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AssTRACT. Mathematical modeling is essential in both human and natural systems. In this work, we explore
two prey and one predator models having Holling type I functional behaviors. We used a discrete-time
delay to illustrate the permanence and boundedness of the system. We also characterized and displayed
the stability and Hopf - Bifurcation for the competition model. Furthermore, we carried out the numerical
simulation and experimental results to realize the impact of our model.
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1. INTRODUCTION

Mathematics plays a major role in biology with the help of a biological models. Throughout this
work, we focus at the predator-prey interaction model. Relationships between two species and their
consequence on one another make up the predator-prey competition. The prey species is the animal
that is being consumed, and the predator is the animal that is consumed. The predator-prey correlation
continues when successive decades of each species interact. By doing so, they have an influence over
each other’s species success and survival. As organisms evolve out of their resource masses, these types
of models are potentially the fundamental components of bio and environments. Populations strive,
adapt, and disperse purely to gain nourishment so that they can proceed their journey for subsistence.
Depending on their individual application conditions, they can take the characteristics of resource-
consumer, plant-herbivore, parasite-host, tumour cells (virus) - immune system, susceptible-infectious

linkages, and so on. Because they deal with universal loss-win interactions, so that they might be
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helpful for the ecosystems. Numerous researchers work for free to research the effects of contests,
including how populations evolve and disappear due to those competitions [16], [17], [18].

There are different kinds of interactions between the species during the prey-predator competition.
We took two prey and one predator into the conflict with a help of Holling type I functional response
[3,4]. And, also competition between prey and the predator is formulated along with discrete time
delay [1]. When there is competition between prey and predator, there will never seem to be less
competition between them. While engaging, the predator or prey may be affected by factors like
sickness, maturation, age, and so on. At that point, the competition will get delayed to finalize the
competition’s outcome. There are different types of time delays, including single constant delays,
discrete delays, distributed delays, state-dependent delays, and time-dependent delays among others.
In our model, we choose discrete single-time delay for the analysis [7—9]. We established the model’s
well-posedness and demonstrated the model’s local and global stability. In addition, the stability
analysis has been described with and without delay.

A Hopf bifurcation is a crucial phase in a mathematical theory of bifurcations where a system’s
stability alters and a periodic solution develops [7]. When a pair of complex conjugate eigenvalues of
the normalization more around the fixed point exceeds the complex plane imaginary axis, the fixed
origin of a dynamical system seems to become unstable. Under sufficiently broad assumptions about
the dynamical system, a small-amplitude limit cycle branches from the fixed point. Monitoring a
branch of steady state implementations of an ODE system, which is frequently done using homotopy
continuation methods, while observing the eigenvalues of the Jacobian matrix at particular points is
an indirect strategy for locating Hopf bifurcation sites [ 13]. Griewank and Reddien (1983) published
the first effective method for calculating Hopf bifurcation sites in ODE systems directly. This concept
was then used in DAE systems by Reich (1995). Hopf bifurcation (also known as Poincare-Andronov-
Hopf bifurcation) is the local birth or death of a periodic solution (self-excited oscillation) from the
equilibrium as a parameter passes a critical point. Many researchers used the following criteria to show
the principles of Hopf - bifurcation in a prey-predator competition: I non-hyperbolicity condition, (ii)
transversality condition, and (iii) genericity requirement. The transversality criterion is used to prove

the characteristics of Hopf bifurcation.

2. Prorosep MoODEL

Consider the following model,

d
(a) % = Gp1 <1 - 2) — &19p1p2 — £13D1D3,
d
(b) ap2 _ Copo [ 1 — P2y §21p1p2 — &23D2P3, (D
dt )
dps
() —7 = —kp3+&upi(t — 7)ps3(t — 7) + Eapa(t — T)p3(t — 7).

dt
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In this study, we used Holling type I functional response [15] for the competition in the above
system, which included two prey and one predator contact as well as a discrete-time delay. Also, only
the predator is subjected to the delay. The population stability was investigated [2]. The dynamical

behavior of the three species in an ecosystem was visualized using some numerical simulations [10].

Table:1. Detailed descriptions of the system’s parameters

Parameter Description

b1 Prey 1

D2 Prey 2

3 Predator

G Intrinsic growth rate of prey 1

G2 Intrinsic growth rate of prey 2

kq Carrying capacity of prey 1

ko Carrying capacity of prey 2

§12 Competition coefficient of prey 2 on 1

& Competition coefficient of prey 1 on 2

€13 Predation behavior rate on prey 1

§23 Predation behavior rate on prey 2

&31 Gain rate of the predator due to the predation of prey 1

32 Gain rate of the predator due to the predation of prey 1
T Time delay

K Natural death rate of the predator

2.1. Positive Invariance.
Theorem 1. Every solution of a system (1) with initial conditions p;(¢) > 0, p2(t) > 0, p3(t) >0Vt >0

will exist in [0, 00).

Proof. We claim thatforallte [0, c0), pi(t) > 0,p2(t) > 0and p3(t) > 0. Let’s prove this by contradiction.
If it is not true, then one of p;(t) > 0, p2(t) > 0, p3(t) > 0 must vanish. From the system (1) (a) with
pi(t) >0,

p1m

p1(t) = py (0)e B @O —Gapan—tuama(n)]

i

Then, from (1) (b) with pa(¢) > 0 we get

pa2n

pa(t) = p2(0)6[fg(C2(1— 2 )—52113177—623133(77))] -0,



Asia Pac. J. Math. 2023 10:28 40f 12

Similarly, from (1) (c) with p3(t) > 0

to_ . &31p1(m=7)pg(n—7) | €30p2(n—7)p3(n—7)
IO( ot p3(n) + »3(n) )] > 0.

pa(t) = pa(0)el

Here, is where the contradiction occurs. So, that p;(t) > 0, p1(t) > 0, p3(t) > 0V t € [0, c0). Hence, the
proof. O O
2.2. Boundedness.

Theorem 2. The solutions of an entire system (1) in R? for t>0 are constrained.

Proof. Let
W'(t) = ph(t) + pa(t) + p3(t), (2)

and A > 0 be a constant. Then,

W (t) + AW = pl (t) + pa(t) + p3(t) + AW,

&

pa? — E1p1pa
ko

W'(t) + AW = (ipy — 211912 — &12p1p2 — 13p1p3 + Cap2 —

— &23pap3 — kp3 + E31p1 (t — 7)p3(t — 7) + E3op2(t — T)p3(t — 1)
+ A(p1 + p2 + p3),

=(C1 +A)p1 — %pﬁ —&izpips + (G + A)p2 — %pQQ — &23p2p3

+ (A = K)p3 + Ep1(t — 7)p3(t — 1) + Ezop2(t — 7)p3(t — 7)
— &12p1p2 — 210102

If £13 > €31, §23 > €39,

<(G1+A)p1 — %MQ — &13p1ps + (G2 + A)p2 — %p22 — &23p2p3

+ (A — K)p3 — &12p1p2 — {21012,

_ A2 AN
§k§11 <p1 — k1 <C12J£1 )> + iz <p2 — ko (@2; )> + (A = K)p3
k A2k A)?
— &12p1p2 — E21p1p2 + 1(%5 ) + 2(%; ) :

Let q=min(&i12, &21),

sl <p1 —k <C1+A)>2+C2 <p2 —k2(<2+A)>2+(A—H)p3

~ Kk 2C1 ) 2¢2
3 (G1+A)? (C1+A)?
2qp1p2 + k1 6, + ko G
L& +A)? +k2(<1+A>2 —

6C1 6C2
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We use the inequality to conclude W'(t)+A W=p and hence W=L + ce7™. By t=0,
we get W(p1(0),p2(0))=% + ¢ and then c=W(p1(0),p2(0))-£. Hence, W(p1(t),p2(t))= %(1 -
e™)+(W (p1(0),p2(0)))e** and where 0 < W(pi(t),p2(t)) < £((1 — ™)) +(W(p1(0),p2(0)))e”

By taking the limit # — oo we have 0 < W (t) < £. Hence the theorem.

O O

3. AnNALysis oF THE MopeL WitHOUT DELAY

3.1. Local stability. At the interior equilibrium point, the nonlinear matrix of the model (1)(a)-(1)(c)

with 7 = 0 can be written in the form of a Jacobian matrix, J(p1, p2, p3)=

G — %pl — &12p2 — &13p3 &1201 &13p1
&21p2 G2 — 2€2p 2 — &o1p1 — €23p3 —&23p2
£31D03 £32D3 —K + &£31p1 + §32p2

The characteristic equation can be obtained as,
N 4o A2+ oo+ 03 =0, (3)

where, 01 = (% + &1 — &31)p1 + (% + &2 — &32)p2 + K+ (§13 + &23)p3 — 1 — G2,
o2 = Ri"R;* + Rj"Ry* + Ri* Ry — 12821012 + &23832p2p3 + €13§3101D3-
Also that,
R =( — 2C1p1 — &12p2 — 1303,
R;j* = (o — 242”2 — &o1p1 — 233,
Rp* = —K + &1p1 + E32p2,

03 = (R;"Rp" + &23&32p02p3) Ri™ + (£12€31623 + £13821832)p1p2ps + (§13631 R p3 — 1262102 Ry )P

By Routh Hurwitz Criterion, the system is locally asymptotically stable, if oy > 0, 03 > 0 and

o109 — o3 > 0 are satisfied.

3.2. Global stability: Let us consider the following Lyapunov function [11] for proving global

asymptotic stable behavior.
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)l

) +10 [Pz —p2* —Pz*ZOQ( )} + 12 [p:% — p3” —p3*509<
=p1 —p1* — p1*logpr + pi1*logpi* + li[p2 — p2* — p2*logpa + pa*logpa*]

X(p1,p2) =p1 —p1* — p1¥log (
+ la[ps — p3* — p3*logps + p3*logps*],

dX 8X dp1 0X dp2 0X dpg

g2 ap2 4
dt 8p1 dt apg dt apg dt ( )
dX — po*
s . - [Q D1 (1 - Zl> — &12p1p2 — §13p1p3 | + Z1M
b1 1 D2
[C2p2 (1 - ii) — &a1p1p2823p2ps] + 12@3;3]%) [—kps + E31p103] (5)
+ lzw [£32p2p3] 5

=(p1 —p1") [Cl - %Pl —&12p2 — 513]93] +l1(p2 — p2") {Cz - lgzm]
! 2

—li(p2 — p2") [Ca1p1 — &23p3] + l2(p3 — p3™)[—K + &3101 + E32p2)
_]fl (p1 —p1*)? — Zh(pz —p3) — la(p3 — p3™)[&31(p1 — p1™) + E32(p2™ — p2)].

_ &12832 _ &13803
It = §21823 and l» = €31832 then,

dX -G
dt Ky

2 G2&1283
k2 £21623

+&32(p2™ —p2)] < 0.

13623 (ps — p3")[&31(p1" — p1)
€31832 (6)

(p2 —p2") —

—(p1 —p1")" —

Therefore, the system is globally asymptotically stable near E*(p1*, p2*, p3*).

4. AnNaLysis oF THE MopeL WiTH DELAY

At the interior equilibrium point E*, the delayed model’s characteristic equation (1)(a)-(1)(c) gener-

ally means,

N+ AN+ fod+ f3 4+ e (T2 + Tod + T3), (7)

FO) +e TN =0, (8)

where, f()\) =\ + fl)\Q + foA+ fzand T()\) = Tl)\Q + ToA+ T3,

fi= 2<1p1 + &12p2 + &13p3 — G — @ + 2<2p2 + &a1p1 + S23p3 + K,
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fo=CG6 - 2C1,%P2 — Cip1éar — Cipséas — ik — 28 Copy + 48 2p1ps

+28 Lp1€ar + 24 Trp1p3ées + 2k p1k — &12p2Ca + 2812p2° ¢ CZ + §12§21p12
+ &19603paps + 1opak — E13Caps + 2E1spapsE + 5135212?1]93 + E13623p3°
+ E1spsk — Goki+ 202 6py + Enpik + Saspak — Giakapipa,

f3 =Gk — 202 Bp2k — Qp1&a1k — p1p3oask — 24t -Gop1k + 4pip2 ;ﬁi ,Ej
2C1 p12€o1k + 2k. p1p3€ask — S12p2Qak + 2512]722 L =K+ &12821p2P1K

+ §12823p2p3k — 13Cop3k + 2513192]935/% + 513521171]33% + &13€23p32k
— &12621p1D2K,

T1 = —(&31 + £32),

Yo = (i1 + Qa2 — 285 p18a1 — 2259 pi&ap — 1a€s1 — P2 — E126s2pa — 13€81p3
— £13832p3 + (2831 + (2832 — 2 Top2ka — 24 ~p2832 — £23832p3 + £23832D2
+ &13831p1,

T3 = 2G 2paéar + 201 2 padsr — (1Gaba1 — C1Ga&sr + (ipr1&aréar + (pr&anéan

+ C1p3€asar + C1paastsn — Cipabosban + 25 LCop1€31 + le C2p1832

— AP L pipata — AP L pipatar — 2k1p12§21€31 — 28 % &g — 2k1P1p3€23§31
— 28 p1p3asar + 28 p1p2&astar + palaliabar + palaliabar — 2po? 21263
—2py% 2 ~&12832 — P1p2812821831 — 12821832p1P2 — §1282383102p3 — £12€23832D2P3
+ E19623832p2” + E15831Caps + E138326aps — 2papsfEE1a€ar — 2paps EEiaba
— 1361831103 — E13601832p103 — E13€23E3103° — E13603832p37 + E13E23E 3212
+ §12821831p1P2 + §12821832p102 — &12831823P102 — §1382183201P2 — §13€31P1C2

+ 2p1p2 2 §1aan + Sia&a1€orpr® + €138 Easprps.

Let us consider A = iw be a root of the system (8) where w is a real number.

(8) to separate the real and imaginary portions, and we get,

f3 —w?fi = (WY1 — T3)coswr — wTasinwr,

fow —w? = (T3 — T1w2)sinw7 — wYscoswT.

Squaring and adding (9) and (10), we obtain

Wb + w4N1 + w2N2 + N3 =0,

Substitute A in

(10)

(1)
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where, N| = 12 — 2fo —wi2 > 0,

Ny = fo> = 2f3f1 + 20713 — 127,

N3 = f3% — T35

By Descartes’s rule, if N3 < 0, then there exists a unique positive root wy? and then (7) has a
pair of imaginary roots +iwy.

From (9) and (10), we obtain
wWYs(w? —wfo) = (fs —w?f1)(Ts = T1w?)

= 12
COSwWT (Tg — w2T1)2 + (WT2)2 ( )
Then 74, corresponding to w = wy is given by,
Yo(w? — —(fs —w?f1) (T3 — T1w? 2
Tp = —cos o —wfa) = (fs —w )Xy 167) + km,k: =0,1,2,... (13)

wo (T3 —w?T1)? + (wY2)? wo
The model (1)(a) - (2)(c) is stable around E* for 7 < 71y according to Buttler’s lemma. Now, we

differentiate (8) for 7,

dA A dA A dA\
PN+ e TN+ T Ne (A —720) =0, (14)
Hence,
LA {(CY I (VI
dr COAf() AT N
<d)\> - :w02(3w04 + (2f1% — 4f2)wo? + fo — 2f1f3)
dt it (wo* = fowo?)? + (fswo — f1wo®)? (15)
. 2T1T3w02 - 2T12WQ4 - TQQWOQ _ i
(TzW02)2 + (Tgw() — T1w03)2 iwo'
Using (11) we obtain,
R6 (d/\> _1] _30)06 - 2T12WO4 + (2f12 + 2T1T3 - T22 — 4f2)(,d02
d o 2
T A=iwq Q’Z} (16)
AT

02
where, 1% = (wo* — fowo?)? + (fawo — fiwo®)? = (Towo?)? 4 (Tawo — Y1we?)? If 2712w < 0 then

Re|(2)]
A=iwo
and the system exhibits periodic oscillations at ¢ > 0.

> 0. Hence, L (Re())) > 0. As a result, the Hopf-bifurcation condition is satisfied,
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5. NUMERICAL SIMULATION

By selecting suitable sets of parameter values, we proved the results numerically. We present the

simulations in terms of stability using Mathematica software as follows.
Figure 1 (A) depicts the coexistence of all populations with 7 = 0, (1 = 2, {12 = 0.3, { = 0.5,
&3 = 0.3, &31 = 3 and &30 = 1.6. When the time delay increases then a periodic oscillation occurs

between the population of the species as shown in Figures 1 (B), (C), and (D).

1.0 _— 1.0 [—
Pi P
o~ o~
05 —nm 05 — p
. o
P3 P3
! Time f
20 40 60 80 100 20 40 60 80 100
(a) ()
Solution
Solution
25
25
2.0
" 20
15 15
10 — 10 \//\/\/\M M
05 4\/v — 05 M\/\/\/\/W —
p
! Time P f L Time
20 40 60 80 100 20 40 60 80 100
(c) (p)

FiGURE 1. The coexistence and time series assessment of the deterministic system of all three
populations at (A) (1 =2,(2o =0.5,7=0(B) (4 =2,(, =0.5,7=0.01(C) (1 =2,( =0.5,
7=0.05and (D) (; =2,{(o =0.5,7=1.

Solution

4

3

Moo =

— P2 s

P p3
Time ! e
20 40 60 80 100 20

(a) (8)

FiGURE 2. The time series evaluation of two populations when 7 = 0.01 at (A) o3 = 1,£31 =

1,£32 = 1.6 (B) {23 = 0.3,&31 = 0.003,&32 = 1.6 and (C) &23 = 0.3,&31 = 3,832 = 1.6
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Solution Solution

— P

100 — P
50 S
P3

20 40 60 80 100

(c)

FIGURE 3. Persistence of single species when 7 = 0.01 at (A) 12 = 0.3,821 = 0.2,832 = 1.6,k =
0.001 (B) and (C) 512 = 2.9,521 = 1.09,532 = 205, k=1

Figure 2 (A) shows that only the second prey and predator populations are alive, whereas the first
prey population has gone extinct. When the value of the competition coefficient decreases, a wide
oscillation occurs for the predator population which is shown in Figure 2 (B). Here the first prey
population shows no fluctuation whereas the second prey population got extinct. Similarly, the two

prey populations exist in Figure 2 (C), but the predator population has vanished.

Solution

25

20(

VWA,

05t | A J A A — b2

Time
20 40 60 80 100

1.

[

1.

=]

FIGURE 4. Oscillatory behavior of three populations with 7 = 0.01 at €21 = 0.2,&23 = 0.3,&31 =
0.003,&32 = 1.6

Only the second prey species persist, in Figure 3 (A) whereas the other two population increase
cease to exist when the competition coefficient gets increases. The wave pattern emerged purely for the
predator population in Figure 3 (B), whereas the other two prey species became extinct [12]. Similarly,
only the first prey lives in Figure 3 (C), while the others become extinct. In particular, the second prey

population persists for a short period (¢t > 0) before dissipating.



Asia Pac. J. Math. 2023 10:28 11 of 12

The periodic solution has been obtained over all three populations in Figure 4. The wave

amplitudes of the predator population are greater than those of the other two prey populations.

6. CONCLUSION

The Lotka-Volterra predator-prey model is a key model of the ecosystem. It assumes that the predator
has only one prey and vice versa [5,6]. It also indicates that no other variables, such as illness, changing
weather, pollution, and so on, are present. However, many research articles have been published
recently that have produced a variety of prey-predator models with a variety of functional responses.
Many researchers formulated the predator-prey model with disturbances. In this work, we analyzed
the interaction of two prey and one predator in an ecosystem with a discrete-time delay and a Holling
type I functional response. We analyzed the system’s well-posedness, such as positive invariance and
boundedness. The stability analysis examined both has been locally and globally, with and without
time delay. Descartes’ rule and Buttler’s lemma are also used to describe and prove the characteristics
of Hopf - bifurcation [14]. Finally, numerical simulations were carried out to see how the population of

the species that participated in the competition changed dramatically.
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