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1. INTRODUCTION

The near-ring theory was introduced by Pilz [8]. The concept of I'-rings, a generalization of a ring,
was introduced by Nobusawa [7]. I'-near rings (GNRs) were defined by Satyanarayana [16], and the
ideal theory in GNRs was studied by Satyanarayana [ 16] and Booth [1]. Further, several authors studied
various algebraic structures on GNRs, like ideals, weak ideals, bi-ideals, quasi-ideals, and normal
ideals on GNRs. The idea of bipolar-valued fuzzy sets (BFSs) was given by Zhang [20], which is the
extension of the theory of Zadeh's fuzzy sets (FSs) [19] to BFSs. Later, taking into consideration, many
authors applied fuzzification on crisp sets, like Satyanarayana studied and invented the idea of fuzzy
ideals, prime ideals of GNRs. Some results and properties on fuzzy ideals of GNRs are discussed by
Jun [4]. In order to study uncertainty, the application of bipolar fuzzification, which is a generalization
of FSs, has been developed by Jun and Lee [5]. Several researchers like Ragamayi [9-15,17,18] done
their research on the development of the BFS theory on different algebraic structures like semigroups,

groups, semirings, rings etc.
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As a continuity of all these, we introduced bipolar fuzzy ideals and bi-ideals on GNRs in 2023. Now,

we are studying bipolar fuzzy weak bi-ideals of GNRs.

2. PRELIMINARIES

Definition 2.1. [8] A near ring is a nonempty set R equipped with two binary operations + and - such
that

(i) (R, +) is a group,

(ii) (R,-) is a semigroup,

(iii) (@ 4+ b)c = ac + be, Va, b, ¢ € R obeying only right distributive law over addition.

Definition 2.2. [16] A I'-near ring (GNR) is a triple (Mg, +,T') where
(i) (MR, +) is a group,
(ii) I' is a nonempty set of binary operators on M such that for each a € T', (Mg, +, ) is a near ring,

(iil) Ya(wlk) = (Yaw) Bk, Vi,w,k € Mp,a, B € T.
Definition 2.3. [6] A GNR Mfp, is said to be zero-symmetric if a0 = 0,V € Mp,a € T.

Definition 2.4. [4] AnFS ¢ in a GNR Mp, is a fuzzy sub I'-near ring of Mp, if

(1) £(¥ —w) = min{g(¢), §(w)}, Vb, w € MR,
(i) &(Yaw) = min{&(y), §(w)}, Vi, w € Mg, € T.

Definition 2.5. [5,20] Let Mpr be a GNR and Bp be a BES of My. We say that Br = (ng, ‘ng) isa
bipolar fuzzy sub I'-near ring (BFSGNR) of Mp, if

(1) &, (0 — w) > min{&h, (V). 65, (@)}, Vo0 € Mp,

(i) &5, () — w) < max{€ (¥), &5, (@)}, Y,w € Mp,

(iii) &5, (Waw) > minf&f, (¥),65 ()}, Vib,w € Mp,a € T,

(iv) €5, (Waw) < max{&p, (), &, (@)}, Vibhw € Mg, € T

If B= (5;,27 {p,,) satisfies the conditions (i) and (ii), then it is called a bipolar fuzzy subgroup (BFSG) of
Mpg.

Definition 2.6. [16] Let My be a GNR and Apr be a nonempty subset of M. Then Ap, is said to be left
(resp., right) ideal of Mp if

(i) —w € Ar,Vip,w € Ap,

(i) w+y—we Ag, VY € Ip,w € Mpg.

(iii) aa(yp +b) — aab € AR (resp., Ypaa € Agr), V¢ € Ag,a,b € Mpr,a €.

Definition 2.7. [4] An FS ¢ in a GNR MFp, is called a fuzzy left (resp., right) ideal of Mp, if
(1) (¢ — w) > min{(y), (W)}, Vo, w € Mp,
(i) {(w + 9 —w) = £(1), Vb, w € M,
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(iii) £(aa(yp 4+ b) — aab) > E() (resp., E(Yaa) > £(¥)), Vip,a,b € Mp,a €T

Definition 2.8. [4] A BFS B = ({ER, €p,,) of a GNR Mp, is called a bipolar fuzzy ideal (BFI) of Mp if
(i) &5, (4 — w) = min{&h, (), 66, (@)}, Ve, w € Mp,

(it) &5, (W + ¥ —w) > & (1), Vih,w € Mp,

(iii) &5, (aa(y +b) —aab) > & (¥) and £ (Yaa) > &f (), Y, a,b € Mp,a €T,

(iv) &5, (1 — w) < max{€p, (V). €5, (@)}, Vo, w € Mg,

(V) €pp(w+ ¥ —w) < &5 (), Vih,w € Mg,

(Vi) &g, (ac(yh 4+ b) —aab) < &g (V) and &y (Vaa) < &g (), Vi, a,b € Mg, a €T

Definition 2.9. [2] A subgroup Bp of a GNR (Mg, +,T") is said to be a bi-ideal of Mp if BRI' MpI'Br C
Brg.

Definition 2.10. [6,18] An FS ¢ in a GNR Mp, is called a fuzzy bi-ideal of Mp, if

(i) £(¥ —w) = min{&(¥), {(w)}, Vb, w € MR,

(i) €(w + 1 —w) > (), Vb, w € Mp,

(iii) &(min{(YawBk), Ya(w + k) — Yaw} > min{{(),£(k)}, Vi), w, k € Mp,a, B € T.

Definition 2.11. [3] A subgroup Wg of a GNR (Mg, +,T") is said to be a weak bi-ideal (WBI) of Mp, if
WrI'WRI'WE C Wg.

Definition 2.12. [3] AnFS ¢ of a GNR Mg, is called a fuzzy weak bi-ideal (FWBI) of Mp, if
(i) £(YawpBr) = min{{(¢), §(w), §(k)}, Vi, w, & € Mg, o, f € I.

Remark 2.13. [20] Let B = (§§R,§§R) be a BFSG of a GNR (Mg, +,T"). Let ¢,w,k € Mg, € T be
such that ¢ = wak. Let

(€5, * Ep,) (W) = sup {min{&} (w), &5, ()}}

PY=wak

(€5 * €5 () = inf {max{&5, (), &5, ()}}.

Definition 2.14. [18] A BFS B = (SER, £p,,) of a zero symmetric GNR Mp, is said to be bipolar fuzzy
bi-ideal (BFBI) of Mg, if

(1) &, (0 — w) > min{eh, (V). 65, (@)}, Vo0 € Mp,

(i) &, (0 + 0 —w) > €6, (), V), w € Mg,

(iii) & (min{yaw Bk, Ya(w + k) — pow}) > min{¢f (¥),&f (k)} Ve, w,k € Mg, o, B €T,

(iv) €5, (¥ — w) < max{€g, (¥). &5, (@)}, Vi), w € Mp,

(V) €, (w+ v —w) < &g, (¥), Vo, w € Mp,

(vi) §§R(min{wawﬁn,wa(w + k) —Yaw}) < max{ggR(w),ng(m)},Vw,w, k€ Mg,a,B€T.
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3. BrrorLaAR Fuzzy WEak Bi-IpeaLs or I'-NEAR RiNGs

This section introduces and studies the notion of bipolar fuzzy weak bi-ideals of GNRs and their
properties.

This paper’s Mpr denotes a zero-symmetric GNR with at least two elements.

Definition 3.1. ABFS B = (¢ ,£5,) of M is called a bipolar fuzzy weak bi-ideal (BFWBI) of Mp, if
(1) €5, (¥ —w) = min{&f (1), &4, ()}, Vi, w € Mg,

(i) £, (1 — w) < max{€5, (1), 65, (@)}, Y, w € Mg,

(i) &, (Yawsn) > min{€h, (1), &5, (@), & (K)},Vo,w, 5 € Mp,a, B €T,

(iv) &g, (Yawpr) < max{{y (¥). {5, (W), &5, (k)}, Vi, w,k € Mg, o, B €T,

Example 3.2. Let M i = R be the set of real numbers, which is clearly a GNR. Let Br = (§f§R, §§R),
where ng () : Mg — [0,1},€5, (¢) : Mg — [—1,0] defined by

0.21, if 1 = 0
&5 () =< 063, if ¢ >0
0.72, if ¢ < 0

—0.42, ifp =0
{p,(¥) =1 —0.51,if¢p >0
—0.64, if ¢ < 0.

Then Bp is a BEWBI of Mpg.

Theorem 3.3. Let Bp = (55,5, ) be a BFSG of Mp. Then Br = (£ ,€p, ) is a BFWBI of M, if and only

l.fEER * ggR * €ER g gER and ng * é.gR * €§R :—) ggR'

Proof. Let B = (ng,ng) be a BEWBI of My. Let ¢, w, k,wi,ws € Mp,a, 8 € T be such that ¢y =

wak,w = wyPwsy. Then

(&b, * €6, * E5,) ()
= sup {min{(&}, *&f )W), (€5,)(K)}}

P=wak

= sup {min{ sup {min{¢f (w) &f, (wm)}}, 65, (K)}}

P=wakr w=wy Bwm

— sup { sup {min{min{e, (@), &, @)} €5, ()11}

PY=war w=w;LBwm

= sup {min{ng(wl),ng (wm),ng (H)}}

P=w; Pwmak
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Since §§Ris a BFWBI of My, we have

gER (wlﬁwma”{) > min{fER (Wl), gER (Wm)7 gER (’{)}

< sup {é’ER(wlﬂme‘ﬂ)}

P=w Bwmak

= &5 ().

Now,
(€, *8py, *Ep,) (W) = Inf {max{($p,, % &5, ) (@), 5, (R)}}

= inf {max{w_inf {max{{y (wm), &z, (wm)}}, €5, (k) 1}

PY=wak =wWm Lwm

= inf { in% {max{max{¢{p (wm),&p, (wm)}. &5, (k) }}}

P=wak wW=wmPwm

= inf  {max{{z_(wm),{p,(wm) &g, (K)}}.

h=wm Pwmak

Since f;}RiS a BEFWBI of Mg, we have

fﬁR (WmBwmak) < maX{fER (wm), §§R (Wm), ng(ﬁ)}

> inf {§§R (WmBwmak)}

T=Wm Bwmak

= &5, ().

If ¢y cannot be expressed as 1) = wak, then
(€5, * €y * SB,) () = 0 < &5 (¥),

(€pg *Epy *$p,) (W) = 0= &, (V).
In either case,

Ebn * b ¥ EB, C Eb

€ar * €8, * €8y 2 $Bp
Conversely, assuming that £« &f « & C&f and &g # &g *&5, D &5, .
Let ¢/, v,w,k € Mg and «, 3, a1, 1 € I be such that ¢/ = Y awfk. Then

€5 (howpn) = £ (&)
> (Eh, * €5, * B, (W)

= Wszlj)g q{min{(ng * ng)(p)a §ER(Q)}}

= sup {min{ sup {min{€} (), &5, (Pm)}}: €5, (0)}}
Y'=paiq P=pi1B1Pm
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= sup {min{ﬁER(pz)vng(pm),@R (@)}}
'=p1f1pma1q

> min{&, (8), &6, (@), &5 (0)}

&5 (Yowpz) = £5 (1)
< (&3, * €8, * €5, (W)
— inf q{max{(ggR * &5 ) () €p, (D)}

' =po
= inf {max{ inf {max{{z (m).&{p,(Pm)}}.{p,(0)}}
P'=paaq p=p1B1Pm

= inf {max{¢p, (n) &5, (Pm), {5, ()} }
Y'=piBipmaiq

< max{¢g, (1), &5, (@), 5, (7).

Hence,
&5 (Yawprk) > min{¢h (¥),65, (W), &5, (K},
§5 (Vawpk) <max{¢p (¥), &5, (W), &5, (k) }
Hence, Br = (¢5,.,€5,,) is a BEWBI of Mp. O

Theorem 3.4. If Ar and Br are BEWBIs of Mg, then the product Ar *+ Br and Bg, x Ar are also BEWBIs of
Mp.

Proof. Let Ap = (ij, §a,) and Bg = (§§R, {p,,) be BEWBIs of Mp and let ), w € Mg. Then

SXR*BRW ~w)

= sup {min{fj{R ((17)7 §§R(bv)}}
P—w=aab

> sup {min{ﬁXR (a; — am), ng(bl —bm)}}

Y—w=aa1bj—ama2bm<(a;—am)(bj—bm)
> sup{min{min{¢} (a;),&} (am)}, min{&x (b), &5, (bm)}}}
= sup{min{min{¢} (), &5, ()}, min{€} (am), &5, (bm)}}}

> min{ sup {minf€f, (@), &5, (00}, swp  {min{€], (on). &6, ba)})

Y=a;a1b; Y=amo2bm

= min{fXR*BR (@b)) SXR*BR (w)}7

fZR*BR(T/’ —w)

= inf b{max{ﬁZR (ay), €5, (b7)}}

PY—w=a«o

< inf ){max{igR(al — am), §§R(bl —bm)}}

T Y—w=a;a1bj—ama2bm <(a;—am)(b;—bm
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< inf{max{max{€;, (@), €3, ()}, max{&p, (50), €5, (b} }}
— inf{max{max{€;, (@), 5, ()} min{&s, (), €5, (ba) 1}

<max{ inf {max{¢; (a) &g, (b)}}, ~inf {max{,, (am),&p, (bm)}}}
% by

=a;a w=ama2bm

= max{§ZR*BR (), fZR*BR (w)}.

In the remaining two cases, we got it right away. Hence, Ar * Bp is a BEWBI of Mp. O
Theorem 3.5. Every BFI of Mg is a BFBI of M.
Proof. Let Bp = (u}gR, 1p,,) be a BFL of Mp. Then

Wby * MR * pgy, C pg, * Mex Mp C puj o« Mg C pify

Pp,*Mpr*pg, 2 pg, * Mp*xMgr 2 g, + Mg 2 pg,.
Therefore, Br is a BFBI of M. O
Theorem 3.6. Every BFBI of Mg is a BFWBI of M.

Proof. Let Br = (¢4, ,¢5,,) beaBFBlof Mp. Then &y «Mpx&y C &f  wehave&f «&f «&f C&f +
Mpx&f . Thisimplies that & «&f &5 C &5 «Mp+&h  C &f . Similarly, since £« Mpxép D &y,
we have B *E€n, * €8y 2 € * MR * &R, This implies that By *E€n, * €8y 2 EBp * Mr*Ep, 2 &5,
Therefore, Br is a BEWBI of Mpg. O
Theorem 3.7. Every BFI of Mg is a BFWBI of Mpg.

Proof. It is a straightforward result from Theorems 3.5 and 3.6. 0

Theorem 3.8. If Ar and Bp are BFWBIs of Mg, then Ar N Bp is alsoa BEWBI of Mp.

Proof. Let Ar and Br be BFWBIs of Mp. Let ¢,w,x € Mp and a € I'. Then

(€4, NEs) W —w)

— minf€}, (¥ —w), &, (¢ — )}

> min{min{€}, (), &1, ()}, min{e, (), 65, @)})
— min{min{€}, (¥), &5, ()} min{¢l (@), &, (@)}

> min{(§4, NEE )W), (€1, NER) (W)}
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(€4, NER,) (Wawp)

= min{¢] (vawpk), & (vawpk)}

> min{min{¢}_(¥),&5, (@), €4, ()}, min{€h (), &5, (w), €5, (5)}}

= min{min{€} (¢), &}, (@), €4, (k). 65 (), &5, (@), &5, (k)}}

= min{min{¢; (), &%, ()}, min{&}, (W), &4, (W)}, min{€] (k). 64, (k) }}
> min{ (¢, N&5,) (W), (€1, NEL )W), (€1, NEL,) ()}

Similarly, we can show that
(€4, NEp) (¥ —w) <max{(y, NEp )W), (€4, NEp,) (W)}
(&x, NEp,) (Wawar) <max{(E5 NEZ )W), (€4, NEL )W), (€5, NEL ) (K)}.
Hence, Ar N By is a BEWBI of Mg. O

Theorem 3.9. If Ar and Br are BFWBIs of MR, then Ar U Bpr is also a BFWBI of My if Arp C Bpg or
Br C AR.

Proof. Let Ar and Br be BEFWBIs of My such that Ar C Bg. Let,w,x € Mrand o, 5 € I'. Then

(€4, UEE) (W —w)

= max{€} (Y —w),&h, (¥ —w)}

=&p, (Y —w)

> min{& (¥), €5, (W)}

= min{max{¢} (), &, ()}, max{€] (@)&h, (w)}}

= min{(§f, UEE )W), (€1, UER, ) (@)},

(€4, UEp,) (awpr)

= max{¢} (bawpr), & (vawpr)}

= &5, (Yawpk)

> min{¢f (¥), &5, (W), €5, (K)}

= min{max{¢}, (v), &}, (¥)}, max{€}, (W), &5, (W)} max{€], (k), &5, (k)}}
=min{(&} U&E )W), (1, UL )W), (€5, V&S ) (K)}.

Similarly, we can show that

(€4, U, (¥ —w) <max{(y, ULy, )(¥), (€4, Up,) (@)}
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(€a, Uép,) (Wawhk) < max{(&1, UEL, ) (W), (€, UES (W), (€4, UER,) (%)}
Hence, Agr U Br is a BEWBI of Mp.
Similarly, if Br C Ag, then Ag U B is a BFWBI of Mp. O

Remark 3.10. Let Ap = (§;§R, €a,) and Br = (§§R, {p,,) be BEWBIs of My defined by

0.21, if ¢ = 0 —0.42, if ) =0

&h. W) =1 063, ifp >0 ,&5, () =< —0.51, if gy >0

| 072, if ¢ <0 —0.64, if 1 < 0

(019, if ¢ = 0 [ _0.35, if ¢ = 0

&5, () =< 054, if >0 , &5, () =< —0.47, if ¢y > 0

| 083, ifp <0 | —0.73, if ¢ < 0

Then

0.21, if ¢ = 0 —0.42, if =0
X um, (W) =13 063, if ¢ >0 ,&4,08,(%) =4 —0.51, if ¢ >0
0.83, if 1 < 0 —0.73, if ¥ < 0

By routine computation, it is clear that the union of two BFWBISs is not a BFWBI.

Theorem 3.11. A BFS Br = (£§R, £p,,) of M is a BEWBI of Mp, if and only if for all p € [0,1], 0 € [-1,0],
the (p, 0)-cut Bgy,, is a WBI of Mg.

Proof. Let B = (ggR,ggR) be a BFWBI of My. Let ¥,w,k € Bgry, for p € [0,1],0 € [~1,0]. Then
&5 () > p, &5 (W) > p, &5 (k) > pand & (¥) < 0,€p, (@) < 0,€5, (k) < 0. Leta, 3 € T'. Then
b, (¥ —w) > min{ép (¢), &5 (w)} = min{p, p} = p,
&5, (Wawpr) > min{&h (), €5 (w), &5 (k)} = min{p, p, p} = p,
§]§R(¢ - Ld) < max{féRW)a §§R (w)} = maX{Q> Q} = 0,
€5, (WawBz) < max{éy (¥),&5, W), &5, (k)} = max{o, 0, 0} = o.
Therefore, ) — w,YawpBr € B, ,. Hence, Bg, , is a WBI of Mp.

Conversely, assume that Bg, , is a WBI of My for all p € [0,1],0 € [-1,0]. Let ¢,w,x € Mg and
a, B € I'. Suppose
€5, (¥ —w) <min{¢f (¥),€5, (W)}
Choose p € [0,1] such that §§R(w —w) < p< min{ng(w),ggR(w)}. Then §'§R(1/1) > p, §§R(w) > p
and §j§R(w —w) < p. Thus §§R(1/1) > p, §§R(w) > pand {ER(QL —w) < p. Then ¥,w € Bg,o but
) —w ¢ Bryp, which is a contradiction. Thus & (¢ — w) > min{¢f (¢), &5 (w)}. Similarly, we can

prove {p (¢ —w) < max{{p (v),{z, (w)}. Again, suppose

Eh,(Wawpk) < min{€f (), &5, (W), 5, (k)}-
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Choose p € [0,1] such that fER(Q/)OéOJ,BIi) < p < min{fER(lﬁ),&ER(w), fER(n)}. Then SER(dJ) >
t,ﬁER(w) > p,ﬁER(ﬁ) > p, and {ER(wawB/i) < p. Then 9, w, k € Bryo but Yawpr ¢ Br,o, whichis a
contradiction. Thus £ (Yawfk) > min{é} (¢),&5 (w),€5 (x)}. Similarly, we can prove

g, (awpk) < max{{p (¢¥),{p, (w),{p,(x)}. Therefore, Br is a BEWBI of Mp. O

Theorem 3.12. Let S be a non-empty subset of Mp. Then the characteristic set of S, Bs = (£§R, {p,)isa
BFWBI of MR if and only if S is a WBI of M.

Proof. Assume that Bg = (ggR,ggR) is a BFWBI of M. Let ¢,w,x € S and o, 8 € I. Then
b (¥ —w) = min{g, (), &4, (w)} = min{l,1} =1,
&5, (Wawpk) > min{ef (¥), 65, (), €5, (k)} = min{l, 1,1} =1,
$p, (¥ —w) < max{¢p (¢),{p, (W)} = max{-1,-1} = 1,
§pp(awfr) <max{y (V). &5, (W), &g, (k)} = max{-1, -1, -1} = —1.
Thus ¢ — w € S,Yawfk € S. Therefore, S is a WBI of Mp.

Conversely, suppose that S is a WBI of Mp.
(i) If Y,w,k € Sand o, 5 € T, then

b () =& (W) =¢5 (k) =1
and also 1) — w, YawpPr € S. Therefore,
&5, (Y —w) =1=min{&f (¢),&5 (W)},
€p,(awpr) = 1 =min{¢f (), &5 (w),&5,. (r)}.
(ii) If Y,w,xk ¢ Sand «, 8 € T, then
5, (V) = &5, (W) = &5 (k) = 0.
Therefore,
b, (¥ —w) > 0=min{&y (¥),&5, (W)},
€p, (Yawpr) > 0 =min{¢p (), &5 (w), &5, (k).
(iii) If Y,w € S,k ¢ S, and «, 5 € T, then
5, () =&, (W) = 1,65 (k) = 0,9 —w € S,
Therefore,
&5, (Y —w) =1=min{ef_(¢),&5 (W)},
&b, (WawBr) > 0 = min{&h (¥), &5, (W), &5, (k)}.
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(iv) If Y,k € S,w ¢ S,and o, B € T, then

&5, (W) = &4 (k) = 1,65 () =0.
Therefore,

5, (¥ —w) > 0=min{¢f (¥),64, (W)},

Ep, (awBr) > 0 =min{éz (v),&5, (), &5, (1)}

(v) Ifw,k € S,¢ ¢ S,and «, 5 € T, then

& (w) =&k (k) =1,¢f (¥) =0.
Therefore,

5, (0 —w) = 0=min{¢f (), &5, (w)},

Ep, (awBr) > 0 =min{éz (v), &4, (W), &5, (1)}

(vi)If¢yp € S,w,k ¢ S,and o, 8 € T, then

Ebp(¥) = 1,Eh, (W) = G, (k) = 0.
Therefore,

b, (0 —w) > 0=min{¢f (v), &5, (w)},

& (bawBr) > 0 = min{éf (¢), 5 (w), &5 (%)}

(vii) If w € S,¢,k ¢ S,and «, 8 € T, then

& (W) =1,¢5 (v) =¢&f (k) =0.
Therefore,

&5 (0 —w) > 0= min{¢} (), &5 (@)},

b, (bawBr) > 0 = min{éx (¥), &5 (w), &5, (1K)}

(viii) If kK € S;9,w ¢ S, and «, 8 € T, then

Eha(k) = 1,65 (0) =&f (w) = 0.
Therefore,

&5, —w) > 0 =min{ef (), &5 ()},

5, (Wawpk) > 0 = min{ef (), &5, (W), &5, (k)}-

Similarly, we can show that {z (¢ —w) < max{{p_(¢),{p, (w)} and

{p,(Wawpr) < max{{p (¥),{p, (w),{p, (k)} forall Y,w,x € Mg and a, 8 € I'. Therefore, By is a

BFWBI of Mp.

O
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Theorem 3.13. A GNR homomorphic image of BEWBI possessing both supremum and infimum properties is a
BFWBL.

Proof. Let ¢ : Mr; — Mpg2 be a GNR homomorphism. Let Ap = (Mg, §XR, §ZR) be a BFWBI of Mg,
possessing both supremum and infimum properties. Let QFR be an FWBI of Mg, possessing supremum
property. Let Bg = (Mpg2, §ER, ggR) be the GNR homomorphic image of Ag in Mps. Let E;FR be the
image of 5;[}2. Let ¢(¢), p(w), ¢(k) € Mps. Then

Yo €971 (3(V) 2 EF, (z0) = sup  {€], (ay)},

ay€p~H(p(¥))

wo € (GW) 3 €L (wo) = swp  {€h (a)h,
ar€d~(p(w))

Ro € 67N 6(0) 3 €L (o) = sup  {&] (a)}.
ay€p~H(o(k))

Consider,

5, (0(Y) — d(w))

= sup {€4,(a7)}
a, €671 (B(1)—9(w))

= &4 (o — wo)
> min{fZR (wo)’f,—Aj—R (wo)}

=min{ sup {¢} (ay)},  sup  {¢] (ay)}}
a, €071 (6() ay€01(6(w)

= min{ef, (6(1)). &5, (6(w))}.

&5, (D) ad(w) B (r))

= sup {§,J4FR (ay)}
ay €9~ H(p(P)ad(w)Bo(k))

= &3, (Yoawo Bro)
> min{&}(20), €4, (wo), €4, (%0)}

=min{ sup {&} (a)}, swp  {&f, (ay)},  sup  {&F (a))}}
a,€61(6(1)) a4€61(9(w)) a4€6™1(9(x))

= min{&f (1)), Ep, (0(w)), &5, (9(K))}-
Therefore, §§R is an FWBI of Mp,. Similarly, we can show that

5, (0(1) — p(w)) < max{€p (¢(¥)), &z, (0(w))}
and £ (0(Y)ad(w)Be(k)) < min{Ey, (¢(¢)), €5, (¢(w)), &g, (B(K))}

Hence, the GNR homomorphic image of a BEWBI possessing both supremum and infimum properties

is a BFWBI. O
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Theorem 3.14. A GNR homomorphic pre-image of a BFWBI is a BEWBL

Proof. Let ¢ : My — Mp2 be a GNR homomorphism. Let B = (Mpg2, §§R, §]§R) be a BFWBI of Mgs.
Let Ap = (Mp, ij, fZR) be the GNR homomorphic pre-image of Br in Mp;. Let ¢, w, x € Mp; and
a, B €T. Then

&, —w) =5 (0 —w)) = &5 (8(¥) — ¢(w))
> min{¢5, (6(v) — &5, (6(w))}
= min{¢} (¥) — &4 (W)},

&, (WawBr) = & ($(pawpr))
= &5 (B()ag(w)Be(x))
> min{¢}, (6(v)) oy, (6(w))BER, (d(k))}
= min{¢} (), &5, (@), &4, (0}

Similarly,
€1, (0 —w) < max{€y (V) — €3, (@)},
Eap (awar) < max{&y, (v), &, (@), €4, ()]
Hence, the GNR homomorphic pre-image of a BFWBI is a BFWBL. O

4. CONCLUSION

In this article, we explored the notion of BEWBIs of GNRs and studied the algebraic properties of the
intersection and the union of BEWBIs of GNRs. We also investigated the characterization of BFWBIs
of GNRs in terms of level cut sets. Further, we extended our study to the homomorphic image and
pre-image of BEWBIs of GNRs. In future, our work will be followed by the introduction of bipolar

fuzzy prime ideals of GNRs, which play a crucial part in the ideal theory of every algebraic structure.
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