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AsstracT. In this paper, we investigate the existence and regularity of solutions to unilateral problem

associated to the equation of the type:
diva(z,u,Vu) =divF in{,

where Q2 is a bounded open set of RN, N > 2 andaisa Carathéodory function having degenerate coercivity.
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1. INTRODUCTION

Let Q be an open bounded subset of RY, N > 2. Let |F| € L™(Q) for some m > 1. Consider the

following nonlinear Dirichlet problem

Au = —div F, (1.1)

where Au = —diva(-, u, Vu) is nonlinear elliptic differential operator of monotone type defined on
Wol’p(Q) into its dual W% (Q) with pis a real such that 1 < p < N.

Problem (1.1) in the coercive case has been studied in [8], [7], where the authors have proved the
existence and regularityd of solutions. We refer to the references therein, for more results in different
particular cases.

In a recent work [4], Benkirane and Youssfi considered the Dirichlet (1.1) in noncoercive case, more

precisely when the Carathéodory function a(z, s, &) satisfying the following degenerate coercivity
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condition
a(x,s,€) - &> hP7(|s]) €7, (1.2)

with h is a continuous decreasing function such that its primitive H is unbounded. And they have
obtained the regularity of solutions in terms of the summability of the datum F'.
The existence results for similar problems to (1.1) with datum f rather than div F" have been obtained
by several authors. In this direction, we cite [ | | where the authors studied the Dirichlet problem
—diva(z,u,Vu) = f in,
( ) (1.3)
u=20 on 0f).
They proved the existence and some regularity of solutions under various assumptions on the summa-
bility of the function f. see also [10]. Recently, in [2] Ayadi and Souilah studied the obstacle problem
associated to (1.3) using the penalization method.
In [5], Boccardo and Cirmi have obtained the existence and uniqueness of solution to the obstacle
problem for the Dirichlet problem
—diva(z,Vu) = f in{,

(1.4)
u=20 on 0f).

Where the data f belongs to L1(2) (see also [6]).

In the present paper we deal with the existence and regularity results for the unilateral problem
associated to the equation (2.1) under the condition of degenerate coercivity (1.2). Mainly, we will
prove that the results obtain in [4] remain true in the case of unilateral problem. Due to the lack of
coercivity of the nonlinear elliptic operator A, the results are obtained by means of approximation
through suitable coercive problems.

The paper is organized as follows: In Section 2, we introduce the assumptions and state our main

results. In Section 3 we obtained a priori estimates needed to prove the existence results in Section 4.

2. BAsiCc ASSUMPTIONS AND MAIN RESULTS

Let €2 be an open bounded subset of RY (N > 2), p be a real number such that 1 < p < N. Taking 1

a measurable function on €2 such that
Y€ WyP(Q) N L™ (),
we define the convex set ICy, by

Ky = {v e WP(Q) : v(@) > 9(x) in Q} .
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Let us consider the Dirichlet problem

diva(z,u,Vu) =divF in{,
(2.1)

u=0 on 012,
where a : Q x R x RV — R¥ is a Carathéodory function (i.e., a(-, s, ) is measurable on , for every
(5,6) e RxRY, and a(x, -, ) is continuous on R x RY, a.e. 2 € ), such that the following assumptions

holds for almost every x € , for every s € R, for every £ # n € RV:

a(x,s,€)- &> hP(|s])[€]P, (2.2)
la(x,5,8)] < B (j(x) +[sPH + [€P7), (2.3)
(a(stag) - a(fUaSﬂ?)) : (5 - 77) > 0, (24)

where h : Rt —]0, 0ol is a decreasing continuous function such that its primitive H is unbounded
H(s) = / h(t)dt, (2.5)
0

j(z) is a positive function lying in L” (Q2) and 3 is a positive constant.
As regards the datum, we suppose that F' € (L™(Q)) for some m > 1.

The first result concerns the existence of bounded solutions with the data having high summability.

Theorem 2.1. Assume that (2.2)-(2.5) hold. Let | F'| belongs to L' (Q2), with
N
m>—. (2.6)
p—1

Then there exists a function u € WO1 P(Q) N L () which is solution of the unilateral problem

u € K:w,

/ a(z,u, Vu) - V(u —v)dx < / F-V(u—v)dz, (2.7)
Q Q

Yv € K:w.

Now we take the limit case |F| € L™ () with m = 1%1' The solutions we get do not belong in
general to VVO1 (). We will introduce a different formulation of unilateral problem, along with a new
definition of gradient for a measurable function.

For a fixed k > 0 and s € R, we recall the definition of the usual truncation function 7}(s)

Tos) s if |s| < k,
K(s) =
k2 if |s| >k,

[s]
and we denote by 761 P(Q) the space of the measurable function u such that T} (u) belongs to VVO1 P(Q)

for every k > 0. We recall the following result (see [3], Lemma 2.1):
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Lemma 2.2. For every u € 761’p (Q) there exists a unique measurable map v : Q — RN such that
VTi(u) = vX{ju<ky a-e in€.
Moreover, if u € Wol’p (Q), then v coincides with the usual distributional gradient Vu.
We will define the gradient of u as the function v, and we will denote it by v = Vu.

Theorem 2.3. Assume that (2.2)-(2.5) hold. Let |F'| € L™ () with

N
m P (2.8)
Assume in addition that

1
lim —— = 0. 2.
o0 th(t) 0 (29)

Then there exists a measurable function u which is solution of the unilateral problem

( u > P a.e. in§Q,
u e Ty(Q),

/ a(x,u, Vu) - VI (u — v)dz < / F-VTi(u—v)dz,
Q Q

(2.10)

Vv € /Cq/, N LOO(Q).

If we weaken the summability of |F'| we obtain unbounded solution. In the interest of simplification,

we assume that the function h in (2.2) is defined as follows

h(s) = ——— ith 0 < 1. 211
(s) e with 0 <6 < (2.11)
Let us set
- Np/
m—= ——————-—_.
N —6(N —p)

Theorem 2.4. Assume that (2.3), (2.4) and (2.2) (with (2.11)) hold. Let |F| belongs to L™ (SY), with
N

m<m< ——. (2.12)
p—1
Then there exists a function u € VVO1 P(Q) N L™ (Q), with
r=1=0)(m-1), (2.13)

which is a solution of the unilateral problem (2.7).

As before we define

o (p" p(1 _]wa + 6)) |
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Theorem 2.5. Assume that (2.3), (2.4) and (2.2) (with (2.11)) hold. Let F € L™(Q)) with
m<m < m. (2.14)

Then there exists a measurable function u wich is solution of the unilateral problem (2.10). Moreover, u belongs
to Wy 9(Q2) N L7 (K2), with

r=(1-6)(m(p-1))7, (2.15)
and
1= i @10

3. A PRIORI ESTIMATES

To prove existence results stated in the precedent section we introduce the following approximating

problems. Let n € N

Up € Ky,
(Aptn, uy —v) < / F-V(u, —v)dz, (3.1)
Yo € Ky, "

where A, u, = —diva(x,T,(uy), Vu,). For a fixed n, thanks to the hypotheses (2.2)-(2.4) 4, is a

nonlinear operator of Leray-Lions type, and since div F belongs to W~ (£2), by well-known results

(see [11]) there exists at least a solution u,, so the approximate problem (3.1).

Lemma 3.1. Let |F| be in L™ (Q) with m > }% and let w,, be a solution of the approximate problem (3.1).
Then the sequence uy, is bounded in I/VO1 P(Q) N L>®(Q).

Proof. Let us start with the estimate in L°*°(2). Define, for s in R
Gr(s) = s — Ti(s).

Fore > 0and & > [|¢||0o, let v = u,, — T.(Gk(up)) v belongs to Wol’p(Q), and for ¢ small enough we
obtain v > 7). So the function v belongs to Ky, and can be used as test function in (3.1), giving
/ a(x, Tp(up), Vi) - VI (Gi(uy))dr < / F - VT.(Gk(uy))dx. (3.2)
Q Q
using assumption (2.2), It follows that

P~k +¢) /

[Vuy|Pde < / F - Vuydz.
(k< |un|<k+e}

(k< |un|<k-+e}
Now, we can follow the same steps as in the proof of Theorem 5 [4] to obtain
p/

_ 1 / 1€2] do o
[t oo < H T HFH](D m(@))N (/ Nlpm> i= Coo, (3.3)
NOY 0 o~

pm—p/

where Cy denotes the measure of the unit ball in RY.
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Now we prove that the sequence u,, is bounded in I/VO1 P(Q). Let us consider ¢ as test function in

(3.1), then using (2.2) and (2.3) we get

hP~Y(c )/ |V, |Pdz— ﬁ/ z) 4+ | T (un) P71 + | Vu,|P71). Ve
(3.4)
§/§2F-V(un—w)dx.

The second term on the left-hand-side of (3.4), is evaluated by using Young’s inequality with v > 0.

We will denote by C;,7 = 1,2. .. some generic constants
8 [ (@) TP~ + V).V

sclm/ Va1V
Q

(3.5)
<Ci+ ,81// |Vuy, [Pde + CQ(I/)/ |V |Pdx
Q Q
< Cs(v) + 51// |Vuy,|Pdz.
Q
Concerning the term on the right-hand-side of (3.4)
/F V(u d:v</\F]-|Vun|dx—l—/|F\-|V¢|dm
. 1“ (3.6)
< Cy(v) / |F|P dx + = / |V|Pdx + V/ |Vu,|Pdx.
Q P Jo Q
Combining (3.4), (3.5) and (3.6), we deduce that
(1 ew) = (54 1)) [ [VunPds < Co(0),
Q
we can now choose v such that h?~(c,) = 2v(8 + 1), to get
1hp—1(coo)/ Vun|Pdz < Cg.
2 0
The last inequality tells us that the sequence u,, is bounded in WO1 P(Q).
U

Lemma 3.2. Assume that m satisfies (2.12), let |F'| belongs to L™ (S), and let uy, be a solution of (3.1). Then
the norms of uy, in L"(2) (where r is defined by (2.13) )and in I/VO1 P(Q) are bounded by a constants which
depend on 0, m, N, || and the norm of F' in L™ ().

Proof. Let us start with the estimate in L"(€2). For k € Nwith & > |90 (), let v = u,, — T1(Gr(un))

(which is an admissible test function). Choosing v as test function in (3.1), we have

/ a(, T (1), Vi) - VT4 (G () ) < / P VT (G (un))d, (3.7)
Q Q
which gives
/ a(x, T (up), Vuy) - Vupdr < / F - Vu,dzx, (3.8)
By, By
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where we have set

Bry={xeQ:k<|uy <k+1}.

Hence,using (2.2) Holder’s inequality, we get

[ 0 DIVt < [P S
By,

By

[/B PP d:c] [/B ]Vun]pdm] v

/ Vo, [Pdz < (2 + k)% / |F|P dx. (3.9)
By,

By,

=

and since h is decreasing, we obtain

If v is a positive number (to be fixed later). Let p* = % be the Sobolev conjugate exponent of p, by

Sobolev’s inequality and the previous inequality we can write

el

L
F

<C [ 9wz
Q

:C’/ |t [P0V |V iy, [P
Q

—cy / 1 POVt P
k=0 " Bk

<C> (14 kPO /Bk [V |[Pda

k=0

(3.10)

<Y (1 +RPODE+ k)HP/ PP da
k=0 Bk

<O (24 kpED / |F|P da.
k=0 Bp

Therefore, using the fact that on the set By, we have |u,| > k and then Holder’s inequality to get

P fe’e)
el T <032 [ @ i
Q k=0 " Bk

= [ 1RV @+ e iz
Q
, , (3.11)

P 1-P2

m pm(6+'y 1) m
<c [/ |F|mdx] [/ 2+ Junl)
Q

/ pm(6+'y 1)
< U [1+ [ }

1-2

m

We now choose v such that

— L =S,
m—p
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namely

(1 0)(mlp—1)"
p*

It turns out that vp* = 7, so that from (3.11) we have

’y:

z -z
[/ un’rdx} <C’HFH(Lm(Q [1+/Q\un‘rd:c} ;

since 1 — % < & (due to the fact that m < ;%1)' one has
/ lup|"dzx < C,
Q

Now we turn to the estimates in I/VO1 ?(Q2). On one hand we write

"’d

therefore, u,, is bounded in L"(Q2).

/ IV (|un|V)[Pd2 = C / |up [P0V |V, [Pdz.
Q Q

It’s clear that v > 1 since m > %, thus

/ |Vun|Pde < C / |t [P0~ | Vs [P
{|un|>1} Q

Hence, from (3.10) and (3.11) we obtain

/ |Vuy,[Pdr < C.
{lun|>1}

On the other hand,inequality (3.9), written for k = 0, and then using the Holder inequality implies
0 / 1— o
We conclude that
/ ’vun’pd.’r <,
Q

which completes the proof of Lemma 3.2. O

Lemma 3.3. Assume that m satisfies (2.14), let |F'| belongs to L™ (S2), and let u,, be a solution of (3.1). Then,

there exist two positive constants c1, ca depending on Q, N, F, § and s, such that, for any n € N,
[unllzr ) < 1, (3.12)

and
||Un||W01,q(Q) < ¢, (3.13)

where r and q are defined by (2.15) and (2.16) respectively. Moreover, the sequence Ty (u,) is bounded in
W, P () for every k > 0.
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Proof. Let k € Nand 7 > 0. If we take u,, — T1 (G (uy)) as test function in (3.1), and use hypothesis
(2.2), we obtain

[ ubVupds < [ F-Vude, (3.14)
Blc Bk

where we have set
B ={ze€Q:k<|u,| <k+1},

hence, using Holder’s inequality, we get

[ 0 DIVt < [ F- Vs
By By

[

=

1
[/ ]Vun]pdx] ’ ,
By

and since h is decreasing, we obtain

/ \Vun|Pde < (2 + k)P / |F|P d. (3.15)
Bk Bk

On the other hand, let v > 0 be a real number which will be chosen later
/ [V, P f/ Vua”
o (1+ [un])7 (1+ |ual)
< Z 1/ \Vup|Pdx
= (1+k) Jp,

using (3.15)

|V, |P > (2+k)9p/
— dx < ~ 7 de
/Q<1+|un|>v P rhy Jy, T

k=0
<2731 +k)9p7/ \FP da
k=0 By
< 29,,2/ |FIP' (1 + |un|) %P Vda (3.16)

o0 / FIP (14 [un|)?dae
Q

1_p
S dald 1 e
W s |0+ bl 55
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Let r and ¢ be as in (2.15) and (2.16). Then one can check that r = ¢* = Ng/(IN — ¢). Therefore, using
the Sobolev inequality and (3.16), we have

q
r q
[/ \un\’"dx] < c/ |Vuy|ldr = c/ %(1 + |un|)%qu
Q Q Q

1+ |upl)?

][ [ ]
SC/ dx 1+ |uyl|)p-adx
{Qaﬂunm 1 lunD)

(3.17)
0 | |Lp/ )(GP*W)”" (1_%)2 ) vq 5
< 2% || P {/ 1+ |uy,|) ™ dx} [/ 14 |up de] .
Pl | [ 1 [0+
We choose now v such that p)‘fq = r, that is
pN —m(p—1)(N—-60(N —p
v = (N — n)q((p — 1)( ) ) (3.18)

Thanks to the choice of v in (3.18), we get

(Op —y)m
Tm—p

Consequently, we get

g o 1- 24
[ nlrds] < 0 g | [0 ol ]

, (3.19)
0 2 i
<c2 qHFH(zm(Q))N |:|Q| + /Q |un|7"dx:| .

Since m < 1%, the last exponent in (3.19) is smaller than %. Therefore, we obtain

B v’ B
|:/§;|un|7“dx:| ScQQQHFH(zm(Q))N |:|Q|+/Q|un‘rdx:| . (3.20)

Thus, we conclude the boundedness of u,, in L"(€2). Going back to (3.17), this in turn implies an
estimate for the norm of u,, in W,"%(Q).

To prove the last part of Lemma 3.3, we take u,, — Ty, (u,, — ) as test function in (3.1) to get

/ a(x, Tn(un), Vi) - VI (un — ¢)de < / F - VT (u, — ¢)dz. (3.21)
Q Q

Since we are on the set {|u, — ¢| < k}, we set M = k + ||[{)|| (). For n > M, we have

[l Tatun), Fun) - Vi — ) = |

a(z, Ty (un), V) - VT (u, — ¢)dz
Q

= / a(x, Thr(un), Vuy) - V(u, — ¥)dx.
{lun—v|<k}
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using (2.2) in (3.21), we obtain

hP~(M) / |Vuy,)|Pdz — / a(x, Tar(wn), Vuy,) - Vepda
{lun—v|<k} {lun—v|<k}

< / F -V (u, —v)dx.
{lun—1p|<k}

and therefore, using (2.3), Hoder’s and Young’s inequalities, one can estimate the second term on the

left-hand side

(3.22)

/ a(z,Th(up), Vuy,) - Vibda
{lun—2|<k}
< / BG() + [Tar(un) P~ + [Vun L) - [Vepld
{lun—v|<k}

<C +/ |V, [P~ - | Vep|da
{Jun—v|<k}

1
<C+ ,/ |V |P.
P Hjun—|<k}

For the term in the right-hand side, since |F'| belongs to L (Q2) and using hoder’s and Young's inequal-

ities, we obtain

/ F -V (up — )dz < / |F|[Vun|da +/ |F||V|da
—— —— 1<K}
1
<C+ / |Vup|P.
P

therefore

/ Vual? < C,
{|un—¢|§k}

replacing k with k + |||« in the last inequality, we get

/ Vun|P < / VunlP < C. (3.23)
{unl <k} ——

So that the Lemma 3.3 is completely proved. O

4. PROOF OF THE RESULTS

4.1. Proof of theorem 2.1. The Lemma 3.1 guarantees the existence of a subsequence, still denoted by

{un}, and a measurable function u such that
u, — u and a.e. in £, (4.1)

and
up, —u  weakly in W, P(Q). (4.2)
Since uy,(z) > ¢(x) a.e. in 2, Vn € N

u>1 ae. in . (4.3)
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Moreover, we shall prove that

Vu, — Vu a.e.in .

In order to get (4.4), it is sufficient to show that
un —u  strongly in Wy (Q).

We write

/Q(a(w, Un, V) — a(z, un, Vu)) - (Vu, — Vu)dz

= / a(x, Un, V) - (Vu, — Vu)dr — / a(x, up, Vu) - (Vu, — Vu)dz.
Q

Q

For n > ¢4, if we take u as test function in (3.1), we obtain

/ a(x, un, V) - V(uy, —u)dr < / F-V(up, —u)dz.
Q Q

(4.4)

(4.5)

(4.6)

(4.7)

/ N /
Since F belongs at least to (Lp (Q)) , the term -div F is in W17 (Q), so that by (4.2) we obtain

lim [ F-(Vu, — Vu)dx =0,

n—0o0 Q

this and (4.7) yield
lim [ a(z,upn, Vuy) - (Vu, — Vu)dr <0.

n—oo 0

In view of the growth assumption (2.3) and vitali’s theorem we have
, N
a(x,un, Vu) — a(z,u, Vu) strongly in (Lp (Q))

It follows by (4.2) that
lim [ a(z,un, Vu) - (Vu, — Vu)dr =0

n—oo 9]

Therefore, we obtain

lim [ (a(z,un, Vuy) —a(z,up, Vu)) - (Vu, — Vu)dr = 0.

n—0o0 Q

Using Lemma 5 in [9], we get (4.5). Also we have

Vu, = Vu strongly in (LP(Q))Y and a.e. in Q.

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

We can now pass to the limit. Let v € Ky, choosing v as test function in (3.1). For every n > ¢ one

has
/ a(x, up, Vuy) - V(u, —v)de < / F-V(up, —v)dx.
Q Q

The right-hand side converges, as n tends to infinity, to

/QF -V(u —v)dz.

(4.14)

(4.15)
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In view of Fatou’s Lemma, we obtain

/ a(x,u, Vu) - Vudzr < lim inf/ a(x, up, Vuy) - Vuydz. (4.16)
Q Q

n—o0

Thanks to (4.13) and Vitali’s theorem, we get
a(x, up, Vuy) — a(z,u, Vu)  strongly in (¥ ()N,
thus
/ a(x, un, Vuy,) - Vodr — / a(x,u, Vu) - Vodz. (4.17)
Q Q

Consequently, by combining (4.15)—(4.17), it is then possible to pass to the limit as n tends to infinity
in (4.14) to obtain

/Qa(;r, u, Vu) - V(u —v)dz < /QF - V(u —v)dz.

4.2. Proof of theorem 2.3. Under the hypotheses of Theorem 2.3, we have the following results.

Lemma 4.1. Let w,, be a solution of (3.1). Then there exists a measurable function u such that

Up —> U N measure, (4.18)
Up = u  ae. inf, (4.19)

and
Ti(un) — Ti(u)  weakly in Wy (Q) for every k > 0. (4.20)

Proof. Firstly, we show that u,, is a Cauchy sequence in measure. Let > 0, if we use as test function
v = u, — N1k (uy) in (3.1) which is an admissible test function for 7 small enough, we get
/ a(x, T (un), V) - VI (up)de < / F - VT (uy)dx.
Q Q

For n > k, we obtain

/ a(x, Tk (un), VI (up)) - VI (upn)dz < / F - VTi(uy)dz,
Q Q

using (2.2) gives
/ WP (T o) )V T ) P < / F VT (un)da,
Q Q

being h deacrising function and using Holder’s inequality, it follows

B (k) /Q VT () Pl < [ /Q |F|p’d4’}' [ /Q |VTk(un)pdx]

P

that is

/

1
| TPl < s P 1, (421)
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We use now Sobolev inequality with exponents p and p* (p* = N—_pp ), so there exist a constant C' which

doesn’t depending on n such that

ITkCun) 2, < CIVTi(m) 2

| i)

Since the set {z € Q : |u,(x)| > k} C Q, we have

hence, by (4.21) we deduce

*

1
IEN oy

Py <

C
W (k)

*

F||*} (4.22)

9
{lunl > B} < ey 1 -

For t and € > 0 we can write
{lun — um| >t} C{lun| >k} U{um| >k} U{[Th(un) = Tp(um)| > t}- (4.23)
Since limy,_, o0 #(k) = 0, for sufficiently large k, by inequality (4.22)
{un| > k}| < g and  [{[upm| > kY| < % (4.24)

By (4.21), the sequence {|T}(uy)|} is bounded in WO1 P(Q)), we can assume that it is a Cauchy sequence

in measure. Thus the existence of some N such that for n, m > N, we have

€
Therefore
Hlun — um| >t} <e, VYn,m> N. (4.26)

Then u, is a Cauchy sequence in measure, thus there exists a subsequence still denoted u,, which

converge almost everywhere to some measurable function u, and from (4.21) it follows that

Ti(un) — Tp(u)  weakly in Wy P (Q) for every k > 0.

O
Lemma 4.2. Let u,, be a solution of (3.1). Then
Vu, — Vu ae. in . (4.27)
To prove the precedent lemma, it is sufficient to show that
Vu, — Vu in measure . (4.28)

For this purpose, we will need the following estimates:
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Lemma 4.3. There exists a constant C' > 0 such that, for every k > 0, we have

C Bl
< — Pt .
C 1
V] > K} < i 1P 5 LT (430)
and
C 1
194> K < e IF W + i I oy (431)
Proof. The proof is entirely similar to the corresponding one of Lemma 3 in [4]. O
Proof of Lemma 4.2. Let A > 0, we set for some k > 0and e > 0
Ei={zeQ:|uy| >k} U{zeQ: |u >k} U{zeQ:|Vu,| >k}U{z e Q:|Vu| >k},
Ey={x€Q:|u, —u|>e},
Es={ze€Q:|uy,—u|l <e,lup| <k |ul <k, |Vuy| <k, |Vu| <k, |Vu, — Vu| > A}.
We have that:
{ﬂ? e N: \Vun — Vu] > )\} C F1UEyU Ej3. (432)
Fixed o > 0, we will prove that there exists IV such that
H{z € Q:|Vu, —Vu| > A} <o foraveryn > N. (4.33)

By virtue of the inequalities (4.22), (4.29), (4.30) and (4.31) and using the fact that lim;_,, #(k) =0,

we can conclude that there exists some k, such that

|Eq] < forallnand k > k,. (4.34)

OJ\Q

On the other hand, since the sequence w,, is convergent in measure to u, guarantees that there exists Ny

such that

1B, < % foralln > Nj. (4.35)
Now, we prove that there exists Vo depending on k and o, and verifying

B3| <2, foralln > No. (4.36)

)

In order to get (4.36) we need the following standard lemma:

Lemma 4.4. Let (X, T, m) a measurable space, such that | X | < 4+oc. Let -y be a measurable function v : X —
[0, +-00[ such that |{z € X : y(x) = 0} = 0. Then for any o > 0 there exists § > 0 such that:

/de<(5:>|A]<o.
A
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Assumption (2.4) implies that there exists a real valued function v :  — [0, +-00[ such that

H{zx € Q:vy(z) =0} =0, (4.37)
and
(alw,5,€) — alz,5,m) - (€ — 1) > 1(x) ae.ing, (4.38)
for every s € R, &, 1 € RY such that |s| <k, |¢| <k, |n| < kand |[¢ — 5| > A. Thus, we get

/ y(z)dx < / (a(z, up, Vuy) — a(x, up, Vu)) - (Vuy, — Vu)dz,
Es Es

in E3 we have |u| < k and |u,, — u| < ¢, so that
/E v(z)dx S/E (a(x, Uup, Vuy) — alx, uy, VTg(u))) - VI (uy — Ti(u))dz
3 3
< /Q (a2, V) — (2 1, VT())) - VT2 (1, — To(us))
= /Q a (x, Uy, Vuy) - VIz (uy — T(u)) dz

- / a(x,up, VI (u)) - VI (un — Ti(u)) dz,
Q
We evaluate the term
/ a(x, un, Vuy) - VI (uy — Ti(u))dz. (4.39)
Q

Letv = uy, — 7T (uyp, — T (u)) where 7 > 0. For 7 small enough, v is an admissible test function in (3.1).

It follows that

/ a(x, T (un), V) - VI (un — Ti(u))dz < / F - VT .(up — Ti(u))dz,
Q Q

thus, for n > k + ¢ we have

/ a(x, Un, V) - VI (uy — Ti(u))dz < / F - VT (up — Ti(u))dz,
Q Q

passing to the limit as n tends to infinity

lim [ a(z,upn, Vuy) - VI (uy — Tk(u))de < / F-VT.(u—Tg(u))dx

- / F - VT o(u)d,
ke<|u|<k+e
therfore

lim lim [ a(x,un, Vuy,) - VI (un — Ti(u))dz < 0. (4.40)

e—=0t n—oo Jo

Concerning the second integral
/ a(x, un, VI (up)) - VI (up — T(u))dx. (4.41)
Q
Since we have the inclusion

{z eQ:ilup —Ti(u)| <e} C{x e Q:|u,| <k+el,
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we can write
/ a(x, un, VT (uy)) - VIe(uy — Ti(u))dz
Q

= / a(x, Tiye(un), VIk(un)) - V(Tpe(un) — Ti(w))dz.
{lun =T (u)|<e}
By (4.20) and using Vitali’s theorem we can conclude that Vi, k > 0
a(x, Ty (up), VIg(uw)) = a(x, Th(u), VIE(uw))  strongly in (LP ().
Therefore

lim a(x, Tye(un), VI (un)) - V(Thte(un) — Ti(w))dz

00 S {Jun—Ti(u)|<e}

a(@, Thte(u), VIk()) - V(Tpte (u) — Ti(u))dx
u—Ty (u)|<e}

—

(I(]?, u, VTk(u)) ’ VTk-i-é‘(u)dx
{k<|u|<k+e}

a(x,u,0) - VI (u)dx
{k<|u|<k+e}

I
e

Hence, there exists N, (dependent on k£ and o) such that
5
/ v(z)dx < = forevery n > Ns.
Es 3
By Lemma 4.3, we conclude that

|Es| < =, foralln > No.

wl 9

We take N = max(Ny, Na), then
H{z € Q:|Vu, —Vu| > A} <o foreveryn > N.

this completes the proof of Lemma 4.2.

(4.42)

g

We can now pass to the limit in (3.1) to obtain a solution of (2.10). Let v € Ky N L*°(£2); the function

up, — Ty (uy, — v) is an admissible test function in (3.1). This choice yields
/Qa(x,Tn(un), Vuy) - VI (up —v)de < /QF - VT (up — v)de,
Taking into account the fact that the integral in (4.43) is on the subset of the set
{z € lunl <k +|[vlLe@}

we set M = k + [|v|| (o) and let n > M, we can rewrite (4.43) as

/ a(x, Thr(un), VI (uy)) - VI (un — v)dr < / F-VTi(uy, — v)dz.
{lun—v|<k}

{lun—v|<k}

(4.43)

(4.44)
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The right-hand side of (4.44) converge to

/ F-V(u—v)dz. (4.45)
{lu—v|<k}

In view of Fatou’s Lemma and (4.18) and (4.27), we obtain

n—oo

/ a(xz,u, Vu) - Vudr < lim inf/ a(x, Thr(un), VT (uy)) - Vuyde. (4.46)
{lu—v|<k} {lun—v|<k}

Since T (uy,) is bounded in I/VO1 P(Q), so as a consequence of (2.3), |a(z, Tas(un), VT (uy))| is bounded
in L7 (Q). Thus together with (4.19) and (4.27), a(z, Tar(un), VT (uy,)) is weakly convergent to
a(z, Tag (), VT (w)) in (L7 (Q))N. Therefore

/ a(x, Th(ur), VI (uy)) - Vodz — a(x,u, Vu) - Vudz. (4.47)
{lun—v|<k} {lu—v|<k}

From (4.45)—(4.47), it is then possible to pass to the limit as n tends to infinity in (4.44) to obtain

/Qa(x, w0, V) - VTt — v)da < /QF V(1 — v)d,
4.3. Proof of theorem 2.4. In Order to prove Theorem 2.4 we need the following convergence
Lemma 4.5. let u,, be a solution of (3.1). Then
Ti(un) — Ti(u)  strongly in Wy'P(Q) for all k > 0. (4.48)
Proof. from Lemma 3.2, we have that T} (u,,) is bounded in I/VO1 P(Q), so that
Th(un) — Ti(u)  weakly in W, (). (4.49)
Observe that for n > k, one has
/Q (a(z, T (un), VTi(un)) — alx, Ty (un), VT (w))) - V (Ti(un) — Ti(u)) dz
= [ 0l Tufua). 9Ti(0)) - ¥ (Tila) = Ti(w) o
- | @ Tiu). V() - ¥ (i) = Tu(w) o
= / a(z, Ty (upn), Vuy) - V (Tk(un) — Ti(u)) dz
{lun|<k}

= /Qa(:c, Ti(un), VIg(w)) - V (Ti(upn) — Ti(u)) dz
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- /Q 0, T (ttn), V) - ¥ (Ti(t) — Te(u))
- / a(x, T (un), Vuy) - V (Tk(uy) — T (u)) dz
{lun|=k}
- /Q 0, To(un), VT () - V (T (1) — To(w)) da
= /Qa(:p,Tn(un), Vuy) V (Tk(up) — Ti(u)) de
—/ a(z, Ty (up), Vuy,) - VI (u)dx
{lunl>k}

= [ e Tulun), VTu(a)) - ¥ (Tiu) ~ Tilw)) do
Q
We shall prove that the previous integral converges to zero. Indeed, on one hand, by choosing v =
tun — (T (upn) — Tk(u)) as a test function in (3.1), which is an admissible test function, we obtain

/ a(, T (ttn), Vi) - V(T () — Th(1))dzr < / F V(T () — Th(u))da (4.50)
Q Q

Thanks to (4.49), we have
lim [ F-V(Tip(up) — Ti(u))dx = 0.

n—oo Q

Therefore,

lim [ a(z,Th(un), Vuy) - V(Tk(un) — Ti(u))dz < 0. (4.51)

n—oo Q

On the other hand, By the growth assumption (2.3), we get

/ laa, Ty (), V)P de < e / (7 (2) + Junl? + |Vun|P)da
(9] (9]

< e (171 g+ lonlFy + )

therefore the sequence {a(x, T}, (uy), Vun)} is bounded in (L (Q2))". Then, it converges weakly to some

Lin (L7 (€)Y and we obtain

lim a(z, Ty (up), Vuy,) - VI (u)dx = / [-VTi(u)dx = 0. (4.52)

By virtue of Lemma 3.2 and Vitali’s theorem, we obtain
, N
a(x, T (up), VI (u) = a(z,u, VI, (u)) strongly in (Lp (Q)) ,
it follows from (4.49) that

lim [ a(z, Tip(un), VIr(w)) -V (Tr(upn) — Ti(u)) dz = 0, (4.53)

n—0o0 Q

which with (4.51) and (4.52) allow us to get

lim [ (a(z, Tk(un), VIk(un)) — a(x, Tk(uy), VIi(uw))) - V (Tk(un) — Ti(w)) de = 0. (4.54)

n—o0 0

Now we can apply Lemma 5 of [9] to conclude (4.48) O



Asia Pac. J. Math. 2023 10:30 20 of 23

From the precedent lemma, we also have
Vu, — Vu ae. in(. (4.55)
We are now in position to prove Theorem 2.4. Choosing v € K, as test function in (3.1), we get

/ a(x, T (un), Vuy) - V(up, —v)dz < / F-V(u, —v)dx. (4.56)
Q Q

The right-hand side of (4.56) converges as n tends to infinity to

/ F-V(u—v)dz. (4.57)
Q
In view of Fatou’s Lemma, we obtain
/ a(xz,u, Vu) - Vudzr < linginf/ a(z, Ty (up), Vuy,) - Vupde. (4.58)
Q n—oo  Jo

Combining (4.55) and the assumptions on the function a(z, s, ), we have
a(z, T (), V) = a(z,u, Vu)  weakly in (L7 (Q))V.

Thus
/ a(x, T, (up), Vuy,) - Vodr — / a(x,u, Vu) - Vudz. (4.59)
Q Q

Then we passing to the limit thanks to the previous results, we prove the Theorem 2.4.

4.4. Proof of theorem 2.5. In virtue of Lemma 3.3, there exists a subsequence, still denoted by

uy, which is weakly convergent to some function v in I/VO1 1(Q) N L™(§2). Moreover,
U, = u  a.e. in Q. (4.60)
From (3.23), T (uy,) belongs to VVO1 P(Q) for every k > 0, which implies together with (4.60) that
Th(un) — Ti(u)  weakly in Wy (). (4.61)

Lemma 4.6. Let u,, be a sequence of solutions of the problems (3.1) with the same assumptions as in the statement

of Theorem 2.5. Then there exists a subsequence, denoted by w,, such that
Vu, — Vu ae. in . (4.62)
Proof. Fix Asuch that1 < A < ]%, define
Ing = /Q{(a(a:,Tn(un), V) — a(z, Ty (u,), V) (Vu, — Vu) P dz. (4.63)
We shall prove that the integral I,, o converges to zero. We split it on the sets

Crh={ze€Q:|u@)| >k} and Cj={ze€Q:ulx)| <k},
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to get

Inq = (a(z, Ty (up), Vuy) — a(x, Tn(uy), Vu))(Vu, — Vu)}Adx

{
C
+ . {(a(z, Ty (un), Vun) — a(z, Ty (uyn), V) (Va, — Vi) dz

=Lc, + 1,6,

Lety = %, using assumption (2.3) then Holder’s inequality with exponents v and 7 in the first integral

A
I,.c, <c (/ jpl(x)dl’> C '
Q

1
+c </ (lun| + [Vun| + |Vu)qda:> ! \Ck]k%.
Ck

I, c,, one has

thus, by means of estimate (3.12), we get
1
Lo, < e(|Ck[" + 10k 7),
we thus obtain

lim lim I, ¢, = 0. (4.64)

k—00 Nn—00

Concerning the second integral I,, , , we have

Lo, = . {(a(x, Ty (un), Vuy) — a(z, T (uy), VIg(w)))(Vu, — VTk(u))}’\dx

< [ {0t T, V) = ale. T ). VI () (Tt = V()P
= Juq-
Again, we split the integral J,, o on the sets
Dpy={x€Q:|up—Tk(w)| >1}, Dp;={r€Q:|u, —Tp(u) <}, (€N),
obtaining

Jn0 = A {(a(z, Ty (un), Vuy) — a(z, Tp(upn), VIi(uw)))(Vu, — VTk(u))})‘da:

+ {(a(z, Ty (un), Vuy) — a(z, T (uy), VIi(u)))(Vu, — VTk(u))})‘dﬂs

Dy

- Jnka,l + Jn,Dk,l'
the measure of the set Dy, ; tends to zero as [ tends to oo uniformly in » and k&

lim lim lim J, p,, = 0. (4.65)

l—00 k—00 Nn—00
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Since on Dy, ; we can write V (u,, — T (u)) = VT}(u,, — Tx(u)), we have

Jn,f)k’l = /Q{(a(x,Tn(un), Vug) — a(x, Tn(un), VI(w))) - VI (un — Tk(u))})\d$

therefore, using the Holder inequality, we get

A

JkaJ < \Q|17)‘ [/Q(a(x,Tn(un), Vuy,) — a(z, Tp(uy), VI (w))) - VI (un — Ti(u))dz

= M byt = Tnppi2)
where
Tappu = [ 0o Tulua). V) - Vi, = Tela)da,
and
I = | e o). VIu(w) - VT~ Tiw) o
The integralin J,, p, , - is on the set {|un, — T, (u)| < I}, which is a subset of the set {|un| < [+ k}; hence,
if we taken > 1+ k := M, we get

I = [ ol Taa(un), VT4(a) - VT~ Ti))do
Using the almost everywhere convergence (4.60) and the Vitali theorem we get
a(z, Ty (un), VIg(w)) = a(z, Tar(u), VI (u))  strongly in (LP ()N,

As consequence of (4.60) and(4.61), we have

VTi(up — Tk (uw)) = VI (u — Ti(u)) weakly in (LP (Q)N, (4.66)
so that
nh—>H;o JnDyi2 = /Qa(x,TM(u), VTi(w)) - VIi(u — Ti(u))dz = 0. (4.67)

To evaluate the integral J,, p, , ;. Let 7 > 0, we choose u,, — 77} (up, — T (u)) as test function in (3.1), to

get
In, Dyt = / F-VTi(up — Ti(u))dz.
’ Q

using (4.66)

lim F-VTl(un—Tk(u))d:v:/QF-VTl(u—Tk(u))dx

n—o0 Q
:/ F-VTj(u)dx.
{lul>k}

Therefore

lim lim lim J, p ,; =0. (4.68)

=00 k—o00 n—o0

Gathering results (4.64), (4.65), (4.68) and (4.67), we obtain

lim I, = 0.

n—oo
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Since the integrand function in I,, is non-negative, we have
{(alz, Ta(un), Vtn) — ale, To(un), Vu)) (Vg — Vu) Pl 1) = 0,
thus,there exist a subsequence still denoted by u,,
(a(z, T (up), Vuy) — a(z, T (uy), Vu))(Vu, — Vu) — 0.
Under our assumption on the function a(z, s, £) and the previous limit, we conclude (4.62) asin [9]. O

Letv € Ky N L*°(§2), and choose u,, — Ty (u, — v) as test function in (3.1). We get
/ a(z, Ty (up), Vuy) - V(u, —v)dz < / F-V(u, —v)dx. (4.69)
Q Q
Finally, we can pass to the limit in (4.69), this completes the proof of theorem 2.5.
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