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ABssTRACT. Based on transformations with restricted range on a finite set {1, ..., n}, in this paper, the set
WET™Y) (X)) of full terms generated by transformations with restricted range on a finite set consisting

elements greater than n are defined. Applying the generalized superposition operations of full terms,
the algebra clonegr(a,y)(7n) of such terms which satisfies the superassociativity is constructed and it
generating systems is proposed. We then show that there is a mapping that takes any element of the
generating system to our generalized full terms, called generalized clone substitutions. Properties of
the freeness of clonegr(n,v)(T) in a variety of Menger algebras are examined. To find a method for
classifying arbitrary algebras into subclasses via strong hyperidentites, a generalized full hypersubstitution
sending each n-ary operation symbol to each element of the set VVTGnT(ﬁ’Y> (X) is given and its binary
associative operation is defined. Finally, we determine a necessary conditions for which every identity in
clonegra,y)(Tn) to be generalized full hyperidentity in a variety of algebras.
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1. INTRODUCTION

Let X = {z1,x2, x3,...} be a countably infinite set of symbols called variables. We often refer to these
variables as letters, to X as an alphabet, and also refer to the set X,, = {z1,...,x,} as an n-element
alphabet. Let (f;)icr be an indexed set which is disjoint from X. Each f; is called n;-ary operation symbol,

where n; > 1is a natural number. Let 7 be a function which assigns to every f; the number n; as its
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arity. The function 7, on the values of 7 written as (n;);cs is called a type. Recall that an n-ary term of

type 7 is defined inductively as follows :

(i) The variables x1,...,z, are n-ary terms.
(ii) Ifty,...,t,, are n-ary terms then f;(¢1,...,t,,) is an n-ary term.
By W,(X,) we mean the smallest set which contains xz,...,z, and it is closed under finite

application of (ii). It is clear that every n-ary term is also m-ary term for all m > n. The set
[e.e]

= U W-(X,,) is set of all terms of type 7 over the alphabet X. This set can be used as

the universe of an algebra of type 7. For every i € I, an n;-ary operation f; on W, (X) is defined by
fi s W (X)) — Wo(X) with (t1,...,tn,) — fi(t1,...,tn,). The algebra F.(X) := (W-(X); (fi)ier)
is called the absolutely free algebra of type T over the set X. There are a number of detailed researches on
terms (see, [8]).
In [15], the complexity of terms was studied. Actually, the depth of a term is defined. Let ¢t € W-(X),
the depth of a term ¢, denoted by depth(t), is defined as follows:
(i) ift =2 € X, thendepth(t) :=0,
(ii) ift = fi(t1,...,tn,) Wherety, ..., t,, € W,(X), then
depth(t) := max{depth(t;) | 1 < j <mn;} + 1.
A generalized hypersubstitution of type 7 is a mapping o : {f; | i € I} — W;(X) which does
not necessarily preserve the arity. We denoted the set of all generalized hypersubstitutions of type 7
by Hypg (7). To define a binary operation on Hypg(7), we need to define the concept of generalized

superposition of terms S™ : W, (X)™*! — W, (X) by the following steps. For any term t € W, (X),

(i) ift = .Tj,l S] < m, then Sm(xj,tl,. . .,tn) : tj,

(ii) ift::z:j,m<jGN,thenSm(xj,tl,...,tn):
(iﬁ) ift = fi(sl, ey Sni)/ then
STty t) = Fi(S™ (51,1 b)se e ST (Smss E1s e E)-

As a consequence, the algebra (W, (X), S™) is a Menger algebra of rank m + 1. More information

SU]',

about Menger algebras, see [6,7]. A relationship between Menger algebras and power set of terms was
given in [20].

Applying the operation S™, the generalized hypersubstitution o can be extended to a mapping
G : Wr(X) — W (X)

by the following steps:
(i) olz] =z € X ;and
(ii) o[fi(t,...,tn,)] == S™ (o(fi),0[t1],...,0[tn,]) for any n;-ary operation symbol f; where
6[t;],1 < j < n; are already defined.
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We defined a binary operation o on Hypg(7) by 01 og 02 := 1 o 02 where o denotes the usual
composition of mappings and 01,02 € Hypg(T). Let 0,4 be the hypersubstitution which maps each
n;-ary operation symbol f; to the term f;(z1,...,zy,). In [11], it is proved that for arbitrary terms
t,t1,...,t, € W,(X) and for arbitrary generalized hypersubstitutions o, o1, o2 we have

(i) S™(a[t],olt1],...,a[tn]) = a[S™(t, b1, ... tn)],
(i) (610 03) =10 .

It turns out that (Hypg(7);oq,0iq) is a monoid where o4 is its identity element. The
monoid (Hyp(7);op, 0;q) of all arity preserving hypersubstitutions of type 7 forms a submonoid of
(Hypc(7); oG 0ia)-

Let 7, = (n,n, ..., n) be a type consisting of the same values equal to n, i.e. 7, = (n;) with n; = n for
all i € I. The concept of full terms is used in [4] to study the depth of terms and full hypersubstitutions,
and solid varieties. The composed full terms are derived by operation symbols and terms in which all
input variables occur. Thus the resulting subterms in each step of composition, content whole set of
the input variables, which can be only permuted.

In 2013, Phuapong and Leeratanavalee [ 13] inductively defined generalized full terms of type 7,

based on the permutations, as follows:

(i) ifs:{l,...,n} = {1,...,n} is a permutation, then f;(zs),...,Zs»)) is a generalized full
term,
(ii) if ji,jo2, ..., jn are natural numbers and greater than n;, then
filxg (1), - Ts(j,)) 1s @ generalized full term where s’ is a permutation on {j1, ja, .- -, jn},
(iii) if¢y,...,t, are generalized full terms of type 7, then f;(¢1,...,1,) is a generalized full term of
type 7.

Let W(%T (X) be the set of all generalized full terms and let P, be the set of all permutations on

{1,...,n}.

2. GENERALIZED T'(7, Y )-FULL TERMS

The first aim of our main results is to propose the new concept of a specific term, based on full
transformation mappings and the original notions of terms. For this, we recall the concept of the full
transformations.

Let X be a nonempty set and let 7'(X) denote the semigroup of the full transformations from X
into itself under composition of mappings and let Y be a nonempty subset of X. Then T'(X,Y’) was
introduced by Symons [17] to be the set of all transformations from X to Y called the full transformation

semigroup with restricted range, that means

T(X,Y):={aecT(X)| XaCY}.
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Clearly, T'(X,Y') is a subsemigroup of 7'(X) and if X =Y then T'(X,Y) = T'(X). For more informa-
tion about T'(X, Y'), we refer to [ 16].

Let 7, be a type and let ( f;);cr be an indexed set of operation symbols of type 7. The full transformation
semigroup T,, consists of the set of all maps o : {1,2,...,n} — {1,2,...,n} and the usual composition
of mappings. Indeed, T}, is a monoid and identity map 1,, acts as its identity. Let 7 := {1,2,...,n}. For

a fixed nonempty subset Y of 7, it is well-known that the set
T(n,Y) ={aeT, | Imna CY}U{l,}

is a submonoid of T,,. Let {j1,...,7,} € N where ji,...,j, are all distinct with {j1,...,7,} N
{1,...,n} = 0. By Ty, ... j,} we denote the set of all full transformations on {j1, ..., jn} and by 1;, ;1

we mean an identity mapping on {ji, ..., jn}. For, a fixed nonempty subset Y’ of {j1,...,jn}, we set

T({jh s 7jn}7Y/) = {O/ € T{j1,...,jn} ‘ Imo/ - Y/} U {1{j17---7jn}}'

is a submonoid of T;, . ;.1- Now we introduce the definition of generalized T'(7, Y')-full term of type

Tn-

Definition 2.1. Let f; be an n-ary operation symbol and o € T'(72,Y"). A generalized T'(n,Y)-full term

of type 7, is defined in the following way:

(i) ifaeT(n,Y), then fi(zan),---,Tawm)) is a generalized T'(n, Y)-full term of type 7,;
(i) ifa’ € T({j1,---,Jn}, Y'), then fi(zar(1), - - Tar(j,)) is @ generalized T'(n, Y)-full term of type
Tns
(iii) iftq,...,t, are generalized T'(n, Y )-terms of type 7, then f; (t1,. .., t,) isa generalized T'(n, Y)-
full term of type 7,.

GT

Let W5, (=.Y) (X) be the set of all generalized T'(7, Y)-full terms of type 7,.

The set of all generalized T'(n, Y)-full terms of type 7, is closed under the superposition S™ can be

proved in the following theorem.

Theorem 2.2. Let t,s1,89,...,5, € WTGnT(ﬁ’Y) (X). Then S™(t, s1, ..., sy) is also a generalized T'(n,Y")-full
terms of type Tp,.

Proof. We give a proof by induction on the depth of a generalized T'(n,Y)-full term ¢t. If ¢t =
fi(Za(1)s -+ Tam)) where a € T(n,Y), and Depth(t) = 1, then

Sn(t7517 ce 75n) = Sn(fi(xa(l)" . '7J:a(n))7317 ce 73n)

= fi(Sa(l)a oo 75a(n))7
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which is a generalized T'(n, Y')-full term.

Ift = fi(zar(ji)s - Tar(j,)) Where o' € Ty, and Depth(t) = 1, then

cJn
S™(t, s1,. .. ,Sn) = Sn(fi(xoé/(ﬁ)’ R xa/(jn)), Sly«-vs8n)
= fi(xa’(jl)w"?xa/(jn))a

which is a generalized T'(n, Y)-full term.

Ift = fi(ry,...,mn) wherery,...,r, € WTGnT(ﬁ’Y) (X) and assume that
S™(rg,s1,...,5n)is a generalized T'(n, Y')-full terms forall 1 < k£ < n and

mazxi<k<nDepth(ry) = m, then Depth(t) = m + 1 and we have
S"™(t,81,.--y8n) = S"(fi(r1,...yTn), 81, -+, 5n)
= fi(Sn(Tl, S1y--.- ,Sn), cey Sn(’l"n, Slyeeny Sn))

By Definition 2.1, S™(¢, s1, . . . , s is a generalized T'(n, Y')-full term.

Now we consider the algebra
doneqr(ny)(m) i= (WETM(X), $")

which is called the clone of all generalized T'(n, Y )-full terms of type 7,,. The Theorem 2.3, presented below,

shows that the algebra (WgT(ﬁ’Y) (X), S”) satisfies the superassociative law (SASS):

S"( X0, 8™ (Y1, Z1, s Zn)y o s S* Yy Z1s ooy Z)) 2 S™M(S™( X0, Y, Vo), Zas o Z0) (1)

where S" is an (n + 1)-ary operation symbol and Xy, Y}, Z; are variables forall 1 < j < n.
Next, we shall show that the superassociative law is satisfied in the clone of all generalized 7'(7,Y)-

full terms.
Theorem 2.3. The algebra clonegr s y)(Tn) satisfies the superassociative law (SASS).

Proof. We give a proof by induction on the depth of a generalized 7'(7, Y')-full term ¢t which is substituted
Xo from (1). If we substitute Xo from (1) by a generalized T'(n,Y)-full term t = fi(zq1),-- -, Ta(n))
where a € T'(n,Y) and Depth(t) = 1, then we have

S™(filTaiys > Tam)), S™ (1,815, 8n)s -+ S™ (tn, 815+ -+, 80))
= filS"(®aq), S"(t1, 51,5 8n), -+ 8" (tns 8155 80)), - -
S™M(Ta(ny, S"(t1,81, -+, 8n)s -3 S (tn, 51,5+ + -5 80)))
= filS"(taq)s 81,5 8n)s -, " (ta(n)s S1, -+ -5 8n))

= S"(filta)s---sta(n)) 15+ -+ 5n)
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= S"(S"(fi(za@) - Tam))st1s - tn); 815+, 5n).
If we substitute X from (1) by a generalized T'(72, Y')-full term
t = fi(Tar(jy)s - - - Tar(j,)) Where o € Ty, 5y and Depth(t) = 1, then we have
ST fi(Tarr)ys - Tar(ja))s ST (E1, 8155 8n)y -+, S (Fns 81, 50))
= [il@ @) Tara)
= S"(fi(z, () - ..,xa/(jn)),sl,...,sn)
= S"(S"(fi(zar(y) > Tar(jp))stis -5 tn)s 15+, Sn).
If we substitute X from (1) by a generalized T'(n,Y)-full term ¢ = f;(r1,...,r,) whererq,...,7, €
W;?Z(ﬁ’y) (X,) and assume that
Sy S™(t1, 8153 8n)y ey S (tny STy vy 8n)) = S (S (ks t1y oy tn)y STy .-y Sn)
for all 1 < k < n, and mazi<k<,Depth(ry) = m, then Depth(t) = m + 1 and we have
S™(fi(r1y .o yrn), S (1,81, -y Sn)y ey S™(tny S1, -+, Sn))
= fi(S™(r1, S"(t1, 81,y Sn)y ey S (tny Sty vy Sn))s ey
Sy S™(t1, 815+ -y 8n)y ooy S (tny S5+ -4 Sn)))
= fi(S"(S™(ri,t1, .y tn), Sty ey Sn) ey (S (Tnyt1y ooy tn)y STy v ey Sn))
= S™(fi(S™(r1,t1, -y tn)s ey S (st ooy tn)), STy - -5 Sn)
= S"™S"(fi(r1,---sTn)st1y s tn)y S1s .-y Sn).
U

An algebra M := (M, S™) of type 7 = (n + 1) is called a Menger algebra of rank n if M satisfies

the condition (SASS) [1]. It follows immediately from Theorem 2.3 that clonegr s v)(7n) is a Menger

algebra of rank n. For basics and some advanced developments of Menger algebras can be found in the

works of W.A. Dudek and V.S. Trokhimenko, for example, see [5].

It is clear that clonegr (i, y)(Tn) is generated by

F GT(n Y) {fz (.Ta (n)) | 1e€l,a € T(ﬁ,Y)} U

{fz( o (j1)> ,:Ea/(jn)) ‘ Jlyeeesin >N, o € T{j17---7jn}}'

Let VGT(®Y) be the variety of type T = (n + 1) generated by the superassociative law (SASS). Let

Fyermy) ({Yi | | € J}) be the free algebra with respect to VE7(™Y) freely generated by an alphabet
{Y;|le J}whereJ ={(i,a) |i € I, € T(7,Y)}. The operation of Fy,crx.v)({Y; | I € J}) is denoted
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by S™. Next, we are going to prove that the clone of all generalized 7'(7, Y)-full terms is a free algebra
with respect to the variety V&Y,

Theorem 2.4. The algebra clonecr(n,y)(Tn) is isomorphic to Fy,cra,y)({Y1 | I € J}) and therefore it is free

with respect to the variety VET(™Y)

{fi(a:a(l), . 7$a(n)) | 1€ I, o€ T(ﬁ,Y)} U {fi(xa’(jl)v R 7$a’(jn)) ‘ jl, - ,jn >n, o € T{jh.--,jn}}'

, and freely generated by the set

Proof. We define the mapping ¢ : Wi (x,) — Fyrayv)({Y; |1 € J}) inductively as follows:

(1) @(fiTaq)-- > Tam)) = Y(ia)
(i) e(fi(zar(r)s - Tar(in)) = Yii,ar)i
(iti) @(fitaqt)- -+ tam)) = " Way ©(t1), -, @(tn)).
Since ¢ maps the generating system of clonegr s,y (7s) onto the generating system of Fy,cr(a,v) ({Y7 |

l € J}), it is surjective. We will prove the homomorphism property

(p(Sn(to,tl, s >tn)) = S’n((p(tg), Qp(tl)v s 790(tn))

by induction on the depth of a generalized T'(72, Y)-full term .
Ifto = fi(za(1)s- - » Ta(m)) Where a € T'(n,Y) and Depth(t) = 1, then we have
o(S™(fi(za1)s -+ Tam))st1s-- - tn))
= o(filtaq)s - tam)))
= 5™ (Yo P(t1), - -, (tn))
= 5"(o(fi(a(1)s- - -+ Tam))s ©(t1); - - o(tn))-
Ifto = fi(Ta(jy)s - - Tar(jn)) Where ' € Ty, 5 1 and Depth(t) = 1, then we have

90( (fi($a(1)a'-'7$a(n))7t17"'>tn))

= o(fi(@ar(r)s - > Tar(j)))
= Y,a)
g (Y,arys o(t1), - (tn))
S P(filTarr)s -+ Tar () P(E1)s - -5 p(E)-
If to = fi(r1,...,7mn) and assume that

gO(Sn(Tk, i, ... 7tn)) = Sn(gp(rk)7 Qp(tl)v SRR Qa(tn))

for all 1 < k < n and maz1<k<nDepth(ry) = m, then Depth(t) = m + 1 and we have
@(Sn(fi(rla s 7rn)a tla s 7tn))

= gO(fi(Sn(’l“l,tl, . .,tn), e ,Sn(T‘n,tl, e ,tn)))
= S’”(y(i,ln), O(S™(r1,t1, ooy tn))y e o @(S™ (s tiy .o t0)))
= S’n(y(i,ln)a S’"(Qp(’rl), (p(tl)’ SER) @(tn))’ R

gn(@(rn)y @(tl)u s v@(tn)))
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= S’n(‘g(y(i,ln)a Qp(rl)a SO SO(Tn)% Sp(tl)a s 730(tn))
= S™(@(fi(r1, -y ma))so(t1), - -5 pltn)-

Thus ¢ is a homomorphism. The mapping ¢ is clearly bijective since the set

W |1 €1, a €T(n,Y)} is free independent. Therefore we have
Yie) = Y(5,8) = (i,a) = (4, 8)
and Yoy = Y(5,8) — (i,Oé,) = (], B,)
—i=j,d =0.

So fi(:ca(l), ‘e ,J}a(n)) = fj(xg(l), . ,Jfﬁ(n)) and fi(:ra/(l), . ,:I}a/(n)) =
fi(zg 1), -+ n))- Thus ¢ is a bijection between the generating sets of

clonegr(n,y)(Tn) and Fyer@m,y) ({1 | I € J}) and therefore ¢ is an isomorphism. O

3. GENERALIZED 7'(7, Y )-FULL HYPERSUBSTITUTIONS

In this section, we will generalize the concept of T'(n, Y')- full hypersubstitution. For any generalized
T(n,Y)-full term ¢t we need the generalized 7'(n,Y)-full term ¢g derived from ¢ by replacement a

variable 7,;) in t by a variable (. (;) for a mapping 3 € T'(n,Y'). This can be defined as follows.

a(j)
Lett,t1,...,t, € WTGRT(ﬁ’Y) (Xp) and o, 8 € T(n,Y). Then we define the generalized T'(n,Y)-full
term ¢ in the following steps:
(i) Ift = fi(zays - Tam)) thents == fi(xgna))s - Ta(am))-
(i) It = fi(xa () - Tar(j)) Where o' € Tyj 54,
thents := fi(za(j1)s - Tar(jn))-
(iii) Ift = fi(tr,...,tn), thentg = f;((t1)s, - .., (tn)p).
It is clear that ¢g is a generalized T'(7, Y')-full term for any generalized T'(n, Y)-full term ¢ and for
any o € T'(n,Y).
Now, we call a mapping
o {fi|iel} — wETOY)(X)

a generalized T'(n, Y )-full hypersubstitution of type 7,. By H ypg(ﬁ’y) (7n) we denote the set of all general-

ized T'(n, Y')-hypersubstitutions of type 7.
Then any generalized 7'(7, Y')-full hypersubstitution

o:{filiel} — WwETEY)(x)
of type 7,, can be extended to a mapping

& WETY)(X) — wETmY)(X)
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as follows :
(i) olfi(ma@y - Tam)] == (U(fi))a'
(i) olfi(zar()s- s Tar(gu)] = S™ (0(fi)s Tar(rys -+ T ()
(iii) &[fi(t1, ..., tn)] := 8" (o(fi),0[t1], ..., 0 tn;])-
We define a binary operation og(ﬁ’y) on H ypg(ﬁ’y) (o) by o1 og(ﬁ’y) 09

notes the usual composition of mappings.

oid(f) = fi(wy,. ..,

Zn), one has a monoid (H YPe

Together with the hypersubstitution o;; defined by

T(n,Y T(n,Y)

)(Tn); °a

the property of a term t,, and the extension &.

tn EWSLT

Lemma 3.1. Lef t,tq, ..
S™(t,oltgl, .- -0
forall € T(n,Y).

Proof. We give a proof by induction on the de
Ift= fl( La(1),

[tam)])

Y)(X). Then

— Sn(tg,&[tl], cee 7&[tn])

pth of a generalized T'(7, Y)-full term ¢.
; Ta(n)) Where o € T'(n,Y') and Depth(t) = 1, then

S (t,O’[tﬂ(l)],...,O‘[tﬁ(n)])
= S"(fi(Ta(1)s -+ Tam))s Fltg)ls - - -5 Fltsm)])
= filoltsaapl: -+ lts@mp));
S"(tg, 0[], - .., 6[tn])
= S"(fi(Ta(1)s s Tam))g, Olt1]s - - -, O[tn]
= S"(fil®s(a(1))s - - > TB(a(n)))s Olt1]s - - - O [tn]
= [iloltsaayls - 0ltaca(my))-
Ift = fi(Tar(jy), - Tar(j)) Where o/ € Ty, 5 1, and Depth(t) =
then S"(t,6[ts)ls- -, 0ltam)))
= S"(filza () -- Tar () ) Olta))s - - -, G lta(m)])
= [il@ar(ys - T ),
S™(tg, 0[], ..., [tn])
= S"(filzar(r)s - Tar(ja)) 8o O], - - -, O[Ln]
= S"(filxa ) Tat(jn))s Ol1)s - o Otn]
= Jilza Gy T o)

:= 01 o oo where o de-

, aid). The following lemma shows
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Ift = fi(s1,...,8,) where s1,...,s, € WTC;:T(ﬁ’Y) (X) and assume that
S™(sk, 6ltpyl, - - 0ltgm]) = S"((sk)g, 6[ta], - - -, 6[tn])

for all 1 < k < n and mazi<k<pDepth(s;) = m, then Depth(t) = m + 1 and we have

= S"(fi(s1,---s50),0lts)ls -5 Gltam)))

g

Using Lemma 3.1 we show that the extension ¢ of each generalized T'(n, Y')-full hypersubstitution o

preserves the operation S™ on the set WgT(ﬁ’Y) (X).

Theorem 3.2. Foro € H ypg(ﬁ’y) (7), the extension

& WETmY)(X) — wETmY)(X)

is an endomorphism on the algebra clonecr(n,y)(Tn)-

Proof. 1t is clear that ¢ : WgT(ﬁ’Y)(X) — WTGnT(ﬁ’Y)(X). Let to,t1,...,ty € WTGnT(ﬁ’Y) (X). We will

show by induction on the depth of ¢, that
alS"(to, t1, ... tn)] = S™(6to], o[t1], ..., 0[tn]).

It to = fi(Ta(1)s- - > Ta(n)) where a € T(n,Y) and Depth(to) = 1, then
5[S™(to, b1, . . ., ty)]

= 5[Sn(fi($a(1), e ,Jja(n)),tl, ceyty)]
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Ifto = fi(zar(ji)s - - Tar(j,)) Where o € Ty, sy and Depth(tg) = 1, then
a[S™(to, t1, .- tn)]
= G[S"(fi(Zar(jr)s - > Tar(jp))s s -+ -5 tn)]
= 0fi(Tar(r)s - Tar ()]
= 8" (0(fi)s Tar(i)s s Tar(in)
= S"o(fi), 618" (@arjr)s t1s - -5 ta)], -, O[S (Tar()s T -+ -5 Tn)])
= S"(S"(o(f)Tar(y)s s Tar(jn))s Olt1], - - -5 O[tn])
= S"0lfilxa Gy Tl oltal, -5 0lta])
= S"(a[to], o[t1],- .., 0tn])-
Ifto = fi(r1,...,rn) wherery,...,r, € WTGnT(ﬁ’Y) (X) and we assume that
S (rkyt1, .y tn)] = S™(6[rk], 0lt1],s - - -, Otn])

forall1 < k < nand maxi<k<nDepth(ry) = m, then Depth(t) = m+1 and we have 6[S" (to, t1, ..., t)]

= SIS (fi(rrs- )t t)]
= GLf(SM (Lt )y S (st )]
= S™Mo(fi), 618" (1t )]s BLS (Pt )
= S"(o(fi), S"(6[r1),6lta], - -, G[ta]), - - S (B rn), G[ta]), - - - O ltn]))
= SU(S™o(f),6[r1)s .. 6lra])s Glt1]s- - G[tn])
= S§"(6lto], 6[ta), .- ., O [tn])-
O

We complete this section by studying the connection between generalized 7'(72, Y')-full terms and
the extension of a mapping which maps fundamental term to any generalized 7'(n, Y')-full terms.

As mentioned, the algebra clonegr(,y)(7n) is generated by the set

FWGT(ﬁ,Y)(X) = {fl (:L‘a(l), - ,xa(n)) | 1e€l,a€ T(ﬁ,Y)} @]

{fi(xa’(jl)v .. ,:Ea/(jn)) ‘ jl, .. ,jn >n, Oé/ S T{j17-~-7jn}}'
Thus, any mapping
n: FWTG,LT(FL’Y)(X) — WgT(ﬁ,Y) (X)

called generalized T'(n, Y )-full clone substitution, can be uniquely extended to endomorphism

7 WETmY (X)) — wET™Y) (X)),
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Let Substqr(a,y)(mn) be the set of all generalized T(7,Y)-full clone substitutions. On the set

Substgr(n,y)(Tn), a binary operation © can be defined by

N On2:=mn10M

where o denotes the usual composition of mappings. Furthermore, the identity mapping with respect

to ® is denoted by zdFW%T(my)(X).

Then clearly, (SubstGT(my) (1);©,idr ) forms a monoid.
W,

Y (x)

(ﬁ,,Y)( GT

Consider o € H ypg 7,) and by Theorem 3.2, 6 : W7, @.Y) (X) — WTC[:T(ﬁ’Y) (X) is an endomor-

phism. Since FWTciT(ﬁ,y)( x) generates

clonegr(n,y)(Tn), we have & Faromy) is an generalized T'(n, Y')-full clone substitution with
we i (x)

o =6.
FW%T(FL,Y)(X)

Define a mapping v : Hypg(ﬁ’y) (Tn) — Substgr(n,yy(Tn) by

(o) =06

FWSLT(ﬁ,Y)(X)

We have 1 is a homomorphism. In fact: Let 01,02 € H ypg(ﬁ’y) (7n). Then

T(R,Y) T(@Y) _ \A
’l]Z)(O'l e} 0'2) = (O’l o 0'2)
= (Ul o 0'2) ’nglT<ﬁ’Y)(X)
= 01 FWSLT(ﬁ,Y)(X) © 02 ‘FWSLT(ﬁ,Y)(X)
= tp(o1) 0 Y(02)
= 1(o1) ©P(o2).

Clearly, 1 is an injection. Hence we have the following corollary.
Corollary 3.3. The monoid (H ypg(ﬁ’y) (Tn); og(ﬁ’y), Uid) can be embedded into
(SubStGT(ﬁ,y) (Tn)7 ©, Z'dFWSLT(ﬁ’Y)(X) )

4. GENERALIZED T'(7, Y )-FULL HYPERIDENTITIES

In this section we examine the relationship between a variety V' of type 7, and the identity in the

clonegr(n,y)(Tn)-
Let V be a variety of type 7, and let IdV be the set of all identities of V. Let Id“T(™Y)V be the set of
all s ~ t of V such that s and ¢ are both generalized T'(7, Y)-full term of type 7,,; that is

B B 2
1dCTRY)y . (WS?‘"’” (X )) nIdv.

It is well-known that /dV is a congruence on the free algebra 7 (X'). However, in general this is not true

for Id“T(Y)V . The following theorem shows that 7d“T("Y)V is a congruence on clonegr(ny)(Tn)-
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Theorem 4.1. Let V' be a variety of type 7,,. Then 1d°T™Y)V is a congruence on the algebra clonegrn,y)(Tn)-

Proof. We will prove thatif ¢t ~ r, t, = r; € IdGTMY) Y | = 1,2,...,n, then S™(t,t1, ..., ty)

Q

S™(r,r1,...,rn) € IdST™Y)V . Firstly, we give a proof by induction on the depth of a term t €
WTGnT(ﬁ’Y)(X) that for every i € Iift,, ~ 1, € IdGTAY)Y | = 1,2,...,n, then Sty ty, ... ty) &
S™(t,ry, ... 1) € IdGTEY)Y
Ift = fi(za(1),- - Tam)) Where a € T(n,Y) and Depth(t) = 1, then
S"(filTa@)s - Tam))tt, -5 tn) = filta@)s - tam))
~  fiTa@), > Tam))
= S"(filTa(r)s -1 Tam))s Ty -5 Tn)
e IdGT(fL,Y)V'7
where IdV is compatible with the operation f; of the absolutely free algebra 7, (X ) and by the definition
of generalized T'(n, Y)-full terms.
Ift = fi(zar(ji)s- - Tarj,)) Where o € Ty, 5+ and Depth(t) = 1, then
S"(fi(a:a/(jl), e ,a:a/(jn)), tl, e ,tn) = fi(xa/(jl), e 7:1:0/(]'”))
= Sn(fi(l'o/(jl), ‘e ,fL‘a/(jn)), T1,.-. ,’I“n)
e IdGT('FL,Y)V
Ift= fi(lh,...,ln) € WTTn(ﬁ’Y) (X) and assume that
S (Lt eeer tn) = S™ (L, 71, ooy ) € IdCTEY)Y,

for all 1 < k < n and mazi<k<nDepth(ry) = m, then Depth(t) = m + 1 and we obtain

Sn(fi(ll, ey ln),tl, . ,tn) = fi(Sn(ll,tl, . ,tn), e Sn(ln,tl, . ,tn))
Fi(S™ (L, r1y e oyrn)y e, Sy r1y ooy Tn))

= Sn(fi(llv"-)ln)77'1,...77"n) GIdGT(ﬁ’Y)V

Q

This means

Sn(t,tl, R ,tn) ~ Sn(t,Tl, R ,’I"n) e IdGT(ﬁvY)V

This is a consequence of the fact that IdV is a fully invariant congruence on the absolutely free algebra

F-(X). Assume now that t =~ 7, t;, = 1, € Id°T(™Y)V, Then

St b1, .. b)) A S™(r by, b)) & ST (ry T, ) € TdCTY)Y
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By using the concepts of generalized T'(72, Y')-full hypersubstitution as we presented in Section 3, we
shall define generalized T'(n, Y')-full hyperidentities in a variety of type 7,.

Let V be a variety of type 7,. An identity s =~ t € Id“T("Y)V is called a generalized T(7,Y )-full
hyperidentity of V if 6[s| ~ o[t] € IdV forallc € H ypg(ﬁ’y)(rn). Moreover, the variety V is called
generalized T'(n, Y )-full solid if the following holds:

Vs~ t € [dT ™YV Vo € Hypa ™Y (1), 6[s] ~ 61[t] € 1dV.
Next, we characterizes the generalized T'(7, Y )-full solid variety as the following theorem.

Theorem 4.2. Let V' be a variety of type 7,,. If Id°T™Y)V is a fully invariant congruence on cloneqr(n,y)(Tn),

then V' is a generalized T'(n, Y')-full solid.

Proof. Assume that I deTmY)V g a fully invariant congruence on clonegr(n,y)(Tn). Let s ~ t €
IdSTY)V and o € H ypg(ﬁ’y) (7n). By Theorem 3.2, 6 is an endomorphism of clonegr s,y (7). Hence

6(s] = o[t] € Id5T™Y)V which shows that V' is generalized T'(7, Y)-full solid. O

IdGT(ﬁ,Y)

For a variety V' of type 7, V' is a congruence on clonegr(s,y)(Ts) by using the Theorem 4.1.

We can form the quotient algebra
clonegre,yy(V) = clonegr,y) (1) /1dCT Y)Y,

This quotient algebra belongs to the class of a Menger algebra of rank n. Note that, we have a natural
homomorphism
natgeray)y © conegrm,y) () — clonegrm,y)(V)
such that

natldGT(ﬁyY)v(t) = [t][dGT(ﬁ,y)V.

Finally, we prove the following connection between generalized 7'(7,Y)-full hyperidentities of a

variety V and clone identities.

Theorem 4.3. Let V be a variety of type .. If s ~ t € 1d°TY)V is an identity in clonegr,y)(V), then
s ~ t is a generalized T (n, Y )-full hyperidentity of V.

Proof. Assume thats~t eI dCT@Y)V is an identity in clonegrn,y) (V). Leto € H ypg(ﬁ’y) (7). Then
6 : clonegr(n,y) () — clonegr(n,y) () is an endomorphism by Theorem 3.2. Thus

naty crn,y)y © 0 : ClOn@aT(ﬁ,Y) (Tn) — CZOHGGT(T’L,Y)(V)

is a homomorphism. By assumption,

(nat; er@yvyy ©6) (s) = (nat;gereyyy ©0) (1).
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That is
nateryyy (6[s]) = natgeremyyy (6[t).
Thus
[6]s]] jger v = [6]t]] jgerayv
and hence
&[s] ~ 6t] € 1dSTEY)y.
Therefore, s ~ t is a generalized T'(n, Y)-full hyperidentity of V. O
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