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1. INTRODUCTION

In [12], Swamy and Rao introduced the concept of an Almost Distributive Lattice (ADL). An ADL
(L, A, V,0) satisfies all the axioms of distributive lattice, except possibly the commutativity of the
operations A and V. In [15], Swamy et al. introduced pseudo-complementation on almost distributive
lattices and also in [16] studied Stone Almost Distributive Lattices. On the other hand, fuzzy set theory
was introduced by Zadeh [17]. Next, fuzzy groups were studied by Rosenfeld [10]. Swamy and Raju
introduced fuzzy ideals and congruences of lattices in [11]. In [7], Kumar studied the space of prime
fuzzy ideals of a ring topologically in different way and Hadji-Abadi and Zahedi [6] extended the
result of Kumar. In [13], [14] Swamy et al. studied fuzzy ideals and L-Fuzzy Filters of ADLs. [1], Abd
El-Mohsen Badawy and R. El-Fawal, introduced the concept of closure filters and characterized such
filters in terms of boosters. In this paper, we introduced the notion of fuzzy closure filters in a Stone
ADL. Characterized fuzzy closure filters in terms of its level subsets and characteristic functions. Also,
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characterized the fuzzy closure filters in terms of boosters. Proved that the set of all fuzzy closure filters
forms a complete distributive lattice. Also introduced the concepts of prime fuzzy filters and maximal
fuzzy filters in a Stone ADL. Proved that the existence of prime fuzzy closure filters in a Stone ADL.
Also derived that every proper fuzzy closure filter of L is the intersection of all prime fuzzy closure
filters containing it. Studied some properties on the set of all prime fuzzy closure filters of a Stone ADL.
We derived the properties of the set of all fuzzy closure filters of a Stone ADL topologically. In the last
decades, various generalization of Boolean algebras have emerged. Along this direction, the class of
M S— algebras were first introduced by T.S. Blyth and J.C. Varlet [3,4] as a generalization of de Morgan

algebras and Stone algebras.

2. PRELIMINARIES

In this section, we recall certain definitions and important results, those will be required in the text

of the paper.

Definition 2.1. [12] Analgebra L = (L, V, A, 0) of type (2,2, 0) is called an Almost Distributive Lattice
(abbreviated as ADL), if it satisfies the following conditions:

(1) (avb)Ae=(anc)V(bAc)

(2) an(dVe)=(aAb)V(aAc)

(3) (avb)Ab=b

(4) (avb)Nha=a

(5) aV(aAnb)=a

(6) ONa=0

(7) av0=a, foralla,b,c € L.

Example 2.2. Every non-empty set X can be regarded as an ADL as follows. Let g € X. Define the
binary operations V, A on X by

x if z # xg y if x # xg

y if x = o if z = xop.
Then (X, V, A, zg) is an ADL (where x is the zero) and is called a discrete ADL.

If (L,V,A,0) is an ADL, for any a,b € L, define @ < b if and only if @ = a A b (or equivalently,
a Vb ="0), then <is a partial ordering on L.

Theorem 2.3. [12]If (L,V,A,0)isan ADL, for any a,b, c € L, we have the following:
(1) avb=a<aNb=b
(2) avb=bsaNb=a
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(3) A is associative in L

(4) anbAc=bAaAc

(5) (avb)ANe=(bVa)Ac

(6) aNnb=0<&bAa=0

(7) av(bAc)=(aVDb)A(aVc)

(8) an(aVvb)=a, (anb)Vb=bandaV (bAa)=a
9) a<avbandaNb<b

(10) aNa=aandaV a=a

(11) OVa=aanda N0 =0

(12) Ifa<c,b<cthenaNb=bAaandaVb=>bVa
(13) avb=(aVb)Va.

It can be observed that an ADL L satisfies almost all the properties of a distributive lattice except the
right distributivity of V over A, commutativity of VV, commutativity of A. Any one of these properties

make an ADL L a distributive lattice. That is

Theorem 2.4. [12] Let (L,V, A\, 0) be an ADL with 0. Then the following are equivalent:
(1) L is a distributive lattice
(2) avb=0bVa,foralla,be L
(3) anb=0bAa,foralla,be L
(4) (anb)ve=(aVe)N(bVe), foralla,b,ce L.

As usual, an element m € L is called maximal if it is a maximal element in the partially ordered set

(L,<). Thatis, foranya € L, m < a = m = a.

Theorem 2.5. [12] Let L be an ADL and m € L. Then the following are equivalent:
(1
(2
(3

(4) aV mis maximal, for all a € L.

) m is maximal with respect to <

) mVa=m,foralla €L

) mAa=a,foralla e L

)

As in distributive lattices [2,5], a non-empty sub set I of an ADL L is called an ideal of LifaV b € I

and a Az € I forany a,b € I and x € L. Also, a non-empty subset F' of L is said to be a filter of L if
aNbeFandrxVae Ffora,be Fandzx € L.

The set I(L) of all ideals of L is a bounded distributive lattice with least element {0} and greatest
element L under set inclusion in which, for any I, J € I(L), I N J is the infimum of I and J while the

supremum is givenby I V J :={aVb|a € I,b € J}. A proper ideal P of L is called a prime ideal if,
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foranyz,y € L,z Ny € P = x € Pory € P. A proper ideal M of L is said to be maximal if it is not
properly contained in any proper ideal of L. It can be observed that every maximal ideal of L is a prime
ideal. Every proper ideal of L is contained in a maximal ideal. For any subset S of L the smallest ideal

containing S is given by (S]:={(\ si) Az |s; € S,x € Landn € N}. If S = {s}, we write (s] instead
i=1

of (S]. Similarly, forany S C L, [S) :=={z V (A s;) | s; € S,z € Land n € N}. If S = {s}, we write [s)
instead of [5).

=1

Theorem 2.6. [12] For any a,y € L, the following are equivalent:

For any a, b € L, it can be verified that (a] V (b] = (a Vv b] and (a] N (b] = (a A b]. Hence the set PI(L)
of all principal ideals of L is a sublattice of the distributive lattice (L) of ideals of L.

Theorem 2.7 ( [9]). Let I be an ideal and F a filter of L such that I N F' = (). Then there exists a prime ideal P
suchthat I C Pand PN F = 0.

Definition 2.8. [15] Let (L, V,A,0) be an ADL. Then a unary operation « — a* on L is called a

pseudo-complementation on L if, for any a, b € L, it satisfies the following conditions:

(1) anb=0=a*ANb=1D
(2) ana*=0
(3) (aVvb)* =a* Ab*

Then (L, V,A,*,0) is called a pseudo-complemented ADL.

Theorem 2.9. Let L be an ADL and * a pseudo-complementation on L. Then, for any a,b € L, we have the

following:
(1) 0 =0
(2) 0*ANa=a
(3) a™* Na=a
(4) a** = a*
B) a<b=b"<a*
(6) a* Ab* =b* ANa*
(7) (a AD)*™* =a™ AD**
(8) a* Ab= (aANb)* ND*.
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Definition 2.10 ( [16]). Let L be an ADL and * a pseudo-complementation on L.Then L is called a
Stone ADL if, forany x € L, z* V 2™ = 0*.

Lemma 2.11 ( [16]). Let L be a Stone ADL and a,b € L. Then the following conditions hold:
(1) 0* Na=aand 0"V a = 0*
(2) (aAb)* =a* Vb~

Definition 2.12. [8] Let L be a stone ADL with maximal elements. Then for any a € L, define

()™ ={z € L |z V a* isamaximal element of L}. We call (a)* as booster of a.

Theorem 2.13. [5] Let L be a stone ADL with maximal elements. Then the set By(L) of all boosters is a

complete distributive lattice on its own.

Definition 2.14. [5]

(1) For any filter F of L, define an operator 8 as 3(F) = {(z)* |z € F'}.
(2) For any ideal I of By(L), define an operator % as %(I) ={zrel|(x)t €Il}.

We recall that for any non empty set .S, the characteristic function of S,

114 S
() = ifxe

Oifx¢S.

Definition 2.15. [14] Let A be a fuzzy subset of S and let « € [0, 1]. Then the set
Aa={zel:a<)z)}
is called a level subset of A.

Definition 2.16. [13] A fuzzy subset A of an ADL L is said to be a fuzzy ideal of L, if for all z,y € L,

(1) A(0) =1,
(2) Mz Vy) = AMz) AAy),
(3) Mz Ay) > Xz)VA(y) forall z,y € L.

In [13], Swamy and Raju observed that, a fuzzy subset A of an ADL L is a fuzzy ideal of L if and
only if A\(0) =1and Az Vy) = A(z) A A(y) forall z,y € L.

In[14], Swamy et.al z: L — L', where L is an ADL and L’ is a complete lattice satisfying infinite
meet distributive law. Now in our cases take L' as [0, 1]. \ is said to be a fuzzy filter of an ADL L if \,

is a filter of L for all o € L.

Theorem 2.17. [14] Let X be a fuzzy subset of an ADL L. Then the following are equivalent to each other.
(1) Aisafuzzy filter of L,
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(2) A(m) =1 for all maximal elements m and XAz N y) = XN x) A X(y), forall z,y € L,
(3) A(m) = 1 for all maximal elements m and X\(x V y) > X(z) V A(y) and Xz Ay) > Xz) A X(y), for
all z,y € L.

We define the binary operations ” 4+ ” and ”.” on all fuzzy subsets of an ADL L as: (¢ + 6)(x) =
sup{p(a) NO(b) : a,b € LyaVb=z}and (u,0)(x) = sup{u(a) NO(b) : a,b € Lya Nb=z}.

The intersection of fuzzy filters of L is a fuzzy filter. However the union of fuzzy filters may not be
fuzzy filter. The least upper bound of a fuzzy filters ;s and 6 of L is denoted as u vV 6 = ({0 € FF(L) :
pUl C o} If pand 0 are fuzzy filters of L, then -0 = pvOand p+ 6 = pNo.

Theorem 2.18. Let A be a fuzzy subset of L. Then X is a fuzzy ideal of L if and only if, for any a € [0, 1], Ay is
an ideal of L.

Definition 2.19.

1. A proper fuzzy ideal A of L is called a prime fuzzy ideal if for any two fuzzy ideals n and v of L,
nNv C Aimpliesn C Aorv C A

2. A proper fuzzy filter A of L is called a prime fuzzy filter if for any two fuzzy filters n,v of L, nNv C A
impliesnn C Aorv C A.

Theorem 2.20. For any o € [0, 1), the fuzzy subset P} of L given by

lifxeP

Pw=1 "
aifr¢g P

forall z € L is a prime fuzzy filter if and only if P is a prime filter of L.

3. Fuzzy CLOSURE FILTERS OF DECOMPOSABLE STONE ADLs

In this section, we introduce the notion of fuzzy closure filters in decomposable stone ADLs and

study the properties of fuzzy closure filters.

Definition 3.1. A fuzzy subset v of My(L) is called a fuzzy ideal of My(L) if v((1)") =1 and v((a)™ U
(6)7) = v((@)") Av((b)T)) and v((a) " N (0)T) = v((a)") v v((b)T)), forall (a)™, () € Mo(L).

Example 3.2. Let L = {0, 1,2, 3} be anon-empty set and V, A be binary operations and unary operations
respectively which are defined by

A0]1]2]|3 vioj172]3
0{0]0]0|O0 0[{0]1|2]3
11011123 111111
2(0/1}2/3 21212122
31013(3(3 31311123




Asia Pac. J. Math. 2023 10:40 7 of 19

Define x on L, as 0* = 1,1* = 2* = 3* = 0. Then clearly, (L, A, V, ) is a stone ADL which is not a lattice.
For the elements 0, 2 there exist dense element 2 such that 0** A 2 = 0 and 2** A 2 = 2 and

for the element 1, there exists dense element 1 such that 1** A1 =1 and

for the element 3, there exists dense element 3 such that 3** A 3 = 3.

Hence(L, V, A, ,0,1) is a decomposable stone ADL.

Define v((1)*) =1, v((0)") = 0.5, v((2)") = v((3)") = 0.8. Clearly, v is a fuzzy ideal of My(L).

In the following definition, we define two operators o and & in L

Definition 3.3. Let L be a decomposable stone ADL.
(1) For any fuzzy filter § of L and for any a in L, define an operator « as «(0)((a)™) = sup{0(b) | (a)* =
(b)*t,be L}.

(2) For any fuzzy ideal v of My(L) and for any a in L, define an operator @ as @& (v)(a) = v((a)™).
Lemma 3.4. In any decomposable stone ADL L, The following three statements hold:
(1) For any fuzzy filter 0 of L, «(0) is a fuzzy ideal of My(L)

2) For any fuzzy ideal v of Mo(L), & (v) is a fuzzy filter of L
Y Y Y

(3) The maps o and ‘& are isotone.

Proof.

(1). For any fuzzy filter 6, we have «(6)((0*)") = 1. Let (z) ™, (y)™ € My(L). Then, we have a(0)((x) ™) A
a(0)((y)") = sup{f(a) | (a)" = (2)" } Asup{O(b) | ()" = (y)"} = sup{6(a) AO(D) | ()" = (x)", (b)) =
()"} < sup{f(anb) | (anb)" = (zAy)T} = a@)((zAy)") = a0)((x)" U (y)") and a(6)((x)") v
a(0)((y)") = sup{f(a) [ (a)* = (x)"} vsup{O(b) | (b)" = (y)"} = sup{f(a) VO(D) | (a)" = ()", (b)" =
()"} <sup{baVvb) | (aVd)" =(xVvy)"}=a@®)((zVy)")=al@)(x)" N(y)"). Therefore, a(f) is a

fuzzy ideal of My(L).

(2). Let v be any fuzzy ideal of My(L). Then ‘& (v)(0*) = v((0*)T) = 1. Forany z,y € L, & (v)(zAy) =
V(2 Ag)*) = v((@) L)) > (@) ) Ar(H)h) = T @) @A T @)() and T (@) (@vy) = v(@vy)*) =
(@) N ()7 = v((@)) Vely)h) = @ W)(2) v & (@)(y).

(3). Assume that v and 6 are fuzzy filters of L with v C . Now a(v)((a)™) = sup{v(b) | (b)" = (a)T} <
sup{f(b) | ()T = (a)T} = a()((a)"). Therefore, a is an isotone mapping. Similarly, we deduce that &

is also an isotone mapping. O
Theorem 3.5. The mapping v — & a(v) is a closure operator on the lattice of fuzzy filters of L. i.e., for any
fuzzy filters v and 6 of L,

(1) v C @aly)

2)vCo=Talv) C aa®)
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3) wa{wav)} = @a).

Proof.
(1). Clearly, we have the following equality:

Tav)(a) =suwp{r®) | (@) = 0)*} = v(a),

foralla € L
(2). This part is clear.
(3). Let a € L. Now, we have wa{ & a(v)}(a) = a{@a(v)}((a)t) = sup{aa@)(d) | ()" = (a)t, be
L} = sup{a(®)((t)") | ()T = (), b€ L} = a(v)((a)) = @a(v)(a).
O

Theorem 3.6. Let L be a decomposable stone ADL. Then « is a homomorphism of the lattice of fuzzy filters of L
into the lattice of fuzzy ideals of My(L).

Proof. Let FF(L) be the set of all fuzzy filters of L and FZMy(L) be the set of all fuzzy ideals in My(L).
Then, for any v, € FF (L), we have v N6 C v and v N6 C 6. These results imply that (v N ) C a(v)
and a(v N #) C «a(f). The above results further imply that a(r N 0) C a(v) N a(f). Now, we have
(av)na(@)((a)?) = a@)((a)") Aa(d)((a)") = sup{v(z) [ ()" = (a)"} Asup{B(y) | ()" = (a)"} <
sup{v(zVy) | (zVy)" = (a) } Asup{f(z Vy) | (zVy)T = ()"} = sup{v(zVy) Az Vy) | (zVy)" =
(@)t} =sup{(vNO)(zVy)| (zVy)" = (a)T} = a(vN)((a)"). Therefore, we deduce that a(v) Na(f) =
a(vnd).Sincev C vV, wehave § C vV, we obtain that a(v) C a(rVve)and a(f) C a(rVE). The above
results imply that a(v) U a(f) C a(v Vv 0). Now, we have (a(v V 0))((a)+) = sup{(v V 0)(z) | (z)" =
(a)*} = sup{sup{v(z1) A O(x2) | © = 21 A 22} | (2)F = (a)T} < sup{sup{v(y1) A O(y2) | (y1)" =
(21)*, (92)* = (@)%} | (21 Awa)* = (@)} = sup{sup{viun) | (y)* = (217} A sup{0(ys) | (y) ™ =
(22) "} | (z) " U (22)" = (a)"} = sup{a(v)((21)") A a(0)((22)7) | (z1)" U (22)" = (a)"} = (a(v) U
a(0))((a)™). The above equalities imply that a(v V 6) C a(r) U (). Hence, a(v V 0) = a(v) U «(h).
Clearly, we have shown that X1y, X1, are the smallest and the largest fuzzy filters of L, respectively and
also we have that a(x{1}), a(xr) are smallest and greatest fuzzy ideals of My (L), respectively. Hence

,a is indeed a homomorphism from FF (L) into FZMy(L). O

Corollary 3.7. Let v and 6 be any two fuzzy filters of a decomposable stone ADL L. Then, we have & (v N 6) =

Qa)n@ad).

Proof. By using the above result, we obtain that () N a(f) = a(v N 6). Now, wa(r N 6)(b) = a(r N
0)(()") = a)((b)T) Aa(@)((b)T) = Ta(r)(b) A &a(f)(b). Therefore, we have &a(r N b)) = wa(v)N
@ad). O

Now, we introduce the concept of fuzzy closure filters in decomposable stone ADLs.



Asia Pac. J. Math. 2023 10:40 9of 19

Definition 3.8. A fuzzy filter v of a decomposable stone ADL L is called a fuzzy closure filter if

aa) =v.

Example 3.9. Let L = {0, 1,2, 3} beanon-empty setand V, A,/ be binary operations and unary operations

respectively which are defined by

0 \Y% 3
0 0 3
0 1 1
0 2 3

WIIN|=|oOo]|>
WD~ | O
NN IDNIO|N
LWDIN| W O W
W IIN | = |O| O
[ S I S R =
W N~ [N[DN

0 3 3

Then (L, V,A,,0,1) is a decomposable MS-algebra. Define v(1) = 1, v(0) = 0.5, v(2) = v(3) = 0.8.
Clearly, v is a fuzzy filter of L. Clearly, we have &av(z) = v(z), for all z € L. Hence, v is a fuzzy
closure filter of L. Define (1) =1, §(0) =0, 6(2) = 0.3, §(3) = 0.6. Clearly, 6 is a fuzzy filter of L. But

0 is not a fuzzy closure filter of L, because & af(2) # 0(2).
Now we characterize the fuzzy closure filters in terms of its level subsets and characteristic functions.

Theorem 3.10. Let v be any proper fuzzy subset of L. Then v is a fuzzy closure filter if and only if vy, for all
t € [0, 1], is a closure filter of L.

Proof. Let v is a fuzzy closure filter of L. Then (% a(v)); = (v); Now we prove every level subset of

v is a closure filter of L. It is enough to show @Wa(r;) = v;. Clearly, we have that v; € @Wa(ry). Let
a € Wa(y). That implies (a)* € a(). Then there exists b € v; such that (a)™ = (b)™ and so, we
have v(b) > « with (a)™ = (b)". That implies a(v)((a)") = sup{v(b) | (a)" = (b)"} > a and so
<an(u)(a) > t. That implies a € (Ha(u))t. Therefore, we have ﬁa(ut) C 14 and hence <E(Jc(ut) = 1.
Clearly, we arrive that v C @a(v). Let a = & a(v)(a) = sup{v(b) | ()T = (a)*}. Then for each ¢ > 0,
thereis x € L, (z)™ = (x)* such that v(a) > « — €. Since € is arbitrary chosen, we have v(a) > «
such that ( = (a)*. This result implies z € v;. Therefore, we have a € wa(r;) = v, and hence

x)
v(a) > a = @a(yy). Thus, we conclude that v a(v). O

Corollary 3.11. Let F be any non-empty subset F' of a decomposable stone ADL L. Then F is a closure filter if
and only if x r is a fuzzy closure filter of L.

Now we characterize the fuzzy closure filters in terms of boosters in the following result.

Theorem 3.12. Let v be a fuzzy filter of L. Then v is a fuzzy closure filter if and only if for any a,b € L, (a)* =
(b)T implies v(a) = v(b).
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Proof. Assume that v is a fuzzy closure filter of L. Then we have the following equality v(a) = & a(v)(a),
foralla € L. Let a,b € L such that (a)t = (b)*. Then, we have v(a) = Ta(v)(a) = a(v)((a)T) =
a)((b)T) = @a(r)(b) = v(b). Conversely, assume that for any a,b € L, (a)* = (b)* implies v(a) =

v(b). Now @a(v)(a) = sup{r(b) | ()T = (a)T} = v(a). Therefore. we have wa(v) = v. O
We now establish the following main theorem of fuzzy closure filters.

Theorem 3.13. Let {v; | i € Q} be any family of fuzzy closure filters of a decomposable stone ADL L. Then

() vi is a fuzzy closure filter of L.
i€Q

Corollary 3.14. Let L be a decomposable stone ADL. Then the set F F¢(L) of all fuzzy closure filters of L is
a complete distributive lattice with relation C . The sup and inf of any subfamily {v; | i € Q} of fuzzy closure

filters are wa(\/ v;) and i) and () v; respectively, where \/ v; is their supremum in the lattice of fuzzy filters of

1€Q
L.

Lemma 3.15. Let v be any fuzzy ideal of My(L). Then v = a'x (v).

Proof. Let (a)T € My(L). Now a‘a (v)((a)*) = sup{a()(d) | (b)* = (a)*} = sup{v((b)") | (b)* =

(a)*t} = v((a)"). Therefore a'a (v) = v. O

Using the above Corollary 3.14 and Lemma 3.15, we are able to prove that the lattice of fuzzy closure

filters of L is isomorphic to the lattice of fuzzy ideals of My(L).

Theorem 3.16. Let L be a decomposable stone ADL. Then there is an isomorphism of the lattice of fuzzy closure
filters of L onto the lattice of fuzzy ideals of My(L).

Proof. Let FF¢(L) be the set of all fuzzy filters of L, FZMy(L) be the set of all fuzzy ideals of My(L).
Define f : FF¢(L) — FIMy(L) by f(v) = a(v), for any v € FF¢(L). It is easy to see that f is one
one. Let v be an fuzzy ideal of My(L). Then @ (v) is a fuzzy filter of L. Now By applying the above
Lemma, we deduce that &a(% (v)) = & (e (v)) = @ (v). Thus & (v) is a fuzzy closure filter of L.
Hence, we derive that (& (v)) = a(%a (v)) = v. This result gives that f is onto. Let v, be any two
fuzzy closure filters of L. Clearly, we have f(r N6) = a(v N 0#) = a(v) N a(f). Now, we further obtain
f(&av Vo) = a((@a(v V) = alv V) = a(v) Ua(f). Therefore, we have shown that f is an

isomorphism. O

Now, we continue to study some important properties of prime fuzzy closure filters and maximal

fuzzy closure filters in decomposable stone ADLs.

Definition 3.17. A proper fuzzy closure filter v of a decomposable stone ADL L is said to be prime if

for any fuzzy filters § and p such that 6 N ;o C v, wehave § C v or pn C v.
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Lemma 3.18. Let P be a proper filter of L. Then P is a prime closure filter of L, t € [0, 1) if and only if

lifae P
Ptl (a) = 4
t otherwise

is a prime closure filter of L.

Proof. Assume that P is a proper closure filter of L and ¢ € [0, 1). It can be easily verified that P} is a
proper fuzzy filter of L. Now, we prove that P! is a prime fuzzy filter of L. Let § and A be fuzzy filters of
Lsuchthatf ¢ P!and A ¢ P!. Then there exist a, b € L such that §(a) > P}(a) and \(b) > P}(b). This
impliesa ¢ Pand b ¢ P,and sowehaveaVb ¢ Pand P!(aVb) = a. It follows that §(z) AA(b) > t. Since
6 and )\ are isotone mappings, we have (§ N\ \)(aVb) = 0(aVb) AX(aVb) > 0(a) AA(a) >t = Pl(aVb).
This implies N A ¢ P}. Thus, we have shown that P} is a prime fuzzy filter of L. Next, we prove
that P! is a prime fuzzy closure filter of L. Since P is a prime closure filter of L and ¢ € [0, 1), for
any a,b € L such that (a)* = (b)*. If P}(a) = 1, then a € P. This implies that b € P and P!(b) = 1.
If Pl(a) = t; then a ¢ P. This implies that b ¢ P and P}(b) = t. Hence, P} is a prime fuzzy closure
filter of L. Conversely, assume that P} is a prime fuzzy filter of L. If F and G are any filters of L such
that FN G C P, then (FNG)} = F! NG} C Pl. This implies F}! C P! or G} C P}, sothat F C P
or G C P. Therefore, we have shown that P is a prime filter of L. Now, suppose that P} is a prime
fuzzy closure filter of L and for any a,b € L such that (a)* = (b)*. Let a € P. Then, we deduce that
1 = P}(a) = P}(b). This implies b € P. Hence, P is indeed a prime closure filter of L. O

Corollary 3.19. A proper filter P is a prime closure filter of L if and only if x p is a prime fuzzy closure filter of
L.

Proof. Assume that P is a prime closure filter of L. Now we prove that x p is a prime fuzzy filter of L. Let v
and X be any fuzzy filters of L such that 6N\ C xp.Suppose§ ¢ xpand A € x p. Then thereexista,b € L
suchthat A\(a) > xp(a)and 8(b) > xp(b). Thisimpliesa ¢ Pand b ¢ P.Since P is a prime filter, aVb ¢ P.
Thus xp(aVvb) = 0. Now, (ANO)(aVb) = A(aVb)AB(aVb) > A(a)AO(b) > xp(a)Axp(b) =0 = xp(aVb).
This implies § N A € x p, which is a contradiction. Thus x p is a prime filter of L. Next we prove that x p
is a prime fuzzy closure filter. Let a,b € L such that (a)™ = (b)". If xp(a) = 1, then a € P. This implies
b € P. Thus xp(b) = 1. If xp(a) = 0, then a ¢ P. This implies b ¢ P. Thus xp(b) = 0. Hence xp is a
prime fuzzy closure filter of L. Conversely, assume that y p is a prime closure filter of L. Now we show
that P is a prime filter of L. Let F' and G be any filters of L such that F NG C P. Then xpng € xp. That
implies xr € xp or xg € xp and hence F' C P or G C P. Therefore P is a prime filter. We prove that
P is a prime closure filter of L. Let a,b € L such that (a)* = (b)*. Leta € P. Then xp(a) =1 = xp(b).

Thus b € P. Hence P is a prime fuzzy closure filter of L. 0
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Theorem 3.20. proper fuzzy filter v of L is a prime fuzzy closure filter if and only if Img(v) = {1,t}, where
t €[0,1) and the set v, = {x € L | v(x) = 1} is a prime closure filter of L.

Proof. From the above lemma, we have the converse part. Assume that v is a prime fuzzy closure
filter. Clearly, we have 1 € I'm(v). Since v is proper, there is a € L such that v(a) < 1. We show that
v(a) =v(b), forall a,b € L\ v,. Suppose v(a) # v(b), for some a,b € L\ v,.. Without loss of generality

we can assume that v(b) < v(a) < 1. Define fuzzy subsets § and A as follows:

lifz € [a)
0(x) =
0 otherwise
and
lifx € v,
AMz) =

v(a) otherwise
for all z € L. Clearly, we see immediately that both § and A are fuzzy filters of L. Let z € L. If x € v,
then (0N A)(z) <1=v(z).lfz € [a)\ v, thenx = a V x, and we have (§ N \)(z) = 0(x) A A(z) =
1¥(a) = v(a) < v(z). Alsoif z ¢ [a), then §(z) = 0 and hence (0 N A)(z) = 0 < v(z). Therefore, we get
N A C . Since f(z) =1 > v(z) and A(y) = v(z) > v(y), we arrive that A € vand § ¢ A, which is a
contradiction. Thus v(a) = v(b) for all a,b € L \ v, and hence Im(v) = {1,¢} for some ¢ € [0, 1). Let

P ={a € L|v(a) =1}. Since v is proper, we get that P is a proper filter of L. Let ¢ # 1. Then

lifxeP
v(z) =
tifx ¢ P.

By the above lemma, we have shown that P = v,. O

Definition 3.21. A proper fuzzy filter v of a decomposable stone ADL L is said to be maximal if
Imv = {1,t}, where t € [0,1) and the level filter v, = {a € L | v(a) = 1} is a maximal filter.
A proper fuzzy filter v of a decomposable stone ADL L is said to be a maximal fuzzy closure filter of

Lif Imv = {1,t}, where t € [0,1) and the level filter v, is a maximal closure filter.
Theorem 3.22. Every maximal fuzzy filter of a decomposable stone ADL is a fuzzy closure filter.

Proof. Let v be a maximal fuzzy filter of L. Then v, is a maximal filter and Imv = {1,¢}. That implies
vy is maximal and v; = L. Since every maximal filter is a closure filter of L, we get that the level subsets

of L is closure filters of L. Hence v is a fuzzy closure filter of L. O

The following corollaries follow immediately.
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Corollary 3.23. Every maximal fuzzy closure filter of L is a maximal fuzzy filter.
Corollary 3.24. Every maximal fuzzy closure filter of L is a prime fuzzy closure filter.

Theorem 3.25. Let L be a decomposable stone ADL. If v is minimal in the class of all prime fuzzy filters

containing a given fuzzy closure filter, then v is a fuzzy closure filter.

Proof. Let v be a minimal in the class of all prime fuzzy filters containing a fuzzy closure filter 6 of L.

Since v is a prime fuzzy filter of L, there exists a prime filter P of L such

V() = lifx e P
t otherwise,
for some ¢t € [0, 1). Suppose that v is not a fuzzy closure filter of L. Then there exist a,b € L, (a)* = (b)*
such that v(a) # v(b). Without loss of generality, we may assume that v(a) = 1 and v(b) = ¢t. Consider
a fuzzy ideal ¢ of L defined by
o(z) = lifx e (L\P)V(aVD)
t otherwise.
Then we have 6 N ¢ < t. For if otherwise, then there exists y € L such that ¢(y) = 1. This implies
y € (L\ P)V (aVb]. This result again implies y = r V s for some r € (L \ P) and s € (a V b] and
hence,y=rVs=rV(sA((aVvb)=(rvs)A(sVaVb)<sVaVb. Since §is a fuzzy closure filter
of L, t <O(rVvs) <O(rvVaVbu(rVvaVvb). Also, (a)™ = (b)* implies (r VaVb)* = (r Vv b)*t. These
results imply that 0(r Va Vv b) = 0(r Vb) < v(rVb) = 1.Since v is a prime filter, we have v(r) = 1 or
v(y) = 1, which is a contradiction. Thus, we arrive that # N ¢ < ¢. This result implies that there exists a
prime fuzzy filter n such that n N ¢ < ¢t and 6 C 7. Clearly, we have a Vb € (L \ P) V (a V b]. This result
implies ¢(a V b) = 1 and ¢ Ny < ¢. Hence, we have n(a vV b) < t < v(a Vv b) = 1. This implies v ¢ 7.
Therefore, v is not minimal in the class of all prime fuzzy filters containing a given fuzzy closure filter,

which is a contradiction. Finally, we have shown that v is indeed a fuzzy closure filter. O

Corollary 3.26. Let L be a decomposable stone ADL. Then prime fuzzy closure filters of L are one to one
correspondence with the prime fuzzy ideals of Mo(L).

Proof. Clearly, we see that fuzzy closure filters of L are one to one correspondence with the fuzzy ideals
of My(L). Now we prove that if v is a prime fuzzy closure filter, then «(v) is also a prime fuzzy ideal of
My(L) and vice versa. Let v be a prime fuzzy closure filter of L. Then «(v) is a fuzzy ideal of My(L). Let
¢ and v be any ideals of My (L). Then there exist a fuzzy closure filter of L, ¢ and v such that 8 = «(¢)
and v = «a(v). Assume that a(¢) N a(y) C a(v). Then a(¢ N ) C a(r) and so ¢ Ny C v. Since v is

a prime closure filter of L, then ¢ C v or ¢ C v. This gives a(¢) C «a(v) or a(¢)) C a(v). Let v be a
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prime ideal of My(L). Then there exists a fuzzy closure filter of ) of L such that v = «(n). Let ¢, ¢ be
any fuzzy filters of L such that ¢ Ny C n. Then a(¢p N ) = a(¢) Na(y) C a(n). Since a(n) is a prime
ideal of L, then we have a(¢) C a(n) or () C a(n) and so ¢ C nor ¢p C n. This result implies 7 is a
prime fuzzy closure filter of L. Thus, we have shown that prime fuzzy closure filters of L are one to
one correspondence with the prime fuzzy ideals of My(L).

O

Now we turn to prove the existence of prime fuzzy closure filters in decomposable stone ADL in the

following theorem.

Theorem 3.27. Let o € [0,1), v be a fuzzy closure filter and o be a fuzzy ideal of a decomposable stone ADL L

such thatv N o < o. Then there exists a prime fuzzy closure filter 1) such that v C nand nNo < o

Proof. Put { = {0 € FFe(L) |v C 6, 0Nno < a}.Clearly, v € & & # 0 and (§, Q) is a poset.
Let @ = {v; | i € Q} be a chain in {&. We prove that |J v; € & Clearly (|J »)(1) = 1. For any
ieQ i€eQ
a.b € Lo (U (@) A (U w)(0) = sup{onfa) | € 2 Asupey ()] € 2} = supls(a) Ary0) | €
1€ 1€
Q} <sup{(v; Uvj)(a) A (1; Ur;)(b) | i;5 € Q}. Since Q is a chain, v;

nu; or v; C v;. Without loss of generality, we can assume that v; C v; This implies v; U v; = v;. That

implies (|J v)(a) A (UQ v;)(b) < sup{v;(a) Avj)(b) |i € Q} =sup{ri(aAb)|icQ} = (U v)(and).

i€Q i€ i€Q
Again ({J v3)(a) = sup{vi(a) | i € Q} <sup{ri(aVb)|iec Q} = (| v)(aV b). Similarly, we get that
ieQ ieQ
(U vi)(b) < (U vi)(aVvd). Thisimplies (U vi)(a) V(U vi)(b) < (U vi)(aVd). Hence (| v;) is a fuzzy
i€Q ieQ ieQ ieQ ieQ i€Q
filter of L. Now prove that (|J ;) is a fuzzy closure filter. @a(|J v;)(a) = sup{(U w)(z) | (a)T =
i€Q i€Q i€Q

(z)*, @ € L} = sup{sup{wi)(z) | i € Q} | (a)" = (2)", x € L} = sup{sup{wi)(2) | (a)" = (2)", z €
LY|ie Q) =sup{a)|ie Q) =sup{ri(a) |ie Q = (U v4)(a). Thus U v; is a fuzzy closure

1€Q) 1€Q
filter of L. Since v;No < «, foreach (Y vi)No)(a) = (U vi)(a) Ao)(a) = sup{v;(a) | i € Q} ANo(a) =
ieQ ieQ
sup{vi(a)Ao(a)|i € Q} =sup{(v;Ac)(a)|i € Q} < a.Thus (| v;)No < a.Hence |J v; € €. By Zorn’s
i€Q i€Q)

Lemma, £ has a maximal element, say 6, i.e, J is a fuzzy closure filter of L such that v C jand 6 N6 < .
Now we show that d is a prime fuzzy closure filter of L. Assume that ¢ is not a prime fuzzy closure filter.
Let A\, A2 € FFc(L),and Ay N A2 € such that Ay € § and Ay € 4. Suppose §; = Ha()\l V§)and dy =
@a(Xa V §). Then both 1, d, are fuzzy closure filters of L properly containing d. Since d is a maximal in
&, we getthat 0,02 ¢ £ Thatimplies ;N0 < cvand ;N0 < . That implies there exist a, b € L such that
(61No)(a) > aand (62No)(a) > a. We have (61 No)(aVD)A(d2No)(aVb) > (d1Na)(a)A(d2No)(b) > «,
which implies (6;Na) (aVb) A (62N0)(aVb) = ((6:M0)N(52N0))(aVb) = (81 52)Na)(aVb) = ((Ta(AV
HN&aAVve))No)(avb) = (daMnNi) Vo) Nno)(aVvb) = (aa@d)no)(aVvd) = (6N60)(aVb) > a.
That implies (6 N o)(a V b) > o, which is a contradiction to § N ¢ < a. Therefore § is a prime fuzzy

closure filter of L. O
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Corollary 3.28. Let v be a fuzzy closure filter and o be a fuzzy ideal of a decomposable stone ADL L such that
v N o = 0. Then there exists a prime fuzzy closure filter n) such that v C nand nN o = 0.

Corollary 3.29. Lett € [0,1), v be a fuzzy closure filter of a decomposable stone ADL L and v(z) < c. Then

there exists a prime fuzzy closure filter 6 of L such that v C 6 and 6(x) < t.

Proof. Consider £ = {6 € FF¢(L) | v C #and 0(x) < t}. Clearly, we have that v € £, £ # (), and

(&,C) is a poset. Let @ = {v; | i € Q} be a chain in . By above theorem, J v; is a fuzzy closure

1€Q
filter of L. Since v; C 0 for each i € Q and 0(a) < t. (| vi)(a) = sup{vi(z) | i € Q} < 0(a) < t.
ieQ
Hence | v; € £. By Zorn’s Lemma, £ has a maximal element say d, i.e, ¢ is a fuzzy closure filter of

1E€EQ
L such that v C ¢ and v(a) < t. Next we show that ¢ is a prime fuzzy closure filter of L. Assume

that ¢ is not a prime fuzzy closure filter. Let A, Ao € FF(L), and A\; N Az C § such that Ay € 6 and
Ao & 6. If we put 61 = Ha()\l V) and dy = Ha()\g V §), then both §;, J; are fuzzy closure filters of
L properly containing d. Since ¢ is maximal in &, we get d1, 2 ¢ £. This we show that §;(a) < t and
d2(a) < t. Thus implies 61 (a) > t and d2(a) > t. We get (d1(a) A (62)(a) = (61N d2)(a) > t, which implies
61(a) Ada(a) = (a1 V) N el V) (a) = (Aa((Adr N A) V) (a) = @a(d)(a) = d(a) > t. That
implies §(a) > t, which is a contradiction §(a) < t. Thus J is a prime fuzzy closure filter of L.

g

Corollary 3.30. Let L be a decomposable stone ADL. Then every proper fuzzy closure filters of L is the intersection

of all prime fuzzy closure filters containing it.

Proof. Let v be a proper fuzzy closure filter of L.

Putn = ({6 | 0 is a prime fuzzy closure filter such that v C #}. Now, we proceed to prove that v = .
Clearly, v C n. Putt = v(x), for some x € L. This implies » C v and v(a) < t. By the above Corollary,
there exists a prime fuzzy closure filter 6 such that v C ¢ and §(x) < ¢. Thus,we have n C v. Hence,
v = 7. This result implies that every proper fuzzy closure filters of L is the intersection of all prime

fuzzy closure filters containing it. O

4. Fuzzy CLOSURE PRIME SPECTRUM

In this section, we studied the properties of the set of all closure fuzzy filters of a decomposable
stone ADL topologically.
Let L be a decomposable stone ADL and X denotes the set of all prime fuzzy closure filters of L. For
a fuzzy subset 6 of L, define H®(0) = {u € X© :0 C u},and X9 (0) = {n € X : 0 & pu}.

Lemma 4.1. For any fuzzy filters X and v of a decomposable stone ADL L, we have the following
() ACrv= XN\ CX%)
(2) X°Avr) =X\ UX)
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(3) XCAnv=XN\)nX).

Proof.

1. Letp € X9(A\). Then A € pand sov ¢ u. Thus p € X(v). Hence X¢()\) C X¢(v).

2. By condition 1, we have that X¢(\) € X¢(\ v v) and X¢(v) C XY(\ V v). That implies X¢(v) U
X9\ C XC(A V). Letp € XC(A V). Then AV v ¢ p. Since p is a prime fuzzy closure filter, we
get that A ¢ porv ¢ pand hence p € X(\) or u € X%(v). Therefore p € X¢(\) U X (v). Thus
XCAvr) =X\ uX).

3. Clearly, we have that X“(ANv) C X“(A\) N X%(v). Letp € XN NXYv). Then A € pand v € pu.
Since p is a prime fuzzy closure filter, we have that A Ny ¢ p. That implies u € X¢(A N v) and hence
XN\ N X%w) € XC(Anv). Therefore XC(\) N X%(v) = XC(Anv). O

Lemma 4.2. Let \ be a fuzzy subset of L. Then X©(\) = XY ([\))

Proof. Since A C [\), X¢(\) € XY([\)). Letu € X([\)), Then [\) € u. That implies A ¢ . Suppose
A C p, then [\) C pu, Which is not possible. Therefore € X¢(\) and hence X¢(\) = X¢([)\)). O

Lemma 4.3. Let z,y € L, and o € (0, 1]. Then we have the following

1) U X%wa) S XC
z€L,ae(0,1]
(2) Xc(xa) N Xc(ya) = Xc((x VYa)

(3) X(za) UX(ya) = X ((x Ay)a)-

Proof.

1. Clearly, we have that U X%x,) € XC Letp € XC. Then Impu = {1,r},r € [0,1). That
z€L,ae(0,1]
implies there exists an element x € L such that y(z) = r. Let us take some « € (0, 1] such that a > r.

That implies p € X C(:va) and hence y € U X%(x4). Therefore X¢ C U X%(x,). Thus
z€L,ae(0,1] z€L,ae(0,1]

X¢ = U X% za).
z€L,ae(0,1]

Let p € X9 (24) N X% (ya) =p € XC(24) and 1 € X (y4)
=z, ¢ pandy, € p
=a > p(z) and a > p(y)
=a > p(z) vV uly) = plz Vy)
=@ Vyla g p

=p€ X ((zVya).
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Therefore X% (z4) N X% (ya) € X ((z V Y)a).

Let p € XC((2Vy)a) =(xVy)a L p

=a > plxVy) = u(x)Vu(y) as pis prime

=a > pu(x)and a > u(y)

=zo ¢ pand yo € p
= € X9(24) and p € X(ya)

=p € X (a) N X (ya)-

Therefore X ((2 V 9)a) € X (24) N X%(ya). Hence X (2,) N X% (ya) = X (2 V y)a)-
3. The proof similar to 2. O

Lemma 4.4. Let ay, a0 € (0,1],a = min{a1, az} and any z,y € L. Then X (0,) N X (ya,) = X((zV
Y)a)-

Proof. Let 1 € X (24,) N X% (Yay)- Then zo, ¢ pand yo, € p. That implies aq > p(z) and ag > u(y).
Since i, is a prime filter of L and z,y ¢ p., we have that z V y ¢ p, and p(z) = pu(y) = p(x vV y). That
implies @ = a1 Aaz > p(zVy), Whence (2Vy)o € pandsou € XO(2Vy)a). Thus X (24,)N X (Yay) C
X% (zVy)a) Letp € XC((xVYy)a). Then (xVy)q ¢ p. That implies o > p(z Vy) = pu(x) V u(y). That
implies a; > pu(z) and oo > p(y) and 24, € pand y,, € u. Therefore p € X%(24,) N X (ya,). Hence
X (2ay) N X (Yaz) = X((2V y)a)- 0

Lemma 4.5. The collection T = {XY(0) : 0 is a fuzzy filter of L} is a topology on X©.

Proof. Consider the fuzzy subsets A\, A2 of L defined as : A\;(z) = 0 and Xy(z) = 1forall z € L.
Clearly [\) and )\ are fuzzy filters of L. [\;) C p for all u € X¢. Thus X([\1)) = 0. Since each
1 € X is non-constant, Ao ¢ p for all p € X¢. Thus X9(\2) = X©. This implies 0, X¢ € T. Also
for any fuzzy filters A\; and A2 of L, by Lemma-4.1 we have X (A1) N X9 (\2) = X%(\1 N A2). This
show that 7 is closed under finite intersections. Next, let {);,7 € 2} be any family of fuzzy filters
of L. Now we prove that J XC\) = XC([‘U Ai)). Let u € XC([‘U Ai)), then [ U i) € w, which
implies that \; ¢ p for sonlfegz' € 0. Otherwisez fo Ai C pforeachi e S,Qit will be true that [U A) € pe
Thus p € U X%(\;) Whence XC([’U Ai)) € U XY(\). Clearly U XC\) C XC([U ;\6132) Hence
UQ X C(/\i)le:Q X UQ Ai)). ThereforZeE,QT is closzeecsl2 under arbitrary uﬁ?ons and hence, itzies\,Q topology on
S i€

X¢. O

Theorem 4.6. Let B = {X%(z,) : z € L, € (0, 1]}. Then B forms a base for some topology on T.
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Proof. By conditions 1 and 2 from Lemma-4.3, it follows that 8 forms a base for some topology on

XC. O
Theorem 4.7. The space X is a Ty-space.

Proof. Let 1,0 € X© such that u # 6. Then either u ¢ 6 or 0 ¢ u. Without loss of generality, we can
assume that ¢ . Then 6§ € X (u) and pp ¢ X (1). Thus X is a Ty-space. O

Theorem 4.8. For any fuzzy filter ju of L, X () = XC (& a(w)).

Proof. Clearly we have that for any fuzzy filter y of L. n C @wa(p). Then X (1) € X(a(p)).
Conversely, let § € X°(%a(u)). Then @a(u) ¢ 0. Suppose § ¢ X(u), then pu C . This implies
@a(p) C 0° = 0, which is not possible. Thus § € X¢(u) and so X (wa(n)) € X(u). Hence

XC(u) = XC(Fa(w)). O

Theorem 4.9. For any fuzzy filter pof L, X¢(u) = U X (za).

Ta €M

Theorem 4.10. The lattice F F (L) is isomorphic with the lattice of all open sets X©.

Proof. The lattice of all open sets in X is (7,N, U). Define the mapping f : FF¢(L) — T by f(u) =
X% () forall p € FFo(L). Let pu, 0 € FFo(L). Then f(pU6) = f((uV6)°) = XC(uv o) =X(u) U
XC0) = f(w)U f(0),and f(un6) = XC(uno) = XC(u) N XY(0) = f(u) N £(6). That implies f
is homomorphism. Since X% (1) = X¢(Wa(p)) and wa(u) € FFo(L),¥XC(u) € T, there exists
@alp) € FFo(L) such that f(&a(u)) = X€(u). Hence f is onto. Next we prove that f is one to one.
Let f(1) = f(0). Suppose that ;1 # 6, then there exists z € L such that either p(z) < (x) or §(z) < p(x).
Without loss of generality, we can assume that p(x) < 6(z). Put 8(x) = a, then by Corollary-3.29, we
can find a prime fuzzy closure filter & of L such that u C 6 and 6(x) < . This implies § ¢ X¢ (1) and
0 ¢ §. This show that § ¢ X“(u) and § € XY(0). This is a contradiction f(u) = f(0). Thus p = 6.

Hence f is an isomorphism. O

For any fuzzy subset 6 of L, X (0) = {u € X : un € 0} is open set of X© and HY(0) = X\ X (0)
is a closed set of X©. Also every closed set in X is the form of H®(f) for all fuzzy subset of L. Then

we have the following;:

Theorem 4.11. The closure of any A C X© is given by A = HE( () p).
HEA

Proof. Let A C X% and v € A. Then N\ € Au C ~v. Thus v € HY(y) € HY( () u). Therefore,
HEA
HC( N p)is a closed set containing A. Let C be any closed set containing A in X¢. Then C = H®(0)
HEA

for some fuzzy subset of 6 of L. Since A C C = H(6), we have 6 C p forall u € A. Hence § C ) p.
neEA
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Therefore, HY( (| u) € HY(9) = C.Hence H®( (N u) is the smallest closed set containing A. Therefore,
HEA HEA

A=HO(N p). 0
HEA
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