Asia Pac. J. Math. 2023 10:9 ASIA PACIFICACADEMIC
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Asstract. We study rotational surfaces in the 3-dimensional Euclidean space E3. Furthermore,
We classify non-degenerate rotational surfaces in E? in terms of its finite Chen type Gauss map.
We show that the only rotational surfaces in E* whose Gauss map is of coordinate finite type are
those of constant mean curvature.
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1. INTRODUCTION

The idea of surfaces of finite type was born in the early 1970s by B-Y. Chen [12], and since
then, this field of research has been spread widely and became a source of research for many
geometers up to this moment.

Let M be a surface in the Euclidean 3-space E® with z is its isometric immersion. Denote
by A’ the Laplacian operator of M acting on the space of regular functions C*°(S). For any
function h referred to the system of coordinates of M, if A'h = \h, then we say that h is an
eigenfunction of A’ corresponding to the eigenvalue A € R. When X\ = 0, then we say h is
harmonic. Following this, we say that a surface M is of finite /-type, if its position vector z

can be decomposed as a finite sum of eigenvectors of A’ of M, that is
(1) z=c+z1+zo+ ...+ 2z,
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where c is a fixed vector, and
(2) AIZZ':)\,L‘Z,L', izl,...,k,

A1, A2, . .., \g are eigenvalues of the operator A”.

A special case followed in [23] when T. Takahashi showed that a surface M for which
A’z = Az i.e. for which all coordinate functions are eigenfunctions of A’ with the same
eigenvalue ) are either the minimals with A = 0 or the spheres with eigenvalue A = 2. As a

generalization of this, one can study surfaces in E* whose position vector z satisfies
(3) Az = Pz,

where P € R**®. Surfaces satisfying the above condition are called of coordinate finite type.
This kind of research can be also applied to any smooth map, not only for the position vector
of the surface, i.e., the normal vector & of a surface [13].
The theory of Gauss map is always one of the interesting topics in a Euclidean and pseudo-
Euclidean space, see for example [7,14-17,19]. Considering condition (3), we ask:

"Find all surfaces in E* whose normal vector ¢ satisfies
(4) A'¢ = P¢, PeR™.

According to relation (4), tubes, quadric surfaces, ruled surfaces, cyclides of Dupin, heli-
coidal surfaces, and surfaces of revolution were investigated in [2,4,5,9-11, 18] respectively.
In [6] authors studied the class of tubular surfaces according to (4) by applying the Laplacian
to the second fundamental form of M. Recently, in [3] similar study has been done for the

classes of ruled and quadric surfaces.

2. FUNDAMENTALS

Let M be a regular surface in E? given by a patch z = z(u!, 4?) on a region U := (a,b) x R
g g yap 8

of R?. We define the second fundamental form 77 of M by
(5) I1 = bydu'du’.

For any function h referred to the system of coordinates of M, the second Laplace operator

is defined by

(6) ATh = —b6"V!'h;,
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where V! is the covariant derivative in the v’ direction regarding the second fundamental
form [1].

In [8] authors classified the rotational surfaces in the Lorentz-Minkowski space in terms of
coordinate finite type regarding the second fundamental form. An interesting study can be
drawn by applying relation (6) using the definition of the fractional vector operators [20].

Our main result is the following

Theorem 1. The only rotational surfaces in E* whose Gauss map of coordinate finite type are those

whose mean curvature H is constant.

3. NON-DEGENERATE ROTATIONAL SURFACES

Let C be a regular curve lies on the z;z3-plane parametrized by
r(s) = (a(s),0,b(s)), s € J (JCR),

where a, b are regular functions and a > 0. When C is revolved about the x3-axis, the resulting
point set M is called the rotational surface or surface of revolution generated by C which is
called the profile curve of M. In this case, the z3-axis is called the axis of revolution of M.

Then the position vector of M is given by [15]

(7) r(s,t) = (a(s) cost,a(s)sint,b(s)), s€J, 0<t<2m
Suppose that C is arc-length parametrized, then

(8) (ar)? + () =1,

where / ;= %. Moreover, if a’b/ = 0, then one of the functions a or b is constant, and M would
be part of a plane or a circular cylinder. In this case, M would consist only of parabolic points,
a case that has been excluded [22].

The partial derivatives of (7) are
rs = (a/(s) cost,al(s)sint, b/(s)),
and
ry = (—a(s)sint, b(s) cost,0)
Computing the components g;; of I, we get

2
g =< 7T, s >=1, g, =<7, >=0, @, =<7T¢, Tt >=a".
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Let k denotes the curvature of the curve C. Then the Gauss and the mean curvature of M
are respectively

/ " /
Ko o Y
a a a
The Gauss map § of M is given by
Ts X Tt

9) &(s,t) = 7 = (— bl cost, —b/sint,a/),

where g := det(g;).

The components b;; of I1 are given as follows
by = K, bio = 0, byy = abl.

The Laplacian A in terms of local coordinates (s,t) of M can be expressed as follows

102 10> 1(k  albl+kaat\ O
10 A=—ce ——— 4= — | =
(10) Kk 0s?  abl Ot? T3 ( >8s

K2 Kkab!

On account of (8) we put
(11) al = cos 3, bl =sinf,

where 5 = (3(s). Then k = (7 and the parametric representation (9) of the normal vector £ of

M becomes
(12) &(s,t) = ( — sinfcost, —sinfsint, cosﬂ).

Also relation (10) takes the following form

1 02 1 0?
Bros?  asinf Ot?

(13) 1 ﬁ B cosfsinf + aflcosf g
2\ B2 aBrsinf3 Os’
The mean and the Gaussian curvature become
(14) of = pr+ 518
a
(15) P ﬁ/smﬁ.
a

Let (£, &2, &3) be the coordinate functions of (9). From (13), one can find

Brcosp 1 H cos?

251 a sinf

(16) A& = ( — B/Sinﬁ’) cost,
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Bricosf 1 Hcos? , _
(17) Aéy = ( ¥ —a—kw—ﬁlsmﬁ) sint,
(18) A& = %sinﬁ + Brcosp + Hcosp.

Now we will study surfaces of revolution in E* whose Gauss map satisfies the relation
(19) AE = P,

where P € R***. We denote by \,,,u,v = 1,2, 3 be the entries of the matrix P. From (19) and

taking into account relations (16-18), we have

Brrcos3 1 Hcos?f .
S
( oY . + sin 3 Blsinf | cost
(20) = —upsinfcost — pigsinfsint + py3co8p3,
7 1  Hcos?
(f—ﬁ/cosﬁ - + S(;%Sﬁﬁ — B/smﬁ) sint
(21) = —pug1sinfcost — pgesinfsint + pigzcosp,

g
2—6/32716 + BrcosB + H cos 3

(22) = pz1sinfcost — pzasinfsint + pzzcosps.

Differentiating (20) and (21) twice with respect to v we obtain

(5// cosB 1 Hecos®f

25/ a W — 6/SIH5) cost

= —pupsinfcost — pyosin Bsint,

2031 a sin

= —o18in B cost — pgsin Bsint.

(ﬁ//cosﬁ 1 L H cos? B B ﬂ/sinﬁ) sint

Thus we have j113 = 93 = 0. From (22) it can be easily verified that p31 = 132 = 0. Also the
functions sin ¢, cost are linearly independent of the variable ¢, so finally we get 1111 = f122 and
fi2 = po1 = 0. For simplicity we put p11 = pt92 = m and pg3 = n. Then the system of equations

(20), (21) and (22) reduces to the following two equations
B cos 3 1 H cos? 3

(23) 21 a ' sing

— prsin f = —msin 3,
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[B11sin 3
2031

We obtain the following cases:

(24)

+ Brcos B+ H cos B = ncos f3.

Case I. m = n = 0. Equations (23) and (24) become
Brcos 1  Hecos?p

21 a * sin 3

(25) — fBrsin B =0,

S1sin 3
201

We multiply (25) by sin 8 and (26) by — cos  then we add the resulting of these two

(26)

+ prcos B+ H cos B = 0.

equations it follows 37 + 222 = 2H = 0. Consequently, M, being a minimal surface of
revolution, is a catenoid.

Case II. m = n # 0. Equations (23) and (24) become
Brcosf 1 H cos?

281 o Tsng

(27) — Brsin f = —msin 3,

[11sin B
201

We multiply (27) by sinf and (28) by —cosf3 then we add the resulting of these two equations

(28) + frcos B+ H cos 8 = mcos 3.

it follows B/ + 28 = 211 = m. Consequently, M has a none zero constant mean curvature.

Case III. m # 0,n = 0. Equations (23) and (24) become
Brecos 1  Hecos?f

(29) 5 a4 + sing [Brsin 8 = —msinf,
(30) ﬁll;ﬁl?ﬂ + Brcos B+ Hcosf3 = 0.

We multiply (29) by sing and (30) by —cos/3 then we add the resulting of these two equations

which follow

sin _
b = msin® 3,

Br+

or

sinf

(31) Br =msin? g —
Differentiating the last equation we have

(32) B = 2mprsinfcos3 —

Brcosf3  sinfcosf
+ 3 .
a a
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On account of (3) relation (32) becomes

3msinf 2

(33) B = (2m2 sin? B — + E)smﬁcosﬁ.

a

Taking into account (14) We write (30) as follows
(34) B = —ﬂ(i’)ﬁ/cosﬁ + 1sz'nﬂcosﬂ)
sinf3 a ’
where because of (3) becomes
2
(35) B = (1 — msinf) (3msinf — =) sinfBcosp.
a a
From (33) and (35) we have
(36) 5m?a?sin® f + 8masin B + 4 = 0.

The last equation is a second-order polynomial of the variable ma sin 8 which has no solution.
So in this case condition (19) cannot be satisfied.

Case IV. n # 0, m = 0. Equations (23) and (24) become
Brcos 1  Hecos?p

(37) 231 a * sinf

— [rsin 8 =0,

Bsin
201

We multiply (37) by sinf and (38) by —cos/3 then we add the resulting of these two equations

(38)

+ Blcosf + H cos f = ncos [.

which follow
1
B+ —sinfl = ncos*,
a
or
2 L
(39) Bl = ncos” 3 — —sinf.
a
Differentiating the last equation we have
1
(40) Bir = —2nP1sinBeosB — —Blcosf + — sinPcosp.
a a
From (39) and (40) relation (38) becomes
(41) n?(5sin* B — 6sin® B+ 1)a® + 4nsin B(2sin® 8 — 1)a + 4sin® 8 = 0.

Equation (41) as a second-degree polynomial of a, cannot be satisfied for all values of a(s)
unless only when all coefficients equal zero. A contradiction since we will have n = 0.

Case IV.n # 0,m # 0,m # n.
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We multiply (23) by sinf and (24) by —cos3 then we add the resulting of these two equations

it follows
B+ ésinﬁ = msin®B + ncos? 3,
or
(42) Br = msin® 8 + ncos® B — sizﬂ.
Differentiating the last equation we have
(43) B = 2(m — n)prsinfcosf — éﬁ/ cos B + %sinﬁcosﬁ.

On account of (42) and (43) relation (24) becomes

(5(m — n)?sin® B + 6n(m — n) sin® 8 + n?)a’

(44) —4sinB(2(m — n)sin? B + n)a + 4sin® B = 0.

In the same way, it can be easily verified that equation (44), as a second-degree polynomial
of a, cannot be satisfied for all values of a(s) unless only when all coefficients equal zero. A

contradiction, and so our theorem is proved.
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