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1. INTRODUCTION, PRELIMINARIES AND PROBLEM STATEMENT

The theory of functions of many complex variables, or multidimensional complex analysis, currently
has a fairly strictly constructed theory [1], [2], [3]. At the same time, many questions of classical
complex analysis still do not have unambiguous multidimensional analogues. In the works of E. Cartan,
K. Siegel, Hua Luogeng and LI. Pyatetsky-Shapiro the matrix approach to the presentation of the theory
of multidimensional complex analysis is widely used (see [4-8]).

In 1935, E. Cartan proved that there are only six possible types of irreducible, homogeneous, bounded,

symmetric domains. These domains denoted by, R, R;r, ®rrr and Ry are called classical domains:
%[z{ZGC[mxk] 1 _ 77 >o},
%Ijz{ZG(C[mxm] 1M 77 >0, vzfzz},

%HIZ{ZE(C[mxm]:I(m)+Z7>0, VZ’:—Z},
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Ry = {zeC: 22" +1-222 >0, |2] <1},
The dimensions of these domains are equal, respectively to:

mk,m(m +1)/2,m(m —1)/2,n.

. 2 . s )
2 variables, denoted by C™ . In some questions, it is convenient

Consider the space of complex m
to represent the points Z of this space in the form of square [m x m]|-matrices, i.e. in the form of
Z = (zi;){—,. With this representation of points, the space C™ will denote C[m x m]. The direct

product C[m x m] x - - - x C[m x m] of n instances of [m x m]-matrices space we denote by C"[m x m].

n
Let Z = (Z1, Zo, ..., Zy,) be a vector composed of square matrices Z; of order m considered over the

field of complex numbers C. We can assume that Z is an element of the space C"[m x m] = Ccrm?®,

We define a matrix "scalar” product as below
(Z2,2) = Z\ WY + ...+ 2,

where W is a conjugate and transposed matrix for the matrix W;.

Define matrix balls(see [9,10]) B%?n, IB%%)” and Eg)n of the first, second and third types, respectively:
B = {(Z1,... Zn) = Z € C" [m xm] : I — (Z,Z) > 0},
Bg?n: {ZeC'imxm]:1-(2,Z)>0, VZ',=2Z,, v=1,..,n},

B® —{(ZeC'mxm]:1—(2,2)>0,VZ, =7, u:l,...,n}.

myn

The skeletons (Shilov boundaries) of matrix balls Bgf,)n, denote by X,(ﬁ?n, k=1,2,3,ie.,
XY, ={Z € C"[mx m]: (2,2) = I},
X@ ={zeC"mxm|:(2,2)=1, Z'y=2, v=1,2,..,n},
X, ={Z eC' mxm]: [-(2,2) =0, Z,=~Z,, v=1,2,..,n}

Note that IB%S{, 18(121) and Bgﬁ- are unit discs, Xﬂ, Xf{, and Xg- unit circles in the complex plane C.

Ifn=1,m > 1, then B

m1: Kk =1,2,3-are classical domains of the first, second and third type

(according to the classification of E.Cartan [4]), and the skeletons of Xg,ll?l, Xg?l, and Xg?l - are unitary,
symmetric unitary and skew-symmetric unitary matrices, respectively.

Recently, scientists have achieved many significant results in classical domains and at the same
time, a number of open problems have been formulated. For example, [11] studies the regularity
and algebraicity of maps in classical domains, and [12] studies the harmonic Bergman functions in
classical domains from a new point of view and proves the results of characterization of harmonic
Bergman functions in domains of the first type. In [13] holomorphic and pluriharmonic functions for
classical domains of the first type are defined, Laplace and Hua Luogeng operators are studied and a

connection between these operators is found. In [14-18] studies present the properties of Bergman and
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Cauchy-Szegé kernels for classical domains. For this, we use the statements of the Sommer-Mehring
theorem (see [19]) on the extension of the Bergman kernel and some properties of the Bergman kernel
and these domains were used as bounded full circular symmetric convexity.

In [20], the problem of holomorphic continuability of a function into a matrix ball given in pieces of
its skeleton is considered. For this purpose complete orthonormal systems in a matrix ball are used.
And also applied in this orthonormal systems, in the work [21,22] obtained analogues of the Laurent
series with respect to the matrix ball from the space C"[m x m]. To do this, we first introduce the concept
of a matrix ball layer from C"[m x m], then in this matrix ball layer the properties of Bochner-Hua
Luogeng integrals are used to obtain analogues of the Laurent series.

In [20] some unsolved problems are formulated relating to the matrix balls ng)n and IB%g,?{)n from the
space C"[m x m]. One of them is to write out an orthonormal basis for B%)n and 15353)“ (the existence of
such bases follows from A.Cartan’s theorem on complete circular domains (see [23]). In this paper
C"[m x m], the second type of matrix spheres in the space Bg)n and its skeleton (Shilov boundary) are
calculated X%)n (see [24], [25]). The results obtained in this paper are analogs of the results obtained
by Hua Luogeng in classical domains of the second type and G. Khudayberganov in matrix balls of the
first type Xg)n

Note that, the matrix ball Bg)n is a complete circular convex bounded domain. In addition, the
domain Bg)n and its backbone X,(ﬁ)n are invariant with respect to unitary transformations (see [27]).
We are interested in the orthonormal system spaces B%)n and Xg?n, i.e. to write out an orthonormal
basis for the domains ]B%,(g)n and its skeleton Xfﬁ)n The existence of such bases follows from the theorem
of A.Cartan on complete circular domains [23].

Lemma 1 [27]. The matrix ball has the following properties:

1) Bg)n is bounded domain;

2) B%L is full circular domain;

3) Domain 15%53)” and its skeleton Xg)n are invariant with respect to unitary transformations;

4) Bg)n is convex domain.

The volume of the matrix ball of the second type is calculated using the following theorem.

Theorem 1 [24]. Let m > 2 and Z,, is m x m the symmetric matrix. Let’s put

W= [ ldetr -z 2Pz

1—(Z,2)>0
where 7 = H H d;vl-jdyij,wij + z'yij = Zij. Then
i=1j=1
m(m+1)
T\ = 2 " L2 A+ 3)I'2A+5)...T2 A+ 2mn — 1)

A4+1) .- A+mn) TERA+mn+2)T2A+mn+3)...T(2\ + 2mn)’
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In particular, when A = 0, the volume of the matrix ball of the second type is obtained

V(B2 ) = i 2141 .- (2mn — 3)!
mmn) = m! (mn+ D)!(mn+2)!-...- (2mn — 1)’

Let k1, k2, ..., k, are integers satisfying the condition ky > k2 > ... > k;, > 0. Each element of P from
GL(m) (i.e. the group of all non-degenerate matrices of order m) corresponds in the representation of

GL(m) with the signature (k1, ko, ..., k) matrix

Akhkz,m,km(P)' (1)

Suppose that the representation (1) is unitary for unitary matrices P. It is known that (1) is a matrix
having (see. [6], [29]) Nj rows and columns where

Dki+m—1k+m—2, .. kn1+1,kn
N = Nk k2, o i) = : D(m—1,m—2,..,1,0) ! @)
D(k1 ko, .skim) =[] (ki —kj), m>2.

1<i<j<m

The trace of this matrix we will denote by

Xk17/€27-~-7km(P) = SpAk17k27~--7km(P)'

This value is called the character of the representation (1) (see [29]).
If P is a diagonal matrix, P = A = [A1, A2, ..., A\p,], then (see [6], [28])

_ M, kg o (A1 A2, ooy A)
D(A1, A2, ooy An) ’

where
m

My o 01, A 0y A) = dlet | A5

ig=1
Denote by u = (uy, ug, ..., un, ) a vector in m-dimensional complex space. By u/*! we will denote a vector

with components

a1, O [e% _
utug? . ugm, a = E a;, a>0. (3)

The dimension of the vector u[® is equal to

(m+a—1)!
allm—1)!

For complete circular domains, it can be assumed that the group of movements that leave the origin

stationary consists of linear transformations of the form
v=uP, (4)
where P is a unitary matrix. Then transformation (4) induces transformation

vlo) =yl plel) ()
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where Pl°l denotes the a-th symmetrized Kronecker power of the matrix P (see [29]).
Expression (3) contains all monomials of degree «, i.e. any homogeneous form from uy, ua, ..., upn, of
degree « is a linear combination of expressions of the form (3). Any polynomial of w1, u, ..., u, is a

linear combination of expressions of the form (3) if « takes the values 0,1,2,....

1.1. Examples to a-th symmetric Kronecker power. For questions that arise, let’s look at a special

case. Letm =2, « =2. Then
2[2} = {Z%, \/52122, Z%}, wm = {w%, \/§w1w2, w%},
but P has the following form:

p%l V2p11p12 p?g
2
Pl = V2p11po1  pripez + piape1r V2p12p22
P V2p21p22 P2

Letnow m =2, « =3. Then
B {2, VB, VBad, )l = {ul, VBwhes, VBwiud, wi},

but PP it has the following form:

P V3ptipia V3p11pi, Pt
V3p3ap21  phipes + 2p11pi2par 2p11p12p21 V3p3ap2s

pBl—
V3puip3,  2puipor +p12pd puipk + 2p12p21p22 V3pi12pks

P V3p2 pas V3p21p3, Do

2. MAIN RESULTS

m(m+1)
Let’s describe the vector element Z = (71, Za, ..., Zy,) € Bg)n in the form of a point in space C™ .

1 1 1 1 1 1 1 1
Z= {Z§1)a 2{2)’- ’Zinzu Z§2)a 253)’""Zérr)w“"zﬁn)fl,mfl’Z1(”n,)71,m? 2553717
2 2 2 2 2 2 2 2
Z%l)’ Z§2)""’Z§W)L’ 252) Z§3)""7’Z§Tr)z" ° fn)1m I?Zv(n)lm’ 7(337”
n n n- m(m+1)
2D, 2,2 AR R A 2D s B s 2} €C : (6)

By z[°l we will denote a vector with components

\/allag!...z!nm(mmg ‘ (Zﬁ))al ' (Zg)>a2 e (2871) (zg))am“ . (%};)““2 . (zé}%)wm_lx
;

(1) « m(m+1) 9 1) O‘m(m+1) 1 1 X (m+1)
X(zm—l,m—l 2 “Fmiim 2 ’ zﬁm)n 2 X

()R (@) R () ) (e Yt ™)
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zl°l is a monomial of z,i;), v =1,n,k,j = 1,m of degree a. These components are linearly indepen-

dent, and any homogeneous polynomial of degree o can be written as a linear combination of these
components.
The dimension of the subspace generated by the vector (%! is equal to the dimension of the direct

sum of subspaces with dimensions (see [6], [28], [29]):

<%+a—1)!

a!(% —1)!

From the theorems 1.3.2 and 1.4.2 in the book [6] we know that the space of homogeneous polyno-

mials is power o from z,(;) can be decomposed into a direct sum of subspaces invariant with respect to

transformation (5). These subspaces have dimensions
Ny = N(2a1, 2ag, ..., 20m@m+1) ),
2

where a1 + ag + ..., +@mm+1) = « (the value of N, is calculated as formulas (2)).
2

LetU = (U1, Uy, ...,U,) € Xg)n The following polynomials,

0U) = 08 ma - comgmen (U): 8= 1,2, No. (®)
oy

(s)
A1, Q25 e X (m41)
2

forming the basis of a subspace of dimension N,, where ¢ (U) and components of the

vector ul®! (these components are calculated as formulas (7)).

If we put

then the following lemma is valid.

Lemma 2. For the skeleton X(mQ)n function system

(pa) 20 (U), j=1,2,...No, a=0,1,2, ..

- ]

x2,

Proof. By virtue of our designation, for U € Xg)n we have

is an orthonormal system, where

. 2.
PD()| 0.

ull = {oD(U), P (U), ..., o) (U)}.

Then
/ () )G = RO, )

x@,
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. m mn
where U = [] dTpqdypg; Tpg + 1Ypg = Upg, and
p=1g=1
R(Na.Ns) _ O, aF b,
po - IV, =B,

where O is a null matrix, and p, does not depend on s. Therefore,

| )00 =580 o (10)
X2
where 0,4 is the Kronecker delta:
0,0 # B,
La=p.
Lemma 1 is proved
Now we can calculate the constant p,,.
It is known that (9) is a square matrix having N, rows and columns (see [23]). In integral (10) we

multiply both parts by N,:

No 2. )
Moo= [ S| 0 = [ 80l s (00N =
x®, X2,

— [ Xorosan (WO = VED,)
X(Q)

and
V(i)
Ny
where V(Xg)n) is the volume of the matrix ball skeleton (see [25]).

The group of movements of the matrix ball IB%,(%?,L, leaving the beginning stationary, consists of

Pa =

transformations of the form
W =U'ZV (11)

where U and V are unitary matrices of orders m and mn, respectively. Let’s arrange the elements of
the matrix Z and W in the form (6).
The transformation (11) of the matrix Z into the matrix W induces some transformation of the vector

z into the vector w. This transformation has the form:
w=2z2UxV),

here the sign ® means the Kronecker product. Then the transformation of the vector 2[°! into the vector

wl® consists of transformations of the form

wlo) = Sl @ V)l
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The 2[®) subspace invariant under this transformation is split into a direct sum of subspaces with
dimensions
o = N(2041, 2042, ceey QOém(m.H) ) : N(20¢1, 2&2, ceny 2am(m+1) 5 0, ceey 0)
2 2
The components 2/ denote by <p£?3,a2,,,_,am(2), s=1,2,...,qa-
Theorem 2. The system of functions

(Pa)_%wgf)(z): s=1,2,...,40, a=0,1,2,...

for a matrix ball Bg)n is an orthonormal system, where

= [ 2] 2 (12)
B,

Proof. If Z is converted to W by transformation (11), then gp,(;fl)w am (Z) are converted to linear

combinations from gogfl)m,,,_,,am (W) by matrix

Aa17a27--‘7am(m+1) (U) & Aal,ag,...,am(m+1) 70,‘,,70(V), (13)
mm+1)
where
Ao‘l’O‘?""’am(m+l> U) = UM’ Aa17a27~-~,am(m+1) ,0,...,0(V) =V,
Tz —z

For various (o, g, ..., ay,) representations (13) are not equivalent. Therefore,

/ H(2) - 69(2) 7 = b 8+ P

B,
. m mn )
where o = (a1, a2, ...,am), B=(B1,02,-.,0m), Z = [ [] drpedypq, Zpq + iYpq = 2pq, and p, do not
p=1q=1
depend on i. Thus, a lot of functions
{0a(Z)} 0

forms an orthogonal system in the matrix ball IB%STZL?”. The theorem 2 is proved.

Now we calculate the important, for practical matters, constant p,, using (12). For this purpose, first
of all, we will clarify the process of obtaining the functions ¢? (Z). The vector obtained from the matrix
Z is transformed by means of the matrix (13) when Z undergoes transformation (11). For a diagonal

matrix A = [A1, Ag, ..., A, the matrix Ay, ay.....a,, (A) is also diagonal. Therefore,

za: @g)(z)r - Sp[Aozl,am...,am«Zv Z>)]
=1

and we have

dapa = / P Ao (2, Z)))Z = / Newsn, o (2, 2)) 2.

B2, B
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it follows that
1% (B%?n)

do

Pa =

where V(Bg)n) is the volume of the matrix ball skeleton (see Theorem 1).

3. OPEN PROBLEMS

We present some unsolved problems related to matrix balls of the third type IB%,(g)n and its skeletons
(Shilov boundary Xg?n):

1. Write out an orthonormal basis for Bg)n (the existence of such bases follows from A.Cartan’s
theorem on complete circular domains (see [4]).

21 2. Introduce the concepts of A-harmonic functions in IB%g,QL)n and Bg,?{)n (see [13]).

31 2. To obtain the criterion of holomorphic continuity into matrix balls B%?n and Bg,?{,)n of functions

defined on the skeleton part (Shilov boundaries) (see [20]).
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