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Asstract. This paper is concerned with the concepts of weakly 6s(A, p)-open functions and weakly 6s(A, p)-
closed functions. Moreover, some characterizations of weakly 6s(A, p)-open functions and weakly 6s(A, p)-
closed functions are investigated.
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1. INTRODUCTION

In topology, there has been recently significant interest in characterizing and investigating the
characterizations of some weak forms of open functions and closed functions. Semi-open sets, preopen
sets, a-open sets, 3-open sets, J-open sets and §-open sets play an important role in the researches of
generalizations of open functions and closed functions. By using these sets, many authors introduced
and studied various types of open functions and closed functions. In 1984, Rose [15] introduced
and studied the notions of weakly open functions and almost open functions. In 1987, Rose and
Jankovi¢ [14] investigated some of the fundamental properties of weakly closed functions. Caldas and
Navalagi [ 7] introduced and studied the notions of weakly semi-open functions and weakly semi-closed
functions as a new generalization of weakly open functions and weakly closed functions. In 1987, Di
Maio and Noiri [ 10] investigated the concepts of semi-§-open sets and semi-6-closed sets which provide
a formulation of semi-f-closure of a set in a topological space. Noiri [ 13] introduced and studied the
concept of #-semicontinuous functions by involving these sets. In 1991, Mukherjee and Basu [12]
continued the work of Di Maio and Noiri and defined the notions of semi-f-connectedness, semi-6-
components and semi-f-quasi components. In 2006, Caldas et al. 8] introduced and studied two new

classes of functions by utilizing the notions of semi-f-open sets and the semi-f-closure operator called
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weakly semi-f-open functions and weakly semi-0-closed functions. The class of weakly semi-f-openness
(resp. weakly semi-f-closedness) as a new generalization of semi-f-openness (semi-f-closedness).
The notions of (A, s)-open sets, s(A, s)-open sets, p(A, s)-open sets, a(A, s)-open sets, 5(A, s)-open
sets and b(A, s)-open sets were studied in [4]. Furthermore, several properties of (A, sp)-open sets,
s(A, sp)-open sets, p(A, sp)-open sets, a(A, sp)-open sets, 5(A, sp)-open sets and b(A, sp)-open sets
were established in [5]. Srisarakham and Boonpok [ 16] studied some properties of dp(A, s)-closed
sets and the dp(A, s)-closure operator. In [2], the authors investigated several characterizations of
Op(A, p)-open functions and 0p(A, p)-closed functions. Boonpok and Thongmoon [1] introduced and
studied the notions of weakly p(A, p)-open functions and weakly p(A, p)-closed functions. In this paper,
we introduce the notions of weakly #s(A, p)-open functions and és(A, p)-closed functions. In particular,

some characterizations of weakly 6s(A, p)-open functions and 0s(A, p)-closed functions are investigated.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and Y') always mean topological
spaces on which no separation axioms are assumed unless explicitly stated. For a subset A of a
topological space (X, 7), Cl(A) and Int(A), represent the closure and the interior of A, respectively. A
subset A of a topological space (X, 7) is said to be preopen [11] if A C Int(Cl(A)). The complement of a
preopen set is called preclosed. The family of all preopen sets of a topological space (X, 7) is denoted
by PO(X, 7). A subset Ay(A) [9] is defined as follows: A,(A) = N{U | A C U,U € PO(X,7)}. A
subset A of a topological space (X, 7) is called a A,-set [6] (pre-A-set [9]) if A = A,(A). A subset A
of a topological space (X, 7) is called (A, p)-closed [6] if A =T N C, where T is a Ap-set and C'is a
preclosed set. The complement of a (A, p)-closed set is called (A, p)-open. The family of all (A, p)-open
(resp. (A, p)-closed) sets in a topological space (X, 7) is denoted by A,O(X, 7) (resp. A,C(X,7)). Let
A be a subset of a topological space (X, 7). A point z € X is called a (A, p)-cluster point [6] of A if
ANU # 0 for every (A, p)-open set U of X containing . The set of all (A, p)-cluster points of A is called
the (A, p)-closure [6] of A and is denoted by A(A). The union of all (A, p)-open sets of X contained in
Ais called the (A, p)-interior [6] of A and is denoted by A, ). The 0(A, p)-closure [6] of A, AOAP) g

defined as follows:
AOAP) — £ e X | AN UMP) £ ) for each (A, p)-open set U containing z}.

A subset A of a topological space (X, 7) is called 6(A, p)-closed [6] if A = A??P). The complement of
a 0(A, p)-closed set is said to be 6(A, p)-open. A point z € X is called a §(A, p)-interior point [17] of A
ifr e U CUNMP) C AforsomeU € A,O(X, 7). The set of all §(A, p)-interior points of A is called the
O(A, p)-interior [17] of A and is denoted by Ay, ). A subset A of a topological space (X, 7) is said to

be s(A, p)-open [6] (resp. p(A, p)-open [6], a(A, p)-open [18], r(A, p)-open [6]) if A C [A(Aﬁp)}(Avp) (resp.
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AC [A(A’p)](A,p), AC [[A(A,p)](/"p)](/\’p), A= [A(Avp)](A’p)). The complement of a s(A, p)-open (resp.
p(A, p)-open, a(A, p)-open, r(A, p)-open) set is called s(A, p)-closed (resp. p(A, p)-closed, o(A, p)-closed,
(A, p)-closed). The intersection of all s(A, p)-closed sets of X containing A is called the s(A, p)-closure of
A and is denoted by A**?), The union of all s(A, p)-open sets of X contained in A is called the s(A, p)-
interior of A and is denoted by A, ;). Let A be a subset of a topological space (X, 7). A point z € X is
called a 0s(A, p)-cluster point [3] of A if AN UMP) =£ () for every s(A, p)-open set U of X containing .
The set of all §s(A, p)-cluster points of A is called the §s(A, p)-closure [3] of A and is denoted by A?s(A-»),
If A= A%(AP) then A is called 0s(A, p)-closed [3]. The complement of a fs(A, p)-closed set is called
0s(A, p)-open. The s(A, p)-interior of A is defined by the union of all §s(A, p)-open sets of X contained
in A and is denoted by Agy(a p)-

Lemma 1. [17] For subsets A and B of a topological space (X, T), the following properties hold:
(1) X — A9AP) = [X — Algp ) and X — Agp ) = [X — AJPOP),
(2) Ais O(A,p)-open if and only if A = Ag(p p)-
(3) AC AWP) C AYAP) gnd Agip ) C App) C A
(4) If AC B, then A9Ap) C BIAP) gpd Agap) ©
(5) If Ais (A, p)-open, then AXMP) = A9(AP),

By(a,p)-

Lemma 2. For subsets A and B of a topological space (X, ), the following properties hold:
(1) X — A%WP) = [X — Aggap) and X — Apg(n ) = [X — AP,

(2) Ais 0s(A, p)-open if and only if A = Agg(a p).-

(3) AC AP C A0AP) and A,y ) C Aginp) € A

(4) If A C B, then A%*"P) C BYWP) and Agg(n ) C Bos(a p)-

(5) If Ais s(A, p)-open, then As(AP) = A9s(Ap),

3. WEakvy 0s(A, p)-Open FuncTiONs
We begin this section by introducing the notion of weakly 0s(A, p)-open functions.

Definition 1. A functions f : (X, 1) — (Y, o) is said to be weakly 6s(A, p)-open if f(U) C [f(U(A’p))]gs(A,p)
for each (A, p)-open set U of X.

Theorem 1. For a function f : (X, 7) — (Y, 0), the following properties are equivalent:
(1) f is weakly 6s(A, p)-open;
(2) f(Aoap)) € [f(A)lgs(ap) for every subset A of X;
(3) [f ' (B)loap) S " (Bas(ap)) for every subset B of Y
(4) f~Y(BONP)Y C [f~1(B)]%MP) for every subset B of Y;
(5) foreach x € X and each (A, p)-open set U of X containing x, there exists a 0s(\, p)-open set V of Y
containing f(x) such that V. C f(UAMP);
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(6) (K ) [f (K)]QS(A,I,) for every (A, p)-closed set K of X;

(7) FAUNP)ap) S [F (U] gga p) for every (A, p)-open set U of X;
(8) f(u™ ] ») € [f(U(A’p))]gs(Avp) for every p(A, p)-open set U of X;
9) f(U)C[f(UN p))]QS(AJ,) for every (A, p)-open set U of X.

Proof. (1) = (2): Let A be any subset of X and = € Ay, p). Then, there exists a (A, p)-open set U of X

such that
relUCUNBP C A

Then, f(z) € f(U) C f(UMP) C f(A). Since f is weakly 0s(A, p)-open, f(U) C [f(UNP)]pya )
[f(A)]gs(ap)- It implies that

f(@) € [f(A)lgs(ap)-

Thus, 2 € f7'([f(A)]gs(ap)) and hence Agp ) S fH([f(A)]gs(ap)). This shows that f(Aga )
[ (A)]os(Ap)-

N

(2) = (1): Let U be any (A, p)-open set of X. AsU C [U(A’p)]g(/\m) implies f(U) C f([U(A’p)]g(AJ))) -

[f(U(A7p))]98(A7p). Thus, f is weakly s(A, p)-open.
(2) = (3): Let B be any subset of Y. Then by (2),

ST B)loap)) S Bosiap)-

Thus, [/~ (B)]gap) S F (Bosiap))-
(3)=(2)
(3) = (4):

: This is obvious.

Let B be any subset of Y. Using (3), we have

X =B = [X — 1 B)oag)
= [/ (Y = B)lgayp)
C S Y — Blosiap)
= [Ty = BHE)
=X — fH(B"O)

and hence f~1(B?(AP)) C [f~1(B)]?AP),
(4) = (3): Let B be any subset of Y. By (4),

X - f_l(BHS(A,p)) CX-— [f_l(B)]g(A,p)-

Thus, [/~ (B)]oap) S f (Bosiap))-
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(1) = (5): Letz € X and U be any (A, p)-open set of X containing x. Since f is weakly #s(A, p)-
open, f(z) € f(U) C [f(U(A’p))]gs(A,p). PutV = [f(U(Avp))]gs(A,p). Then, V is a 0s(A, p)-open set of YV’
containing f(x) such that V C f(U®P)).

(5) = (1): Let U be any (A, p)-open set of X and y € f(U). It following from (5) V' C f(U®P)) for
some 0s(A, p)-open set V of Y containing y. Thus, y € V C [f(U™P)]y 4 ) and hence

FU) S [FUNP)]psiap)-
This shows that f is weakly és(A, p)-open.

(1) = (6) = (7) = (8) = (9) = (1): This is obvious. O

Theorem 2. Let f : (X, 7) — (Y, o) be a bijective function. Then, the following properties are equivalent:
(1) f is weakly Os(A, p)-open;
(2) [F(U))Psr) C F(UNP) for every (A, p)-open set U of X ;
(3) [f(Kap)PWP) C f(K) for every (A, p)-closed set K of X.

Proof. (1) = (3): Let K be any (A, p)-closed set of X. Then, we have
f(X - K)=Y - f(K)
C [F(1X = K]™)geap)

and hence Y — f(K) C Y — [f(K ))]GS(A”’). Thus,

P

[f (K ap)) ") C f(K).

(3) = (2): Let U be any (A, p)-open set of X. Since U"P) is (A, p)-closed and U C [U(A’p)](Am), by

(3) we have

LA AP C (U] g )]0

C fUte),
(2) = (1): Let U be any (A, p)-open set of X. By (2), we have
[F(X — U(Avp))]b‘s(/\,p) C f(X — U(Avp)](/\vp))‘
Since f is bijective, [f(X — UAP))0sAP) =y — [f([UXP)]gy4 ) and

FOX = UBPIAD) = (X = U]y )
c X -U)
=Y — f(U).

Thus, f(U) C [f(U(AW))](,S(A’p) and hence f is weakly 6s(A, p)-open. O
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4. WEakLy 0s(A, p)-Crosep FuncTiONS

In this section, we introduce the notion of weakly #s(A, p)-closed functions. Moreover, some charac-

terizations of weakly 6s(A, p)-closed functions are investigated.

Definition 2. A functions f : (X, 7) — (Y, o) is said to be weakly 6s(A, p)-closed if [f (K (5 )]?*“P) C f(K)
for each (A, p)-closed set K of X.

Theorem 3. For a function f : (X, 1) — (Y, 0), the following properties are equivalent:

(1) f is weakly 6s(A, p)-closed;

(2) [F(U))Pstp) C f(UAP) for every r(A, p)-open set U of X;

(3) for each subset B of Y and each (A, p)-open set U of X with f~*(B) C U, there exists a 0s(A, p)-open
set V of Y such that B C V and f~Y(V) C UNP);

(4) for each point y € Y and each (A, p)-open set U of X with f~1(y) C U, there exists a 0s(A, p)-open set
V of Y containing y such that f~*(V) C UNP);

(5) [F(UAP)p IO C FUOH) for each (A, p)-open set U of X

(6) [F(IUOAP) ) )|PSAP)  F(UPA) for each (A, p)-open set U of X;

(7) [F(U))Psr) C F(UNP) for each p(A, p)-open set U of X.

Proof. Tt is clear that (1) = (5) = (7) = (2) = (1), (1) = (6) and (3) = (4). To show that (2) = (3):
Let B be any subset of Y and U be any (A, p)-open set of X with f~!(B) C U. Then,

FUB)N[X — UAP)Ap) = ¢

and BN f([X — UNPAP)) = (. Since X — UNMP) is (A, p)-open, BN [f(X — UXP)9s(Ar) = by (2).
PutV =Y — [f(X — UNP)]95AP) Then, V is a 0s(A, p)-open set of Y such that B C V and
FHV) S X = fHIF(X — )i
C X — (X - Ut
g U(Avp)
(6) = (1): Tt is suffices see that U?(A?) = U(AP) for every (A, p)-open set U of X.
(4) = (1): Let K be any (A, p)-closed set of X and y € Y — f(K). Since f~!(y) C X — K, there
exists a fs(A, p)-open set V of Y such thaty € V and f~*(V) C [X — K]AP) = X — Kz p) by (4). Thus,
VNf(Kpp)=0andhencey € Y — [f(K(Am))}es(A’p). Therefore, [f(K(Ap))}QS(A’p) C f(K). This shows

that f is weakly #s(A, p)-closed.
(6) = (7): This is obvious since U?AP) = U(AP) for every p(A, p)-open set U of X. O

The proof of the following result is mostly straightforward and is therefore omitted.

Theorem 4. For a function f : (X, 1) — (Y, o), the following properties are equivalent:
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(1) f is weakly 6s(A, p)-closed;

(2) [F(U))Psp) C F(UAP) every (A, p)-open set U of X;
(3) [f(K(AJ,))]@S(A’p) C f(K) every p(A, p)-closed set K of X;
4) [f(K(A,p))]Bs(A’p) C f(K) every a(A, p)-closed set K of X.

Theorem 5. For a function f : (X, 1) — (Y, o), the following properties are equivalent:

(1) f is weakly 6s(A, p)-closed;
(2) [F(U))Ps@p) C F(UAP) for every (A, p)-open set U of X.

Proof. (1) = (2): Let U be any (A, p)-open set of X. By (1), we have
[FNP AP = [F(Up )]
C [FUAP ] )PP
C FUtp),
(2) = (1): Let K be any (A, p)-closed set of X. Using (2), we have

[f(Kap))*OP) C F(IK (A ] D7)

C SN
= f(K).
This shows that f is weakly s(A, p)-closed. O
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