)(xtqλ, yrqλ⇒ (x · y)max{t,r} ∈ ∨qλ). (3.10)

Lemma 3.21. A fuzzy set λ in X is an (∈,∈ ∨qk)-fuzzy BCC-subalgebra of X if and only if it satisfies:

(∀x, y ∈ X)(λ(x · y) ≥ min{λ(x), λ(y),
1− k

2
}). (3.11)

Proof. The proof is straightforward by Definition 2.4. �

Theorem 3.22. If λ is an (∈,∈ ∨qk)-fuzzy BCC-subalgebra of X , then (X, `λQk
) is a semidetached BCC-

subalgebra over Ω = (1−k2 , 1].

Proof. Let x, y ∈ `λQk
(t) for t ∈ Ω = (1−k2 , 1]. Then xtqkλ and ytqkλ, that is, λ(x) + t + k > 1 and

λ(y) + t + k > 1. It follows from Lemma 3.21 that λ(x · y) + t + k ≥ min{λ(x), λ(y), 1−k2 } + t + k =

min{λ(x)+ t+k, λ(y)+ t+k, 1−k2 + t+k} > 1. Hence, (x ·y)tqkλ, and so x ·y ∈ `λQk
(t). Therefore, `λQk

(t)

is a BCC-subalgebra of X for all t ∈ (1−k2 , 1], and consequently X is a semidetached BCC-subalgebra
over Ω = (1−k2 , 1]. �

Corollary 3.23. If λ is an (∈,∈ ∨q)-fuzzy BCC-subalgebra of X , then (X, `λQk
) is a semidetached BCC-

subalgebra over Ω = (0.5, 1].

Theorem 3.24. If (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1], then λ is an (∈,∈ ∨qk)-fuzzy

BCC-subalgebra of X .

Proof. Assume that there exist a, b ∈ X such that λ(a ·b) < min{λ(a), λ(b), 1−k2 } = t0. Then t0 ∈ (0, 1−k2 ],
a, b ∈ U(λ, t0) ⊆ `λEk

(t0), which implies that a · b ∈ `λEk
(t0). Hence λ(a · b) ≥ t0 or λ(a · b) + t0 + k > 1.

This is a contradiction. Thus λ(x · y) ≥ min{λ(x), λ(y), 1−k2 } for all x, y ∈ X . It follows from Lemma
3.21 that λ is an (∈,∈ ∨qk)-fuzzy BCC-subalgebra of X . �

Corollary 3.25. If (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0.5, 1], then λ is an (∈,∈ ∨q)-fuzzy

BCC-subalgebra of X .

Theorem 3.26. If λ is an (∈,∈ ∨qk)-fuzzy BCC-subalgebra of X , then (X, `λEk
) is a semidetached BCC-

subalgebra over Ω = (0, 1−k2 ].
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Proof. Let x, y ∈ `λEk
(t) for t ∈ Ω = (0, 1−k2 ]. Then xt ∈ ∨qkλ and yt ∈ ∨qkλ. Hence, we have the

following four cases:
(1) xt ∈ λ and yt ∈ λ,
(2) xt ∈ λ and ytqkλ,
(3) xtqkλ and yt ∈ λ,
(4) xtqkλ and ytqkλ.

The first case implies that (x · y)t ∈ ∨qkλ and so x · y ∈ `λEk
(t). For the second case, ytqkλ induces

λ(y) > 1− t− k ≥ t, that is, yt ∈ λ. Hence, (x · y)t ∈ ∨qkλ and so x · y ∈ `λEk
(t). Similarly, the third case

implies x · y ∈ `λEk
(t). The last case induces λ(x) > 1− t− k ≥ t and λ(y) > 1− t− k ≥ t, that is, xt ∈ λ

and yt ∈ λ. It follows that (x ·y)t ∈ ∨qkλ and so that x ·y ∈ `λEk
(t). Therefore, `λEk

(t) is a BCC-subalgebra
of X for all t ∈ (0, 1−k2 ]. Hence, (X, `λEk

) is a semidetached BCC-subalgebra over Ω = (0, 1−k2 ]. �

Corollary 3.27. Ifλ is an (∈,∈ ∨q)-fuzzy BCC-subalgebra ofX , then (X, `λEk
) is a semidetached BCC-subalgebra

over Ω = (0, 0.5].

Theorem 3.28. If λ is a (qk,∈ ∨qk)-fuzzy BCC-subalgebra ofX , then (X, `λEk
) is a semidetached BCC-subalgebra

over Ω = (1−k2 , 1].

Proof. Let x, y ∈ `λEk
(t) for t ∈ Ω = (1−k2 , 1]. Then xt ∈ ∨qkλ and yt ∈ ∨qkλ. Hence, we have the

following four cases:
(1) xt ∈ λ and yt ∈ λ,
(2) xt ∈ λ and ytqkλ,
(3) xtqkλ and yt ∈ λ,
(4) xtqkλ and ytqkλ.

For the first case, we have λ(x)+ t+k ≥ 2t+k > 1 and λ(y)+ t+k ≥ 2t+k > 1, that is, xtqkλ and ytqkλ.
Hence, (x ·y)t ∈ ∨qkλ, and so x ·y ∈ `λEk

(t). For the second case, xt ∈ λ implies λ(x)+ t+k ≥ 2t+k > 1,
that is, xtqkλ. Hence, (x · y)t ∈ ∨qkλ, and so x · y ∈ `λEk

(t). Similarly, the third case implies x · y ∈ `λEk
(t).

For the last case, we have (x·y)t ∈ ∨qkλ, and so x·y ∈ `λEk
(t). Consequently, `λEk

(t) is a BCC-subalgebra of
X for all t ∈ Ω = (1−k2 , 1]. Therefore, (X, `λEk

) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1]. �

Corollary 3.29. If λ is a (q,∈ ∨q)-fuzzy BCC-subalgebra ofX , then (X, `λEk
) is a semidetached BCC-subalgebra

over Ω = (0.5, 1].

For α ∈ {∈, qk} and t ∈ (0, 1], we say that xtαλ if xtαλ does not hold.

Definition 3.30. A fuzzy set λ in X is called an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X if it satisfies:

(∀x, y ∈ X,∀t, r ∈ (0, 1])((x · y)min{t,r}∈λ⇒ xt∈ ∨ qkλ or yr∈ ∨ qkλ). (3.12)
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An (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X with k = 0 is called an (∈,∈ ∨ q)-fuzzy BCC-subalgebra.
We provide a characterization of an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra.

Theorem 3.31. A fuzzy set λ in X is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X if and only if the following

inequality is valid:

(∀x, y ∈ X)(max{λ(x · y),
1− k

2
} ≥ min{λ(x), λ(y)}). (3.13)

Proof. Let λ be an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X . Assume that (3.13) is not valid. Then there
exist a, b ∈ X such that max{λ(a · b), 1−k2 } < min{λ(a), λ(b)} = t. Then 1−k

2 < t ≤ 1, at ∈ λ, bt ∈ λ,
and (a · b)t∈λ. It follows from (3.12) that atqkλ or btqkλ. Hence, λ(a) ≥ t and λ(a) + t + k ≤ 1 or
λ(b) ≥ t and λ(b) + t + k ≤ 1. In either case, we have t ≤ 1−k

2 , which is a contradiction. Therefore,
max{λ(x · y), 1−k2 } ≥ min{λ(x), λ(y)} for all x, y ∈ X .

Conversely, suppose that (3.13) is valid. Let x, y ∈ X and t, r ∈ (0, 1] be such that (x · y)min{t,r}∈λ.
Then λ(x · y) < min{t, r}. If max{λ(x · y), 1−k2 } = λ(x · y), then min{t, r} > λ(x · y) ≥ min{λ(x), λ(y)}

and so λ(x) < t or λ(y) < r. Thus xt∈λ or yr∈λ, which implies that xt∈ ∨ qkλ or yr∈ ∨ qkλ. If
max{λ(x · y), 1−k2 } = 1−k

2 , then min{λ(x), λ(y)} ≤ 1−k
2 . Suppose xt ∈ λ or yr ∈ λ. Then t ≤ λ(x) ≤ 1−k

2

or r ≤ λ(y) ≤ 1−k
2 , and so λ(x) + t + k ≤ 1−k

2 + 1−k
2 + k = 1 or λ(y) + r + k ≤ 1−k

2 + 1−k
2 + k = 1.

Therefore, xtqkλ or yrqkλ and so xt∈∨qkλ or yr∈∨qkλ. Hence, λ is an (∈,∈∨qk)-fuzzy BCC-subalgebra
of X . �

Corollary 3.32. A fuzzy set λ in X is an (∈,∈ ∨ q)-fuzzy BCC-subalgebra of X if and only if the following

inequality is valid:

(∀x, y ∈ X)(max{λ(x · y), 0.5} ≥ min{λ(x), λ(y)}). (3.14)

Theorem 3.33. A fuzzy set λ in X is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X if and only if (X, `λU ) is a

semidetached BCC-subalgebra over Ω = (1−k2 , 1].

Proof. Assume that λ is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra ofX . Let x, y ∈ `λU (t) for t ∈ Ω = (1−k2 , 1].
Then λ(x) ≥ t and λ(y) ≥ t. It follows from (3.13) that max{λ(x ·y), 1−k2 } ≥ min{λ(x), λ(y)} ≥ t. Since
t > 1−k

2 , it follows that λ(x · y) ≥ t and so x · y ∈ `λU (t). Thus `λU (t) is a BCC-subalgebra of X . Hence,
(X, `λU ) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1].

Conversely, suppose that (X, `λU ) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1]. If (3.13)
is not valid, then there exist a, b ∈ X such that max{λ(a · b), 1−k2 } < min{λ(a), λ(b)} = t. Then
t ∈ (1−k2 , 1], a, b ∈ `λU (t), and a · b /∈ `λU (t). This is a contradiction, and so (3.13) is valid. Using Theorem
3.31, we know that λ is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X . �

Corollary 3.34. A fuzzy set λ in X is an (∈,∈ ∨ q)-fuzzy BCC-subalgebra of X if and only if (X, `λU ) is a

semidetached BCC-subalgebra over Ω = (0.5, 1].
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Theorem 3.35. A fuzzy set λ in X is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X if and only if (X, `λQk
) is a

semidetached BCC-subalgebra over Ω = (0, 1−k2 ].

Proof. Assume that (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0, 1−k2 ]. If (3.13) is not

valid, then there exist a, b ∈ X, t ∈ (0, 1], and k ∈ [0, 1) such that max{λ(a · b), 1−k2 } + t + k ≤ 1 <

min{λ(a), λ(b)} + t + k. It follows that atqkλ and btqkλ, that is, a, b ∈ `λQk
(t). But (a · b)tqkλ, that

is, a · b /∈ `λQk
. This is a contradiction, and so (3.13) is valid. Using Theorem 3.31, we have λ is an

(∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X .
Conversely, suppose that λ is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X . Let x, y ∈ `λQk

(t) for
t ∈ Ω = (0, 1−k2 ]. Then xtqkλ and ytqkλ, that is, λ(x) + t + k > 1 and λ(y) + t + k > 1. It follows
from (3.13) that max{λ(x · y), 1−k2 } ≥ min{λ(x), λ(y)} > 1 − t − k ≥ 1−k

2 and so λ(x · y) + t + k > 1,
that is, x · y ∈ λ. Therefore, `λQk

(t) is a BCC-subalgebra of X . Hence, (X, `λQk
) is a semidetached

BCC-subalgebra over Ω = (0, 1−k2 ]. �

Using Theorems 3.33 and 3.35, we have the following corollary.

Corollary 3.36. For a fuzzy set λ in X , the following are equivalent:

(1) (X, `λU ) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1],

(2) (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0, 1−k2 ].

Definition 3.37. A fuzzy set λ in X is called an (∈ ∨ qk,∈ ∨ qk)-fuzzy BCC-subalgebra of X if it satisfies:

(∀x, y ∈ X,∀t, r ∈ (0, 1])((x · y)min{t,r}∈ ∨ qkλ⇒ xt∈ ∨ qkλ or yr∈ ∨ qkλ). (3.15)

Theorem 3.38. Every (∈ ∨ qk,∈ ∨ qk)-fuzzy BCC-subalgebra of X is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra.

Proof. Let x, y ∈ X and t, r ∈ (0, 1] be such that (x · y)min{t,r}∈λ. Then (x · y)min{t,r}∈ ∨ qkλ, and so
xt∈ ∨ qkλ or yr∈ ∨ qkλ by (3.15). Hence, λ is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X . �

Corollary 3.39. If λ is an (∈ ∨ qk,∈ ∨ qk)-fuzzy BCC-subalgebra of X , then

(1) λ is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X ,

(2) λ satisfies the condition (3.13),
(3) (X, `λU ) is a semidetached BCC-subalgebra over Ω = (1−k2 , 1],

(4) (X, `λQk
) is a semidetached BCC-subalgebra over Ω = (0, 1−k2 ].

Definition 3.40. A fuzzy set λ in X is called a (qk,∈ ∨ qk)-fuzzy BCC-subalgebra of X if it satisfies:

(∀x, y ∈ X,∀t, r ∈ (0, 1])((x · y)min{t,r}qkλ⇒ xt∈ ∨ qkλ or yr∈ ∨ qkλ). (3.16)

Theorem 3.41. Assume that min{t, r} ≤ 1−k
2 for any t, r ∈ (0, 1]. Then every (qk,∈ ∨ qk)-fuzzy BCC-

subalgebra of X is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra.
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Proof. Let λ be an (qk,∈ ∨ qk)-fuzzy BCC-subalgebra of X . Assume that (x · y)min{t,r}∈λ for x, y ∈ X
and t, r ∈ (0, 1] with min{t, r} ≤ 1−k

2 . Then λ(x ·y) < min{t, r} ≤ 1−k
2 , and so λ(x ·y) +k+ min{t, r} <

1−k
2 + 1−k

2 +k = 1, that is, (x ·y)min{t,r}qkλ. It follows from (3.16) that xt∈∨qkλ or yr∈∨qkλ. Therefore,
λ is an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X . �

Corollary 3.42. Assume that min{t, r} ≤ 0.5 for any t, r ∈ (0, 1]. Then every (q,∈∨q)-fuzzy BCC-subalgebra

of X is an (∈,∈ ∨ q)-fuzzy BCC-subalgebra.

Theorem3.43. Assume thatmin{t, r} > 1−k
2 for any t, r ∈ (0, 1]. Then every (∈,∈∨qk)-fuzzy BCC-subalgebra

of X is a (qk,∈ ∨ qk)-fuzzy BCC-subalgebra.

Proof. Let λ be an (∈,∈ ∨ qk)-fuzzy BCC-subalgebra of X . Assume that (x · y)min{t,r}qkλ for x, y ∈
X and t, r ∈ (0, 1] with min{t, r} > 1−k

2 . If (x · y)min{t,r} ∈ λ, then λ(x · y) ≥ min{t, r}, and so
λ(x · y) + k + min{t, r} > 1−k

2 + 1−k
2 + k = 1. Hence, (x · y)min{t,r}qkλ, which is a contradiction. Thus

(x ·y)min{t,r}∈, which implies from (3.12) that xt∈∨ qkλ or yr∈∨ qkλ. Therefore, λ is a (qk,∈∨ qk)-fuzzy
BCC-subalgebra of X . �

Corollary 3.44. Assume that min{t, r} > 0.5 for any t, r ∈ (0, 1]. Then every (∈,∈∨q)-fuzzy BCC-subalgebra

of X is a (q,∈ ∨ q)-fuzzy BCC-subalgebra.

4. Conclusion

In the present paper, we have introduced the notion of semidetached BCC-subalgebras of BCC-
algebras. Several conditions for a semidetached structure in BCC-algebras to be a semidetached
BCC-subalgebra are provided. The concepts of (∈,∈ ∨ qk)-fuzzy BCC-subalgebras, k-left (k-right)
(qk,∈ ∨ qk)-fuzzy BCC-subalgebras, (qk,∈ ∨ qk)-fuzzy BCC-subalgebras, and (∈ ∨ qk,∈ ∨ qk)-fuzzy
BCC-subalgebras are presented, and relative relations and properties are described.
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