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1. INTRODUCTION

The foundational idea of a fuzzy set was first introduced by Zadeh [12], and it offers a framework
for the generalization of many fundamental ideas in algebraic constructions. The idea of a (€, € Vqy)
- fuzzy subgroup, which was first introduced by Sandeep Kumar Bhakat and Pratulanada Das [7].
The concepts of a (€, € Vqy,) - fuzzy subnear-ring and (€, € Vqy,) - fuzzy ideals of near-rings have been
introduced by Narayanan and Manikantan [9]. In, Dheena and Coumaressane specified the terms
(€, € Vqi) - fuzzy sub-near-ring and (€, € Vg;,) - fuzzy ideals of near-rings, resp,. We refer readers
to [4,5,9,10,13] for more information on (€, € Vqi) - fuzzy algebraic structures. The idea of a soft set,
which can be thought of as an efficient mathematical tool to deal with uncertainty, was first introduced
by Russian researcher Molodtsov in 1999. The definitions of fuzzy soft set and fuzzy soft set operations
were provided by Maji et al. [7]. The terms fuzzy soft ring and (€, € Vg;) - fuzzy soft ring over a

ring were defined by Inan and Ozturk [6]. Ozturk and Inan have expanded these ideas to near-rings
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in [10]. In this article, we establish the concepts of (€, € Vg;) - FSBN and (€, € Vg;) - FSI over BN,
respectively, which are generalizations of (€, € Vgy) - FSBN and (€, € Vg;) - FSI, and we study some of
their properties using examples. Additionally, we present the definitions of a (€, € Vgy) - FSSBN of an
(€, € Vqi) - FSBN and derive some results that are related to them.

2. PRELIMINARIES
The fundamental ideas that will be used in the following sections are presented in this section.

nn

Definition 2.1. A near-ring (NR) is a set V' that is not empty and has the binary operations "+" and "
that satisfy the axioms that,

(i) NV is a group under the operation +,

(ii) NV is a semigroup under the operation -,

(iii) (b +e) c=bc+ecforall be,c € N
Definition 2.2. A near-ring \ is said to be Boolean Near ring if a® = a.

Definition 2.3. [1] A F-subset a of N is named as F-sub-NR of N if Vg, s € N,
(i) a(g — s) > M{a(g),a(s)}, [M is min, in short]
(i) a(gs) = M{a(g), a(s)}

Definition 2.4. [1] A F-subset a of N is named as FI of NV if Vg, s,7 € N,
(i) a(g — s) > M{a(g), a(s)}

(ii) s + g — s) = a(g)

(iii) a(gs) = a(g)

(iv) a(g(s +7) — gs) = a(r)

Definition 2.5. [18] A F-subset o of / is named as (€, € Vg )-F-sub-NR of N if
(i) ga € @, 8p € @ = (g + 8)Mr{ap} € V@R

(ii) g4 € @ = (—9)a € Vara

(i) ga € @, 8 € @ = (95) M{ap}y € VR, Vg, 5 € N and a,b € (0,1].

An (€, € Vqi)-F-sub-NR of A with K=0 is an (€, € Vq)-F-sub-NR of N (see [9]).

Definition 2.6. [18] A F-subset « of V is named as (€, € Vqy)-FI of NV if

(1) ga € ;86 € @ = (9 — ) M{ap) € VALY,

(ii) go € a,s € N = (s + g — $)a € V@i,

(iii) go € a, s € N = (g5)a € Vara,

(iv) rg € a,9,8 € N = (g(s+71) — gs)q € Vgra, forall g, s,7 € N and a,b € (0,1].
An (€, € Vqi)-Flof N with K= 01is an (€, € Vq)-FI of N (see [9]).
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Unless otherwise stated, P (M) is the power set of M and R C FE is a set of parameters, the universe

set M.

Definition 2.7. [8] A pair (V, R) is named as soft set M, where V' : R — P(M) is a mapping and
RCE.

Definition 2.8. [7] Let P(M) be the collection of all F-subsets of M and R C E. Then the pair (V, R) is
named as FSS over M, where V : R — P(M) is a mapping. i.e., foreach o € R, V(9) =V, : M — [0,1]
is a F-subset of M.

Definition 2.9. [11] Let (V, R) is a FSS M. Then the set Supp(V, R) = {0 € R|V(0) # 0)} is named as
Support of (V, R).
A FSS (V, R) is named as notnull, if Supp(V, R) # . It’s represented as (V, R) # ()

Definition 2.10. [7] Let (V, Ry) and (U, Ry) are a FSS’s M. Then the set

(i) "(V,Ry1) AND (¥, R2)", then (V, R1) A (¥, Ry) is described as (V, R1) A (U, R) = (2, R), where
R = Ry X Ry and Q(p, ¢) = V(o) N ¥(¢) forall (o, ») € Ry X Ro.

(ii) "(V, R1) OR (¥, Ry)", then (V, R1) V (¥, Ry) is described as (V, R;) V (¥, Ry) = (92, R), where
R =R; x Ryand Q(p,¢) = V(o) U¥(¢) forall (g, ¢) € R; X Ra.

Definition 2.11. [7] Then the union of two FSS’s "(V, R;) and (¥, R2)" is the FSS (2, R), Where
R=RiURyandVp € R,
V(o),ifo € R — Ry
Qo) = U(o),ifo € Ro— R

V(o) U¥(o),ifo € RN Ry
Then it’s represented as (2, R) = (V, Ry) U (¥, Ry).

Definition 2.12. [3] Then the restricted intersection (R-int, in short) of two FSS’s "(V, R;) and (¥, Ry)",
then (V, R1) M, (¥, R2) = (2, R), Where R = R1 N Rz # 0 and Q(p) = V(o) N ¥(p),Vo € R.

Definition 2.13. [3] Then the extended intersection (E-int, in short) of two FSS’s "(V, R;) and (¥, Ry)",
is the FSS (2, R), Where R = Ry U Ry and Vp € R,
V(o),ifo € Ri — Ry
Qo) = U(o),ifo€ Ry — R

V(o) U¥(e).ifo € RiNRy
Then it’s represented by (2, R) = (V, R1) Me (¥, R2).

Definition 2.14. [2] The Family of FSS’s {(V;, R;)|i € I} over M.
(i) Then the R-int of these FSS’s is the FSS {M,(V;, R;)|i € I} = (V, R), where R = N;eR; # () and
V(o) = NierVi(o)Vo € R.
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(ii) Then the union of these FSS’s is the FSS {U(V;, R;)|i € I} = (V,R), where R = U;crR; and
V(o) = UierVi(o)Vo € R.
(iii) Then the AND of these FSS’s is the FSS {A(V;, R;)|i € I} = (V,R), where R = [],.; R; and
V(o) = NicrVi(0i)¥o € R.

Definition 2.15. [10] Let (V, R) is the FSS NV. Then (V, R) is named as FSN /, if V(p) be an F-sub-NR
of N,Vo € R.

Definition 2.16. [10] Let ¢ and ¢ be F-sub-NR N. Then ¢ is named as F-sub-NR of £. If ¥(g) <
§(g),Vg e N.

Definition 2.17. [10] Let ¢ be a F-subset V, and £ be a F-sub-NR, N. Then ¢ is an FI of &, if 9(g) <
£(9),Vg € NisaFlof V.

Definition 2.18. [10] Let "(V, Ry) and (¥, Ry)" are two FSN V. Then (V, R;) is named as FS-sub-BN
of (¥, Ry)", if
(i) R1 € Rg and (ii) V(p) is a F-sub-BN of ¥(p), Ve € R;

3. (€, € Vqi)-Fuzzy Sorr BooLEAN NEAR-RINGS AND (€, € V¢ )-Fuzzy SoFt IDELS

The concepts of (€, € Vqi)-FSBN and (€, € Vqi)-FSI over A are introduced in this section. The
concept of a (€, € Vgi)-FS-sub-BN of a (€, € Vgi)-FSBN is further defined, and some of its attributes

are examined.

Definition 3.1. Let (V, R) is a FSS N. Then (V, R) is named as (€, € Vqx)-FSBN V/, if for each ¢ €
R,V(0) = V,isan (€, € Vgi)-F-sub-BN of V. i.e,,

(i) ga>s6 € Vo= (9 + 8) Mmiapy € V@V,

(ii) 9a € Vo = (=9)a € V&V,

(iii) ga, 6 € Vo = (95) M{ap} € V@&V, Vg, s € N and a,b € (0,1].

A F-subset V,, of N is known to satisfy requirements (i) and (ii) iff the following conditions are met:
(iV) gas 86 € Vo = (9 — 8)M{ap} € V@V, Vg, s € N and a,b € (0,1].

An (€, € Vqi)-FSBN N, with k=0 is an (€, € Vq)-FSBN V.

Lemma 3.2. The definitions 3.1 conditions (i) and (iv) are identical to
(1) V(g + 5) = M{V,(9), Vol(s), (1 = k)/2)},

(if) Vo(=g) =2 M{V,(9), (1 - k)/2)},

(iii) Vo(gs) = M{V,(9), V,(s), (1 = k)/2)},

(iv) Vo(g — 5) = M{V,(9), Vy(s), (1 - k)/2)}, Vg, s € N.

Proof. The proof can be made from [ 18] Lemma 3.2 and Lemma 3.3. O
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Remark 3.3. Lemma 3.1 condition (i) and (ii) is equivalent to the condition (iv).

Theorem 3.4. Let (V, R) isa FSS N. The (V, R) is named as (€, € Vqi)-FSBN N, iff o € Rand g,s € N,

Proof. The evidence is provided by Lemma 3.2. O

Example 3.5. Let the nonempty set N' = {0, s, v, [} have the binary operations "+" and ".", in the

following terms:

+ [0]s|v |l x |0]s|v]l
0 |0]s|v |1 0 |0j0]|0]O0
s [s|0]1]0 s |0]s|0]s
v |v|1|0]s v |0]|0|v]|vVv
1 1/0]s|0 1 |0|s|v]|l
The set of parameters is R = {«, 3,7} and now define FSS (V, R) on a BN AV by

R | al| B |~

0 |07]06)04
s [05]/05]0.1
v [06]02]03
05]0201

It is simple to verify that (V, R) is an (€, € V) — FSBN, N with k=04.

Definition 3.6. Let (¢, S) isa FSSN. Then (9, S) is named as (€, € Vg )-FSI N, if for each p € S, 9(0) =
Y, isan (€, € Vqi)-Flof N, i.e.,

(1) ga> 56 € Vg = (9 + 8)mgap) € VarTy,

(i) go € Vg, s EN = (s + g — 8)a € VgiUy,

(iii) gq € Vp, s € N = (g5)a € Vqr9,,

(iv) ga € Uy, 8,7 € N = (s(r + g) — sr)r € Vgi9y, Vg, s,7 € N and a,b € (0,1].

An (€, € Vqi)-FSI N, with k=0 is named as (&, € Vg;)-FSIN.

Lemma 3.7. The preceding definition’s conditions (i) through (iv) are identical to,
() Dolg + 5) =2 M{0,(g), U,(s). (1 — k)/2},

(1) Do(s + g — s) = M{0,(9), (1 — k)/2},
(iii) V,o(gs) = M{d,(g), (1 - k)/2},
(1) Vo(g(s +1) — gs) > M{I,(r), (1 — k)/2},Yg,s,r € N.
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Proof. Lemma 3.11 of [ 18] can be used to achieve the proof. O

Theorem 3.8. Let (9, S) isa FSS N. Then (9, S) is an (€, € Vqi)-FSIN, iff Vo € Rand g, s, € N.
(1) Dolg + 5) = M{Vp(9), Vo(s), (1 — k)/2},

(ii) V(s + g —s) = M{J,(9), (1 — k)/2},

(iii) Do(gs) = M{d,(g), (1 —k)/2},

(1) Uo(g(s + 1) — gs) = M{V,(r), (1 — k)/2}.

Proof. The evidence is provided by lemma 3.2. O

Example 3.9. Let V' = {0, s,v,1} be a BN in example 3.1. Define a FSS (¢, S), where S = {g, s}, as
depicted below

9y = {(0,0.7), (5,0.5), (v,0.2), (,0.2)} and

9, = {(0,0.6), (s,0.3), (v,0.3), ({,0.5)}.

We can quickly confirm that (¢, S) is an (€, € Vqx)-FSBN and an (€, € Vg )-FSI N, with k=0.4.

Theorem 3.10. The R-int of two (€, € Vqi)-FSBN's N is an (€, € Vqi)-FSBN N, if it's notnull.

Proof. Let (V, Ry) and (¥, Ry) are (€, € Vqi) - FSBN’s of N and let (V, Ry) M, (¥, Rs) = (Q, R). Where
R=RiNRyand Q(0) = V(0)N¥(p),Vo € Supp(2, R). Since V(p) and ¥(p) are(€, € Vgy) - F-sub-BN’s
of NV, by theorem 3.16 in [18], V(o) N ¥(0) = Qo) is (€, € Vqi) - F-sub-BN’s of NV, Vo € Supp(2, R).
Hence (22, R) is an (€, € Vg;) - FSBN V.

In a similar manner, we can demonstrate for (€, € Vgy) - FSL O
Theorem 3.11. The E-Int of two (€, € Vqi) - FSBN’s N is an (€, € Vq;,) - FSBN N, if it’s notnull.

Proof. Let (V, Ry) and (¥, Ry) are (€, € Vqi) - FSBN’s of A and let (V, Ry) M, (¥, R2) = (€2, R) be the
E-Int of (V, R;) and (¥, R2). Then R = R; U Ry and for any o € Supp(2, R),

if o € Ry — Ry then Q(p) = V(p) is an (€, € Vq) - F-sub-BN

if o € Ry — Ry then Q(0) = ¥(p) is an (€, € Vgi)-F-sub-BN VV, and if p € Ry N Ry,

then (o) = V(0) N ¥ (0)

BN’s NVisan (€, € Vg )-F-sub-BN of V. Therefore Q(p) isan (€, € Vgi)-F-sub-BN of N, Vo € supp(L, R).
Hence (22, R) is an (€, € Vg;) - FSBN V.

o0)is an (€, € Vgi)-F-sub-BN of IV, Since the intersection of two (€, € V¢ )-F-sub-

In a similar manner, we can demonstrate for (€, € Vgy) - FSL O

Theorem 3.12. If (V, Ry) and (¥, Ry) are (€, € Vqi) -FSBN's N such that Ry N Ry = (), then their union is
an (€,€ Vqi) - FSBN N.

Proof. by applying definition (union), Now we can write (V, R;)U(¥, R) = (€2, R), where R = R1UR,.
Since R1N Ry = (), we have either p € R — Ry or p € Ry— Ry, € Supp(, R). Forany p € Supp(2, R),
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if o € Ry — Ry then Q(0) = V(p) is an (€, € Vq;) -F-sub-BN \, and
if o € Ry — Ry then Q(0) = ¥(p) is an (€, € Vgi) -F-sub-BN V.
Thus Q(p) is an (€, € Vg )-F-sub-BN N, Vo € Supp(£2, R). Hence (22, R) is an (€, € Vgi)-FSBN V.

In a similar manner, we can demonstrate for (€, € Vgy)-FSL O

Theorem 3.13. if (V, Ry) and (¥, Ry) are (€, € Vqi) -FSBN’s N. Then (V,R1) A (¥, Ry) is an (€, € Vqy)
-FSBN’s N, if it's notnull.

Proof. by applying Definition (AND), we can write (V, R1) A (¥, R2) = (2, R), where R = Ry X Ry and
Q(0,9) = V(0)N¥(9),V(0,p) € Ry X Ry.Since V() and V() are (€, € Vg )-F-sub-BN’s of ', Vp € R;
and 1) € R2, V(o) N ¥ (¢) = Q(p, ¢) is also an (&, € Vg )-F-sub-BN of N,V (g, ¢) € Ry x Ry. Therefore
(Q,R)isan (€, € Vg;) - FSBN N.

In a similar manner, we can demonstrate for (€, € Vqy)-FSI’s. O

Theorem 3.14. If (V, Ry) and (¥, Ry) is (€, € Vqi) -FSBN’s N, and let V(p) C W(¢) or ¥(¢) C V(p),V(0, d)
Ry X Ro. Then (V,Ry) V (U, Ry) isan (€, € Vqi) -FSBN's .

Proof. By applying definition (OR), we can write (V, R1) V (¥, R2) = (2, R), where R = R; X Ry
and Q(p,¢) = V(o) U ¥(¢),V(0,¢) € R1 x Ry. For any (p,¢) € R1 x Ry, if V(o) C ¥(¢), then
Qo,¢) = V(o) U¥(p) = ¥(¢) is an (€, € Vqi)-F-sub-BN N, and if ¥(¢) C V(p), then Q(p,¢) =
V(o) U¥(¢p) = V(p)isan (€, € Vg )-F-sub-BN N. Hence (2, R) is an (€, € V) -FSBN V. O

Theorem 3.15. Let {(V;, R;)|i € I} be a family of (€, € Vqi) -FSBN’s N. Then
(1) {N-(Vi, Ry)|i € I} isan (€, € Vq)-FSBN N, if {1,(V;, R;)} # 0.
(ii) {N(Vi, Ri)|i € I'}is an (€, € Vqp)-FSBN N, if {A(Vi, R;)} # 0.

Proof. (i) Let {M,(V;, R;)|i € I} = (V,R)}, where R = Nj;erR; and for each p € R, V(p) = NicrVi(o).
Suppose that (V, R) # 0. If p € R, then V(o) = NicrVier(o) # 0. Since (V;, R;) is an (€, € Vqy,)-FSBN,
Vi € I,V;(0) is an (€, € Vgi)-F-sub-BN of NV, Vp; € Supp(V;, R;) and i € I and so by the theorem 3.16
in[18], NierVi(o)isan (€, € Vqi)-F-sub-BN of N/, Vp € Supp(V, R). Hence (V, R) = {N,(V;, R;)|i € I'}
isan (€, € Vg )-FSBN V.

(ii) Let {A(Vi, R;)|i € I) = (V,R)}, where R = [[,.; R; and for each ¢ € R, V(o) = NicrVi(0:).
Suppose (V,R) # 0. If p € R, then V(p) = NierVi(ei) # 0. Since (V;, R;) is an (€, € Vg;)-FSBN,
Vi € I,V;(p)isan (€, € Vqi)-F-sub-BN of N/, Vo; € Supp(V;, R;) and i € I and so by the theorem 3.16 in
[18], NierVi(oi) is an (€, € Vqi)-F-sub-BN of N, Vo; € Supp(V;, R;). Hence (V, R) = {A(V,, R;)|i € I'}
isan (€, € Vgi)-FSBN V. O

Definition 3.16. Let (V, Ry) and (U, Ry) are (€, € Vg )-FSBN’s . Then (V, R;) isnamed as (€, € Vgx)-
FS-sub-BN of (U, R,),
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(i) if Ry C Ry,
(ii) V(o) is an (€, € Vqi)-F-sub-BN of ¥(p), Vo € Supp(V, Ry).

Theorem 3.17. Let (V, Ry) and (U, Ry) are (€, € Vqi)-FSBN’s N, and if V(p) C ¥(p),Vo € Supp(V, Ry),
then (V, Ry) is an (€, € Vqy) -FS-sub-BN" of (U, R3).

Proof. Proof is straight forward. O

Definition 3.18. Let (V, R) isan (€, € Vg;) - FSBN V. Then the FSS (¢, S) AV is named as (€, € Vg, )-FSI
of (V, R) expressed as (9, 5) < (V, R),

(i)if S € Rand

(ii) ¥(p) is an (€, € Vi )-FI of V(p), represented as 9(p) < V(p), Vo € Supp(9, S).

Example 3.19. Let (V, R) is an (€, € Vqi)-FSBN VV, as in starting example in this section. Define a FSS
(09, 5), where S={a,m}, as follows:

Y ={(0,0.4), (5,0.5), (v,0.6), (1,0.4) } and ¥, = {(0,0.3), (s,0.2), (v,0.1), (,0.1) }. We can quickly con-
firm that (¢, S) is an (€, € Vgg) - FSL of (V, R) N with k=0.2

Theorem 3.20. The R-Int of two (€, € Vqi)-FSI's N of an (€, € Vq;,)-FSBN N isan (€, € Vqi)-FSIof (V, R),

when it’s notnull.

Proof. Let (o, S1) < (V,R) and (£,52) < (V,R). By the definition (R-Int), we can write («, S1) M,
(&,52) = (9,5), where S = S1NSy # B and ¥(0) = a(p) N&(0), Vo € Supp(¥¥, S). Since S1 C Rand Sy C
R, wehave S} NSy =S C R. Suppose that (¢, R) is notnull. Since (o, S1) < (V, R) and (£, S2) < (V, R),
we have a(o) < V(o) and £(0) <V (o), Vo € Supp(¥, s). So a(e) N&(e) = ¥(0) AV (e), Ve € Supp(¥, s).

Hence (o, S1) M, (€, 52) = (¢, 5) isan (€, € Vgi)-FSIL of (V, R). O

Theorem 3.21. The union of two (€, € Vqi)-FSI's N of an (€, € Vqi)-FSBN (V, R) is an (€, € Vqyi)-FSI of
(V,R).

Proof. Let (o, 51) < (V,R) and (¢, S2) < (V, R). By the definition (Union), we can write («, S7) U
a(p),ifo € S1— So
(&,52) = (v, 5), where S = 51 U Sy and for all o € Supp(¥, S) ¥(o) = £(0),ifo € S2 — 51

a(o) U&(o),ifo € S1 NSy
Obviously S; U Sz = S C R. Since S1 N Sy = 0, either p € S — Sy or p € Sy — 51,V € Supp(9, S).

If p € S1 — Sy, then ¥(p) = a(p) < V(p) and
if p € Sy — 51, then ¥(p) = £(0) < V(o).
Thus ¥(0) < V(e),Vo € Supp(¥,S). Therefore (9, S) is an (€, € Vqi) -FSI of (V, R). O
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4. CONCLUSION

In this paper, we’ve discussed the ideas of (€, € Vqi)-FSBN and (€, € Vg;) - FSI over BN resp.,
Additionally, we have added the idea of (€, € Vg;)-FS-sub-BN of an (€, € Vq)-FSBN and examined
some of their characteristics using illustrative instances. The FSS’s operations have been transferred to

the (€, € Vgi)-FSBN’s and (€, € Vg )-FSI's.
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