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AsstrRACT. In this paper, we introduce and study a modified Halpern iterative method for approximating
a common solution of finite families of the resolvents of convex functions and fixed point problems of
demicontractive-type mappings in Hadamard spaces. Under some mild assumptions, we prove a strong
convergence theorem of the sequence generated by the modified Halpern method to an element in the
intersection of the set of solutions of the aforementioned problems. We present some consequences and
applications of our main result. Our results improves and generalizes many recent results in the literature.
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1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a Hadamard space X, and let 7' : C' — C be a

nonlinear mapping. The fixed point problem (FPP) is to find a point z € C such that
z="Tuz. (1)

Throughout this article, we denote by Fiz(T') the fixed point sets of the mapping 7. Fixed point theory
is an area of nonlinear analysis that has been extensively studied by mathematicians. Fixed point
theorem, in particular, applies in proving the existence of solutions of differential equations, and the
existence of solutions of optimization problems. For instance, a solution of an equilibrium problem
is a fixed point of the resolvent of the monotone operator associated with the monotone equilibrium
problems, also a solution of a minimization problem is the fixed point of resolvent of convex function

associated with the convex minimization problems. Thus, the fixed point theorem is very important
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tool for solving optimization problems.
Let X be an Hadamard space and f : X — (—o0, oo] be a proper, convex and lower-semicontinuous
function. One of the most important problems in convex analysis is the Convex Minimization Problem

(in short, CMP), which is to find z* € X such that

f(2") = min f(y). (2)

yeX
We denote by arg mi)r(l f(y) the set of minimizers of f in X. For A\ > 0, the resolvent of a lower semi-
ye

continuous function f in X is defined as

H (@) = argmin [£(5) + 350, )] )

It is also known that Fix(J )]\c ) coincides with arg ;Iél)I{l f(y). CMP provides us with algorithms for
solving a variety of problem which may appear in science and engineering, and one of the most popular
methods for approximation of a minimizer of a convex function is the proximal point algorithm (PPA),
which was introduced by Martinet [25] and Rockafellar [30] in Hilbert spaces. Indeed, let f be a proper,
convex and lower semicontinuous function on a real Hilbert space H which attains its minimum. The

PPA is find by 21 € H such that

. 1 2
Tny1 = ng;él}} (f(y) + EH?J —zp[]*), A >0, Vn > 1. (4)

It was proved that the sequence {z,} converges weakly to a minimizer of f provided i An = 00.
However, as shown by Giier [16], the PPA does not necessarily converges strongly (i.e., coﬁ\:/érgence in
metric) in general. To obtain a strong convergence of the PPA, Xu [34], Kamimura and Takahashi [21]
introduced a Halpern-type regularization of the PPA in Hilbert space. They proved a strong convergence
of Halpern PPA under some certain conditions on the parameters. Recently, many convergence results
of PPA for solving optimization problems have been extended from the classical linear spaces such as
Euclidean spaces, Hilbert spaces and Banach spaces to the setting of Hadamard spaces [1,5,15,24,28,33].
The minimizers of the objective convex functionals in the spaces with nonlinearity play a crucial role in
the branch of analysis and geometry.

In 2013, Bacik [6] studied the MP (2) in CAT(0) spaces using the following iterative algorithm. Let
x1 € X, then

ps = argmin [£() + 5, m)]. (5)
where A > 0 for all n € N. He proved that {z,} is A-convergent to the minimizer of f under the
conditions that f has a minimizer in X and io: An = oo. Suparatulatorn et al. [32] introduced the
following modified Halpern iteration process@g; solving CMP (2) and nonexpansive mapping in the
framework of C'AT(0) spaces.

Suppose that u, 1 € X are arbitrary chosen and {x,, } is generated in the following manner:
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g = argmin [£(y) + 54 d*(y )] )

Tpt1 = QpUu B (1 - an)Tyn;
for each n € N, where {«,,} is a sequence in (0, 1) satisfying the following conditions:
(1) nh_)ngoan =0;
o]
(2) Z Qp = O0;

(3) E | — ] < o0;

(4) Zl |An — Apgi] < oo.
Then {w:;_} strongly converges to z € I' := Fiz(T) Narg ;Iél)l(l f(y) # 0, which is the nearest point of
I'towu.
In 2015, Cholamjiak et al. [9] introduced the following modified PPA involving fixed point iterates
for two nonexpansive mappings and proved that the sequence generated by their iterative process
converges to a minimizer of a convex function and a fixed point problem of two nonexpansive mappings.

Let {z,,} be generated in the following manner:

20 = orgmin (1) + gk )

Yn = (1 - Bn)xn @ BnT12n; (7)
Tni1 = (1 — an)T1zn & anToyy;

for each n € N. Then, the sequence {z,} A-converges to an element of 2, where Q := Fiz(T;) N
Fiz(Ty) Narg mip f(y).

In 2017, Asawathep Cuntavepanit and Withun Phuenggrattana [ 10] proposed on iterative method for
solving the common solution of convex minimization problem and fixed point problem for a finite
family of nonexpansive mappings in C AT'(0) spaces. They proved the following theorem:

Theorem 1.1: Let C' be a nonempty closed convex subset of a complete CAT'(0) space (X,d) and
[+ C — (—00, 00] be a proper convex and lower semi—continuous function. Let {7;}¥, be a finite family
of nonexpansive mappings of C into itself with 2 = ﬂ Fix(T;) Narg mm f(y) is nonempty. Assume

that {\,, } is a sequence such that \,, > 0 foralln € N Let {z,} be generated in the following manner:

= argmin| £) + 5 dly.)? | ®)

N
2 = EP v iy,
i=n

Tyl = (1 — ap)Tn ® apzn, n € N,
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where Ty = I (identity mapping), {a,,} C (0,1), and {%(f)} c (0,1)for all i = 0,1,--- , N with
N

> %(11) =1 for all n € N. Then ILm d(zy, p) exists. In this article, we consider the following problem:
i=0 n—eo

Let C'be anonempty, closed and convex subset of an Hadamard space X and h; : X =+ R, j =1,2--- | N

be proper, convex and lower semi-continuous function. For A > 0, define the Moreau-Yosida resolvent

of hj on C' by

) 1
J)’\Z] (.I) = (ITegIélél(hj(y) + ﬁd2(y7x))7 J - 1727 T 7N7 (9)
and denote by
N
[T/ =0 oy to, o, 20, j=1,2,--- ,N. (10)
j=1

Let S : X — X be a p-demicontractive-type mapping (see chapter 2 for definitions) with p € (—o0, 7]
and « € (0,1) such that S is A-demiclosed at 0. The problem is to find:

N
z € Fiz(S) N () Fiz(Jy). (11)
j=1

We denote by (2, the solution set of (11) and it is assumed to be nonempty. Inspired by the
aforementioned results, using the fixed point approach, we propose a modified Halpern method
for solving finite families of resolvents of convex functions and fixed point of demicontractive type
mappings in the framework of an Hadamard space. We present some of the consequences of our
results and give applications for finding the Fréchet mean, mean of probability and convex feasibility
problems. The result discuss in this article extends and complements many related results in the

literature.

We highlight some of our contributions in this article as follows:

(1) The classes of mapping considered in this study generalized the classes of nonexpansive,
quasi-nonexpansive and demicontractive.

(2) The problem discussed in Suparatulatorn [32] and Cholamjiak [9] are special case of the
problem solved in this manuscript.

(3) We obtain a strong convergence result desirable to the weak counterpart obtained in Cholamjiak

[9] and Cuntavepanit [ 10].

2. PRELIMINARIES

Let X be a metric space and z,y € X. A geodesic from x to y is a map (or a curve) ¢ from the closed
interval [0,d(x,y)] C R to X such that ¢(0) = =, ¢(d(z,y)) = y and d(c(t),c(t')) = |t — t| for all
t,t' € [0,d(z, y)]. The image of c is called a geodesic segment joining from z to y. When it is unique, this

geodesic segment is denoted by [z, y]. The space (X, d) is said to be a geodesic space if every two points
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of X are joined by a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic
joining x and y for each z,y € X. A subset D of a geodesic space X is said to be convex, if for any two
points z,y € D, the geodesicjoining = and y is contained in D, thatis, if ¢ : [0, d(z, y)] — X is a geodesic
such that z = ¢(0) and y = ¢(d(z,y)), then c¢(t) € DVt € [0,d(x,y)]. A geodesic triangle A(z1, x2, x3)
in a geodesic metric space (X, d) consists of three vertices (points in X ) with unparameterized geodesic
segments between each pair of vertices. For any geodesic triangle there is comparison (Alexandrov)
triangle A C R?, such that d(z;, z;) = dp2(Z;,Z;), fori,j € {1,2,3}. A geodesic space X is a CAT(0)
space if the distance between an arbitrary pair of points on a geodesic triangle A does not exceed the
distance between its corresponding pair of points on its comparison triangle A. If A and A are geodesic
and comparison triangles in X respectively, then A is said to satisfy the CAT(0) inequality for all points
z,y of A and z, 9 of A if

d(.’E,y) = dRQ(j’g)' (12)

Let z,y, z be points in X and yy be the midpoint of the segment [y, z], then the CAT(0) inequality

implies
2 L oo L oo 1
d (wvyO) < §d (x7y) + §d (iL',Z) - Zd(yvz) (13)

Berg and Nikolaev [7] introduced the notion of quasi-linearization in a CAT(0) space as follows:
Let a pair (a,b) € X x X denoted by %, be called a vector. Then, the quasilinearization map (.,.) :
(X x X) x (X x X) — Ris defined by

(ab, cd) = %(dQ(a, d) + d2(b,¢) — d*(a, ¢) — d*(b,d)), forall a,b,c,d € X. (14)

It is easy to see that (ab, ab) = d(a,b), (ba, cd) = —(ab, ed), (ab, cd) = (@, cd) + (eb, ed) and (ab, cd) =
@, 3), forall a,b,c,d, e € X. Furthermore, a geodesic space X is said to satisfy the Cauchy-Schwartz
inequality, if

(ab, cd) < d(a,b)d(c, d),

forall a,b,c,d € X. It is well known that a geodesically connected space is a CAT(0) space if and only
if it satisfies the Cauchy-Schwartz inequality [14]. Also, it is known that complete CAT(0) spaces are
called Hadamard spaces.

In 2010, Kakavandi and Amini [20] introduced the dual space of a Hadamard space X as follows:

Consider the map © : R x X x X — C'(X,R) define by
O(t, a,b)(z) = tab,at), (t € R, a,b,z € X),

where C(X, R) is the space of all continuous real-valued functions on X. Then the Cauchy-Schwartz in-

equality implies that ©(t, a, b) is a Lipschitz function with Lipschitz semi-norm L(©(¢,a, b)) = |t|d(a,b)
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(t € R,a,b e X),where L(¢) = sup{(¢(z) — ¢(y))/d(z,y) : x,y € X, x # y} is the Lipschitz semi-norm
for any function ¢ : X — R. A pseudometric D on R x X x X is defined by

D((t,a,b),(s,c,d)) = L(O(t,a,b) — O(s,c,d)), (t,s € R,a,b,c,d € X).

In an Hadamard space X, the psuedometric space (R x X x X, D) can be considered as a subset of the
pseudometric space of all real-valued Lipschitz functions (Lip(X,R), L). It is well known from [20]
that D((t, a,b), (s, c,d)) = 0 if and only if t(c%, Tl) = s(c_gl, 7)), for all z,y € X. Thus, D induces an

equivalence relation on R x X x X, where the equivalence class of (¢, a, b) is defined as
ftab] := {scd : D((t, a,b), (s,¢,d)) = 0}.

The set X* = {[t%] : (t,a,b) € R x X x X} is a metric space with the metric ’D([t%], [sc_gl) =
D((t,a,b),(s,c,d)). The pair (X*, D) is called the dual space of the metric space (X, d). It is shown
in [20] that the dual of a closed and convex subset of a Hilbert space H with nonempty interior is H

and t(b—a) = [t%] forallt € R, a,b € H. We also note that X* acts on X x X by
(@*, 7)) = t(ab, T, (z* = [tab] € X*, z,y € X).
Let {x,,} be abounded sequence in X and (., {z,}) : X — [0, 00) be a continuous mapping defined by

r(x,{zy}) = limsupd(z, z,).

n—o0
The asymptotic radius of {z,} is given by
r({zn}) : inf{r(z,z,) : x € X},

while the asymptotic center of {x),} is the set

A({zp}) =z € X i r(z, {z,}) = r({zn}).

It is well known from [12,22] that in a complete CAT(0) space X, A({z,}) consists of exactly one
point. A sequence {z, } in X is said to be A-convergent to a point x € X if A({z,, }) = {z} for every
subsequence {x,, } of {z,}. In this case, we write A — li_>m Ty = .

Definition 2.1 Let X be a Hadamard space. A nonlinear mapping 7" is said to be:

(1) a contraction, if there exists k£ € (0, 1) such that
d(Tz, Ty) < kd(x,y),Vz,y € X,

if k = 1, then T is called nonexpansive,

(2) quasi-nonexpansive, if Fiz(T') # 0 and

d(Tz,y) < d(z,y),Vr € X,y € Fix(T),
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(3) k-demicontractive, if Fiz(T') # () and there exits k € [0, 1) such that
d?(Tz,y) < d*(z,y) + kd*(Tx, ) Vo € X,y € Fiz(T).

Clearly, nonexpansive mappings (with nonempty fixed point set) C quasi-nonexpansive map-
pings C demicontractive mappings. There are several examples in literature which show that
these inclusion are proper ( see for example [8,17], and the references therein). Furthermore,
the class of demicontractive mappings is known to be of central importance in optimization
theory since it contains many common types of operators that are useful in solving optimization
problems (see [3,19,26] and the reference therein).

Definition 2.2 [18] Let (X,d) be a metric space. A mapping 7' : X — X is called k-
demicontractive-type, if Fiz(T) # () and there exists k € (—oo, 1) such that

d(Tx,y) < d*(z,y) + kd*(Tz,z) Yz € X,y € Fix(T). (15)
Also, by definition of quasilinearization mapping (see (14)), we obtain that
27, 2Tz) = d(z,y) + d*(Tz, z) — d3(Tx, ).
That is,
& (Tw,y) = d*(a,y) + &*(Te,w) - 2T, 7).

which implies from (15) that

1-k

(@, 7T7) > —d (@, Ta), (16)
Example 2.1 [18] Let T' : [0,1] — R be defined by Tz = x — 2. Then T is k-demicontractive with
k = —1. Indeed, it is clear that Fiiz(T') = {0}, and for all « € [0, 1], we obtain that

[T — 0] = |o — 2" = [af* — 2lal]a”] + |2**
<ol = 2a?o?] + | = & — O — | — T,
Example 2.2 Let X be a geodesic space. A mapping f : X — (—o0, 00) is said to be convex, if
fAza (1 -Ny) <Af(z)+ A -Nf(y) Ve, y € X, A€ (0,1).

[ is proper, if D(f) := {x € X : f(z) < +oo} # (), where D denotes the domain of f. The mapping

f:D(f) = (—o0, 0] is lower semicontinuous at a point « € D, if

f(x) <liminf f(x,). (17)

n—oo

Lemma2.1[11,14] Let X be a CAT(0) space. Then for all w, z,y, 2z € X and for all t € [0, 1], we have
(1) dtz @ (1 = t)y, 2) < td(z,2) + (1 = 1)d(y, 2),
(2) d2(t[L‘ ® (]‘ - t)yv Z) < td2(ﬂj‘7 Z) + (1 - t)d2(y> Z) - t(l - t)dQ(:E,y)’
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(3) d?(z,tx ® (1 —t)y) < 2d2(z,z) + (1 — t)2d2(z,y) + 2t(1 — t)(z4, 21)),

(4) d(tz ® (1 —t)y,tw d (1 — t)z) < td(z,w) + (1 — t)d(y, 2).
Lemma 2.2 [4] Let X be a Hadamard space. Then, for all v, w,z,y,z € X and «, 3,7 € (0,1) with
a+ f+ v = 1we have

&*(ax ® By ® vz,0) < ad’(z,v) + Bd*(y,v) + vd*(z,v).

Lemma 2.3 [23] Let X be a Hadamard space and i : X — (—o0, 00| be a proper, convex and semi-

continuous function. Then for all z, z € X and A > 0, we have

1 2( 1h 1 2 1 2 h h
— S — + — + < )
2)\d (Jyz, 2) 2)\d (z,z) 2)\d (x, Jyx) + h(Jyz) < h(z)

Lemma 2.4 [15] Let X be a Hadamard space and 7' : X — X be a k-demicontrative mapping with
k € (—oo,v]and v € (0,1). Let Tyz = yx & (1 — v)T'z, then T is quasi-nonexpansive and Fliz(T;) =
Fix(T).

Lemma 2.5 [31] Let {a,, } be a sequence of non-negative real number, {~,, } be a sequence of real numbers

o0
in (0, 1) with conditions > 7, and {d,,} be a sequence of real numbers. Assume that

n=1
ant1 < (1 - ’Yn)an + 'Yndnyn > 1. (18)
If limsup d,,,, < 0 for every subsquence {ay, } of {a,} satisfies the condition:
k—o0
likmig‘}f(am“rl —ap,) > 0, then nl;n;o an = 0. (19)

Lemma 2.6 Let X be a complete CAT(0) space and f; : X — (—o0,00],j =1,2,--- ,m be finite family

of proper, convex and lower semi-continuous functions. For 0 < A < p, we have that
m ) m .
sz<H J,§J>> g< N Fz':c(Jiﬂ))> :
j=1 j=1

where ﬁ JD = 1Mo P o 0gm.

Lemm;:21.7 [13] Let S : X — X be a nonexpansive mapping. Then the condition {x, } A-converges to
p and d(z,, Sx,) — 0imply p = Sp.

Lemma 2.8 [14] Every bounded sequence in an Hadamard space has a A-convergence subsequence.
Lemma 2.9 [13] Let X be a Hadamard space and 7' : X — X be a nonexpansive mapping. Then, 7" is
A-demiclosed.

Lemma 2.10 [29] Let X be a Hadamard space and {z,,} be a subsequence in X. If there exists a

nonempty subset £ in which

(i) lim d(xy, z) exists for every z € E, and
n—o0

(ii) If {zy, } is a subsequence of {x,,} which is A-convergent top € E.

(iii) Then, there is p € E such that {x,,} which is A-convergent to p € X.
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Lemma 2.11 [20] Let X be a Hadamard space, {z,} be a bounded sequence in X and z € X. Then
{2} A-converges to z if and only if lim sup(Z, &, y#) < 0 Vy € X.

n—oo

3. MaIN ResutLrs

In this article, we introduce a modified Halpern method to approximating finite families of resolvents
of convex functions. We also establish a strong convergence result and present some consequences of
our result. Our main result is stated as follows:

Theorem 3.1 Let X be an Hadamard space and X* be its dual space. Leth; : X = R,j =1,2,--- /N

be a proper, convex and lower semi-continuous function, and S : X — X be a y-demicontractive-
type mapping with ;1 € (—o0,v] and v € (0,1) such that S is A — demiclosed at 0. Assume that
N
Q= Fiz(S) N () argmin h;(y) is nonempty, then sequence {z, } is generated for arbitrary x; € X by
j=1
N (hy) (1) 7 (N)
un =[] Iy, o =Jy 0 Jy o0 dy Vay
j=1

U = (1= Bp)tn @ BnSyun (20)

Tnt1l = QpU B On vy @ dpUn,

where S,z = yx ®(1-7)Sx, {\,} is a sequence in (0,0), {an}, {On}, {Bn} and {6, } are sequences in

(0, 1) such that the following conditions are satisfied:

a) 0< A<\, Vn>1,

b) 0<a<p,<b<1,

C) ap+ 6O, +6, =1,
)

hm o, = 0and Zan—oo.
n=1

Then, {z,} converges strongly to an element z in 2.

Proof: Let z* € (2, then by applying Lemma 2.1, Lemma 2.4 and (20), we have

d*(vp, ) = d*((1 = Bp)un ® BuSytin, ©*)
< (1= B)d? (un, @) + Bud®(Sytun, @) = Ba(l — Bn)d* (un, Syuun)
< (1= B)d?(un, @) + Bnd? (un, ) — Bn(1 — Bn)d*(tn, Syun)
= d*(un, ) = Bu(1 = B)d* (un, Syun)

xm Bn(l - Bn) (Um S’yun)

xn7 Bn(l - ﬁn) (UnS'yun)

r;
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< d*(wp, %) — Bu(l — Bn)d* (un, Syun) (21)

< d*(wn, 7). (22)

Thus, by using (20) and (22), we get

d(zpt1,2") = d(apu @ Onv, @ dpv,, )
< apd(u, z°) + Opd(vp, ) + dpd(vy, o)
= anpd(u,z*) + (1 — ap)d(vy, )
< apd(u, ) + (1 — ap)d(zp, x*)

< max{d(u,z"), d(zy,x*)}

< max{d(u,z), d(z1,z")}.

Hence, by induction, we have that {x,,} is bounded. Consequently, {u,,} and {v, } are all bounded.

Let w, = 16 Uy, + 1 28—y, then from (22), we have that

Qn

dQ(wn,x*) < &dQ(Un,:E*) + Laﬂ(vn,x*)

1—a, 1—a,
= (v, ") (23)
< d*(zp, %), (24)

It is obvious that 41 in (20) can be re-written as x,,11 = a,u ® (1 — a,)wy,

From Lemma 2.1(3), (21),(23), we obtain

A (zpy1,27) < P (apu® (1 — ap)wp, =)

< 2, a*) + (1 — an)?d(wp, &%) + 2an(1 — an)(uz, 7 wy)

< (1 = o)A (wn, %) + atn (nd? (1, %) + 2(1 — o) (u, 7 w,))

< (1 an)d (vn,2) + oo (2 (u, %) + 2(1 — o) (uz, 7 wny))

< (1= ap)d®(zn, %) + anAy — (1 — ) Bu(1 — Bn)d? (un, Syuy) (25)
< (1 = ap)d? (2, ) + Ay, (26)
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where A, = (a,d?(u, 7*) + 2(1 — ay,)(uz*, z*w,)) From Lemma 2.5 it suffices that

limsup(d(zp,,, 2*) — d(Tn,,,,2")) <0, (27)
k—o0
where {d(x,, ,2*)} is a subsequence of {d(x,,z*)}, then from (27), we have

limsup((1 — an) By (1 = By )d* (tny, Sy, ) < limsup((1 — au, )d* (20, %) — d* (2,1 %))

k—o0 k—o0

+ lim sup(ap, Ar,)

k—o00
< limsup((1 — ank)dQ(xnk,x*))
k—o00
=— liminf(d2(mnk+l,w*) — d*(xy,, "))
k—o0
<0. (28)

Thus form condition (b) and (c) of (20), we obtain that
kli)rgo d? (un,,, Sy, ) = 0. (29)
Using Algorithm (20) and (29), we get
klgréo d(Vny, uny,) < (1= B, )d(Un,, Un,, ) + Bnd(Sytn,,, tn, ) = 0 as k — oco. (30)
In a similar way as in (30), we also have that
d(xnk+l,vnk) < ap, d(u, vp, ) + Op,d(Vny, Uny,) + Onyd(Un,, vp,) = 0as k — oo. (31)
From (30) and (31), we have that
lim d(zn,.,Un,) =0 (32)

k—o0

On applying Lemma 2.3, we have that

N G N G N N
& (u, [[ 7 20) = (T 72, I1 Tz,

=2 i=1 i=2
N .
< d2(H J)(\i)mn, %) — d?(up, =*)
=2

< d*(xp, %) — d*(up, ¥)
< d*(zp, z*) — d*(vp, %)
< d(xp, x*) — dX(@pa1, o) + A (xpy1, o) — d?(vp, z¥)

< dQ(xn, x¥) — dQ(aan,x*) + andQ(u,:n*) +(1- Odn)dQ(’Un,.Z'*) — dz(vn, x*). (33)
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Let {uy, } and {v,, } be subsequences {u,} and {v, } respectively, thus we have from (33)

N
lim sup d* (uy,, HJ)(\ZL)kxnk ) < limsup(d*(zp,,z*) — dZ(xnk %)) + lim sup(av,, d*(u, z*))

17

k—o0 o2 k—o0 k—o0
= —hkn_1>£f(d2(mnk+l,a: ) — d*(2p,, %)) < 0. (34)
Thus,
N
Jlim d(unk,jl_[2 I 20,) = 0. (35)
It follows from (34) that
N N N
lim (d(unk,jﬂ2 I w0)) = d(jH1 7 :cnij2 I 20,) = 0. (36)

By following the same process as in (35)-(36), we obtain that

N N
hm ( HJ/\ xnk,HJ l‘nk) :d(H‘])(\jn)k’H‘]/(\jn)kx”k) =... :d(Jg:;)xnk,xnkO =0. (37)
7j=3

By summing (36) and (37), we have that

lim d(un,,zn,) = 0. (38)

k—o0

Hence, from (30), (31) and (34), we obtain

1. d NEs»*+n =Y
Jim (Uny> Tny) =0 (39)
klggo d(’Unk+1,l‘nk) =0.

Since {zn, } is bounded, then by Lemma 2.8, there exist a subsequence {zy, } of {z,} such that
A — lim zp, = g. Thus, we obtain from (38) and (39) that A — hm 0 Up, =q and A — hm 1 Up, =4
1—00

for some subsequences {uy, } and {v,, } of {un, } and {vy,} respectlvely. Since .J}7 ’y= 17 2,---,N
N

is nonexpansive, we obtain from (38) and Lemma 2.6 that ¢ € ﬂ Fm(J Ao 7). Also, using (29) and
=1

Lemma 2.7, we obtain that ¢ € Fliz(S,,) = Fiiz(S). Therefore g € Q Next, we show {z,, } converges
strongly z € (). Since {zy, } A-converges to z € ), it follows from Lemma 2.10 that there exists z € Q

such that {z;, } A-converges to z.

Thus, by Lemma 2.11, we obtain that

lim sup(u%, 7, 2) < 0. (40)

k—o00
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Hence, we obtain from (26), (40) and condition (a) of Algorithm (20) that limsup A,, < 0. Also we
k—o0
have from (24) that

dQ(xnkH,z) < (1= any)d* (T, 2) + an, A, . (41)

Thus, by Lemma 2.5 and condition of Algorithm (20), we obtain that {z,, } converges strongly to
z € (.

We now state some consequences of our main result.

Corollary 3.2 Let X be an Hadamard space and X* be its dual space. Leth; : X - R,j =1,2,--- | N

be a proper, convex and lower semi-continuous function, and S : X — X be a quasi-nonexpansive

N
mapping such that Sis A — demiclosed at 0. Assume that §2 := Fiz(S)N () argmin h;(y) is nonempty,

J=1
then sequence {z,} is generated for arbitrary z; € X by

N
un = [] J)(\Zj):cn = J)(\i) o J)(\i) 0---0 )(\]:)xn
j=1

Up = (1 - Bn)un @ BrnSun (42)

T+l = Qptt D Onv, © 5nvna

where {)\,} is a sequence in (0,0), {a}, {O,}, {5} and {J,,} are sequences in (0, 1) such that the

following conditions are satisfied:

a) 0< A<\, Vn>1,

b) 0<a<p,<b<1,

Q) ap+6,+0d,=1,

d) nh_)rgo a, =0and ni::lan—oo.

Then, {z,} converges strongly to an element z in Q.

Corollary 3.3 Let X be an Hadamard space and X * be its dual space. Let h : X — R be a proper, convex
and lower semi-continuous function, and S : X — X be a p-demicontractive-type mapping with
p € (—oo,v]and v € (0, 1) such that Sis A — demiclosed at 0. Assume that Q2 := Fiz:(S) Nargmin h(y)

is nonempty, then sequence {x, } is generated for arbitrary z; € X by

Uy = J)}\Lnxn
U = (1 = Bp)un ® BnSyun (43)

Tpi1 = apu D Opv, © OnUn,
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where S,z = yx ®(1-7)Sx, {\,} is a sequence in (0,00), {an}, {On}, {Bn} and {6, } are sequences in
(0, 1) such that the following conditions are satisfied:

a) 0< A<\, Vn>1,

b) 0<a<p,<b<1,

C) an+0,+d, =1,

d) nh_)rgo a, =0and 721 Qy, = 00.
Then, {z,} converges strongly to an element z in (2.
Corollary 3.4 Let X be an Hadamard space and X * be its dual space. Let » : X — R be a proper, convex
and lower semi-continuous function and assume that 2 := argmin h(y) is nonempty, then sequence
{z,} is generated for arbitrary z; € X by

Uy, = J)}\L Tn
! (44)

Tnt1 = apu @ (1 — ap)uy,
where {),} is a sequence in (0, 0), {a}, {©,}, {5} and {4, } are sequences in (0, 1) such that the
following conditions are satisfied:
a) 0< A< A\, Vn2>1,
b) 0<a<p,<b<l,
) nlgn;o o, = 0and f o, = 00.

n=1
Then, {z,} converges strongly to an element z in .

4. APPLICATION

In this section, we apply our results to find Frechét mean of a finite elements of a Hadamard space, the

mean of a probability, and convex feasibility problem.

5. CoMPUTING FRECHET MEAN AND THE MEAN OF A PROBABILITY
P P )V

Let {v;};_; C X and {«a;};_, be positive weights satisfying '21 a; = 1. Consider
J:

P
hi(v) :== Zaj(v,vj), for everyv € X. (45)
j=1

Suppose that pp € P?(V) is a probability measure and takes

ho(v) := /dQ(v,z)du(z), for every v € X. (46)

Then the minimizers of hy and h; are the Frechét mean of {v;}!_, and mean of probability P , respec-
tively. The two mean play significant role in both science and engineering (see, e.g. [27]). Moreover,
it is not difficult to deduce using properties of metric d that hiand hs are convex, proper and lower

semi-continuous functions on X. Hence we have the following results:
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Theorem 4.1 Let X be an Hadamard space and X* be its dual space. Let S : X — X be a pu-
demicontractive-type mapping with ;1 € (—o0,7] and v € (0,1) such that S is A — demiclosed at

N
0. Assume that Q := Fiz(S) N () argmin h;(y) is nonempty, then sequence {xz,} is generated for

arbitrary z; € X by =
Up = J)}\Li
Up = (1 = Bn)un @ BnSyun (47)
Tntl = apt @ Onhv, B dpvy,
where S,z = yx ®(1-v)Sx, {\,} is a sequence in (0, 0), {a }, {On}, {n} and {4, } are sequences in
(0, 1) such that the following conditions are satisfied:
a) A, > (¢ for some positive number ¢,
b) 0<a<p,<b<1,
C) anp+0,+, =1,
d) nlgg() o, =0and ni; oy = 00.
Then, {z,} converges strongly to an element to the Frechét mean of {v; }5‘):1-
Theorem 4.2 Let X be an Hadamard space and X* be its dual space. Let S : X — X be a pu-
demicontractive-type mapping with 1 € (—o0,7] and v € (0,1) such that S is A — demiclosed at
0. Assume that 2 := Fiz(S) N FV] argmin h;(y) is nonempty, then sequence {xz,} is generated for
arbitrary z; € X by =
Uy = J)}fj
vp = (1 = Bn)un ® BrnSyun (48)
Tn+l = Q. D Opvy B dpvn,
where S,z = yx ®(1-7)Sx, {\,} is a sequence in (0,00), {an}, {On}, {Bn} and {6, } are sequences in
(0, 1) such that the following conditions are satisfied:
a) A, > ¢ for some positive number ¢,
b) 0<a<p,<b<]1,
Q) anp+0,+5, =1,
d) nlgn;o o, = 0and f oy = 00.

n=1

Then, {z,} converges strongly to the mean of the probability P with respect to A.

6. Convex FeasiBiLITY PROBLEM.

Let {¢; }é\le be a finite family of nonempty, closed and convex subsets of an Hadamard space X such

N N
that () v¥; # 0. The Convex Feasibility Problem (CFP) is to find 2* € () ;. For a nonempty, closed
j=1 j=1
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and convex subset 1) of an Hadamard space X, the indicator function

‘ 0,z €y
iy(x) =
00,z € X\ ¢,
is proper and lower semi-continuous and Jiw = Py. Therefore, by letting h; =iy, (j = 1,2,--- ,m), we

have the following theorem:
Theorem 4.3 Let X be an Hadamard space and X* be its dual space. Let S : X — X be a pu-
demicontractive-type mapping with i € (—o00,v] and v € (0,1) such that Sis A — demiclosed at 0.
N

Assume that ® := Fiz(S) N (] Py, is nonempty, then sequence {x,} is generated for arbitrary z; € X
j=1

by

Up = Aéyzlp¢$n = Pé}l) o Pl(f) 0---0 Pé}N):L‘n

v = (1= fn)tn © BuSytin (49)
Tnt1 = 0 D Onpvy @ 0pup,

where S,z = yx ®(1-7)Sx, {\,} is a sequence in (0,0), {an}, {On}, {Bn} and {6, } are sequences in

(0, 1) such that the following conditions are satisfied:

a) 0 <A<\, Vn>1,
b) 0<a<p,<b<l1,
)

C) ap +06,+4, =1,

(0.]
d) lim o, =0and > o, = 0.
n—o0 n=1
Then, {z,} converges strongly to an element z in Py,where Py is the metric projection of X onto ®.

REFERENCES

[1] H.A. Abass, C. Izuchukwu, O.T. Mewomo, Viscosity approximation method for solving minimization problem and
fixed point problem for nonexpansive multivalued mapping in CAT(0) space, Ann. Acad. Rom. Sci. Ser. Math. Appl. 11
(2019), 131-158.

[2] H.A. Abass, O.K. Oyewole, L.O. Jolaoso, K.O. Aremu, Modified inertial Tseng method for solving variational inclusion
and fixed point problems on Hadamard manifolds, Appl. Anal. (2023). https://doi.org/10.1080/00036811.2023.
2256357.

[3] T.O. Alakoya, L.O. Jolaoso, O.T. Mewomo, A general iterative method for finding common fixed point of finite family of
demicontractive mappings with accretive variational inequality problems in Banach spaces, Nonlinear Stud. 27 (2020),
213-236.

[4] K.O. Aremu, M. Aphane, A.H. Ibrahim, O.K. Oyewole, A modified Halpern-proximal point method for approximating
solutions of mixed equilibrium and fixed point problems in Hadamard spaces, Arab. J. Math. 11 (2022), 427—441.
https://doi.org/10.1007/s40065-022-00378-w.

[5] K.O. Aremu, C. Izuchukwu, H.A. Abass, O.T. Mewomo, On a viscosity iterative method for solving variational inequality

problems in Hadamard spaces, Axioms. 9 (2020), 143. https://doi.org/10.3390/axioms9040143.


https://doi.org/10.1080/00036811.2023.2256357
https://doi.org/10.1080/00036811.2023.2256357
https://doi.org/10.1007/s40065-022-00378-w
https://doi.org/10.3390/axioms9040143

Asia Pac. J. Math. 2023 10:35 17 of 18

[6] M. Bacak, The proximal point algorithm in metric spaces, Isr. J. Math. 194 (2012), 689-701. https://doi.org/10.1007/
511856-012-0091-3.

[7] 1D. Berg, I.G. Nikolaev, Quasilinearization and curvature of Aleksandrov spaces, Geom. Dedicata. 133 (2008), 195-218.
https://doi.org/10.1007/s10711-008-9243-3.

[8] C.E. Chidume, A.U. Bello, P. Ndambomve, Strong and A-convergence theorems for common fixed points of a finite
family of multivalued demicontractive mappings in CAT(0) spaces, Abstr. Appl. Anal. 2014 (2014), 805168. https:
//doi.org/10.1155/2014/805168.

[9] P. Cholamjiak, A.A. Abdou, Y.J. Cho, Proximal point algorithms involving fixed points of nonexpansive mappings in
CAT(0) spaces, Fixed Point Theory Appl. 2015 (2015), 227. https://doi.org/10.1186/s13663-015-0465-4.

[10] A. Cuntavepanit, W. Phuengrattana, On solving the minimization problem and the fixed-point problem for a finite
family of non-expansive mappings in CAT(0) spaces, Optim. Meth. Softw. 33 (2017), 311-321. https://doi.org/10.
1080/10556788.2017.1312397.

[11] H. Dehghan, J. Rooin, Metric projection and convergence theorems for nonexpansive mappings in Hadamard spaces,
(2014). http://arxiv.org/abs/1410.1137.

[12] S. Dhompongsa, W.A. Kirk, B. Sims, Fixed points of uniformly lipschitzian mappings, Nonlinear Anal.: Theory Meth.
Appl. 65 (2006), 762-772. https://doi.org/10.1016/j .na.2005.09.044.

[13] S. Dhompongsa, W.A. Kirk, B. Panyanak, Nonexpansive set-valued mappings in metric and Banach spaces, J. Nonlinear
Convex Anal. 8 (2007), 35-45.

[14] S.Dhompongsa, B. Panyanak, On A-convergence theorems in CAT(0) spaces, Comput. Math. Appl. 56 (2008), 2572-2579.
https://doi.org/10.1016/j.camwa.2008.05.036.

[15] O.P. Ferreira, P.R. Oliveira, Proximal point algorithm on Riemannian manifolds, Optimization. 51 (2002), 257-270.
https://doi.org/10.1080/02331930290019413.

[16] O. Giiler, On the convergence of the proximal point algorithm for convex minimization, SIAM J. Control Optim. 29
(1991), 403-419. https://doi.org/10.1137/0329022.

[17] C.Izuchukwu, C.C. Okeke, O.T. Mewomo, Systems of variational inequalities and multiple-set split equality fixed point
problems for countable families of multi-valued type-one demicontractive-type mappings, Ukrainian Math. J. 71 (2019),
1480-1501.

[18] C.Izuchukwu, K.O. Aremu, H.A. Abass, O.T. Mewomo, P. Cholamjiak, A viscosity proximal point algorithm for solving
optimization problems in Hadamard spaces, Nonlinear Stud. 28 (2021), 101-126.

[19] L.O.Jolaoso, H.A. Abass, O.T. Mewomo, A viscosity-proximal gradient method with inertial extrapolation for solving
certain minimization problems in Hilbert space, Arch. Math. 55 (2019), 167-194. https://dml.cz/handle/10338.
dmlcz/147824.

[20] B. Ahmadi Kakavandi, M. Amini, Duality and subdifferential for convex functions on complete metric spaces, Nonlinear
Anal.: Theory Methods Appl. 73 (2010), 3450-3455. https://doi.org/10.1016/j.na.2010.07.033.

[21] S. Kamimura, W. Takahashi, Approximating solutions of maximal monotone operators in Hilbert spaces, J. Approx.
Theory. 106 (2000), 226-240. https://doi.org/10.1006/jath.2000.3493.

[22] W.A.Kirk, B. Panyanak, A concept of convergence in geodesic spaces, Nonlinear Anal.: Theory Methods Appl. 68 (2008),
3689-3696. https://doi.org/10.1016/j.na.2007.04.011.

[23] W. Laowang, B. Panyanak, Strong and A convergence theorems for multivalued mappings in CAT spaces, J. Inequal.

Appl. 2009 (2009), 730132. https://doi.org/10.1165/2009/730132.


https://doi.org/10.1007/s11856-012-0091-3
https://doi.org/10.1007/s11856-012-0091-3
https://doi.org/10.1007/s10711-008-9243-3
https://doi.org/10.1155/2014/805168
https://doi.org/10.1155/2014/805168
https://doi.org/10.1186/s13663-015-0465-4
https://doi.org/10.1080/10556788.2017.1312397
https://doi.org/10.1080/10556788.2017.1312397
http://arxiv.org/abs/1410.1137
https://doi.org/10.1016/j.na.2005.09.044
https://doi.org/10.1016/j.camwa.2008.05.036
https://doi.org/10.1080/02331930290019413
https://doi.org/10.1137/0329022
https://dml.cz/handle/10338.dmlcz/147824
https://dml.cz/handle/10338.dmlcz/147824
https://doi.org/10.1016/j.na.2010.07.033
https://doi.org/10.1006/jath.2000.3493
https://doi.org/10.1016/j.na.2007.04.011
https://doi.org/10.1155/2009/730132

Asia Pac. J. Math. 2023 10:35 18 of 18

[24] C.Li, G. Lopez, V. Martin-Mérquez, Monotone vector fields and the proximal point algorithm on Hadamard manifolds,
J. London Math. Soc. 79 (2009), 663—-683. https://doi.org/10.1112/j1lms/jdn087.

[25] B. Martinet, Regularisation variationelles par approximations successives, Rev. Fr. Inform. Rech. Oper. 4 (1970), 154-158.

[26] O.T. Mewomo, F.U. Ogbuisi, Convergence analysis of an iterative method for solving multiple-set split feasibility
problems in certain Banach spaces, Quaest. Math. 41 (2017), 129-148. https://doi.org/10.2989/16073606.2017.
1375569.

[27] C.C. Okeke, C. Izuchukwu, A strong convergence theorem for monotone inclusion and minimization problems in com-
plete CAT(0) spaces, Optim. Meth. Softw. 34 (2018), 1168-1183. https://doi.org/10.1080/10556788.2018.1472259.

[28] E.A.Papa Quiroz, PR. Oliveira, Proximal point methods for quasiconvex and convex function with Bregman distance
on Hadamard manifolds, J. Convex Anal. 16 (2009), 49-69.

[29] S. Ranjbar, H. Khatibzadeh, Convergence and w-convergence of modified Mann iteration for a family of asymptotically
nonexpansive type mappings in complete CAT(0) spaces, Fixed Point Theory. 17 (2016), 151-158.

[30] R.T. Rockafellar, Monotone operators and the proximal point algorithm, SIAM J. Control Optim. 14 (1976), 877-898.
https://doi.org/10.1137/0314056.

[31] S.Saejung, P. Yotkaew, Approximation of zeros of inverse strongly monotone operators in Banach spaces, Nonlinear
Anal.: Theory Meth. Appl. 75 (2012), 742-750. https://doi.org/10.1016/j.na.2011.09.005.

[32] R. Suparatulatorn, P. Cholamjiak, S. Suantai, On solving the minimization problem and the fixed-point problem
for nonexpansive mappings in CAT(0) spaces, Optim. Meth. Softw. 32 (2016), 182-192. https://doi.org/10.1080/
10556788.2016.1219908.

[33] J.H. Wang, G.L6épez, Modified proximal point algorithms in CAT(0) spaces, Optimization. 60 (2011), 697-708.

[34] H.K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc. 66 (2002), 240-256. https://doi.org/10.
1112/s0024610702003332.


https://doi.org/10.1112/jlms/jdn087
https://doi.org/10.2989/16073606.2017.1375569
https://doi.org/10.2989/16073606.2017.1375569
https://doi.org/10.1080/10556788.2018.1472259
https://doi.org/10.1137/0314056
https://doi.org/10.1016/j.na.2011.09.005
https://doi.org/10.1080/10556788.2016.1219908
https://doi.org/10.1080/10556788.2016.1219908
https://doi.org/10.1112/s0024610702003332
https://doi.org/10.1112/s0024610702003332

	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Application
	5. Computing Frechét mean and the mean of a probability
	6. Convex Feasibility Problem.
	References

