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1. INTRODUCTION

The field of the mathematical science which goes under the name of topology is concerned with
all questions directly or indirectly related to continuity. Semi-open sets, preopen sets, a-open sets
and [-open sets play an important role in the researches of generalizations of continuity. Levine [11]
introduced and investigated the concept of semi-continuous functions. Mashhour et al. [ 14] introduced
and investigated the notion of precontinuous functions. Mashhour et al. [13] introduced and studied
the concept of a-continuous functions. Noiri [ 16] investigated several characterizations of a-continuous
functions. Moreover, Noiri [ 15] introduced and studied the concept of almost a-continuous functions
as a generalization of a-continuity. Abd El-Monsef et al. [ 1] introduced the notion of S-continuous func-
tions as a generalization of semi-continuity and precontinuity. Marcus [12] introduced and investigated
the concept of quasi-continuous functions. Borsik and Dobo$ [§] introduced the notion of almost quasi-
continuity which is weaker than that of quasi-continuity and obtained a decomposition theorem of
quasi-continuity. Popa and Noiri [ 17] investigated some characterizations of S-continuity and showed
that almost quasi-continuity is equivalent to S-continuity. Viriyapong and Boonpok [ 18] introduced
and studied the concept of (A, sp)-continuous functions. Furthermore, several characterizations of

almost (A, s)-continuous functions were investigated in [2]. In [3], the present authors introduced and
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studied the concept of weakly (A, p)-continuous functions. Laprom et al. [10] studied the notion of
B(71, T2)-continuous multifunctions. Viriyapong and Boonpok [19] introduced and investigated the
concept of (71, 2)a-continuous multifunctions. Moreover, some characterizations of almost weakly
(71, T2)-continuous multifunctions and (7, 72)d-semicontinuous multifunctions were established in [4]
and [5], respectively. In [7], the author investigated several characterizations of (i, j)-M-continuous
functions in biminimal structure spaces. Dungthaisong et al. [9] introduced and studied the notion
of g(mm,n)-continuous functions in bigeneralized topological spaces. In this article, we introduce the
concept of (71, 72)-continuous functions. In particular, several characterizations of (71, 72)-continuous

functions are discussed.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 71, 72) and (Y, 01, 02) (or simply X and Y') always mean
bitopological spaces on which no separation axioms are assumed unless explicitly stated. Let A be
a subset of a bitopological space (X, 71, 7). The closure of A and the interior of A with respect to 7;
are denoted by 7;-Cl(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a bitopological space
(X, 11, 72) is called 71 m9-closed [6] if A = 71-Cl(72-Cl(A)). The complement of a 73 72-closed set is called
T172-0pen. Let A be a subset of a bitopological space (X, 71, 72). The intersection of all 71 7»-closed sets
of X containing A is called the 71 m2-closure [6] of A and is denoted by 772-Cl(A). The union of all

T1T2-0pen sets of X contained in A is called the 7y mo-interior [6] of A and is denoted by 71 72-Int(A).

Lemma 1. [6] Let A and B be subsets of a bitopological space (X, 1, 72). For the Ti1a-closure, the following
properties hold:

(1) A C mima-CI(A) and 1y172-Cl(T172-Cl(A)) = T172-CI(A).

(2) If A C B, then 1y12-CI(A) C 1172-Cl(B).

(3) T172-CI(A) is Ty 9-closed.

(4) Ais mymo-closed if and only if A = 1112-CI(A).

(5) mm-Cl(X — A) =X — mime-Int(A).

3. ON (71, T2)-CONTINUOUS FUNCTIONS

In this section, we introduce the concept of (71, m2)-continuous functions. Furthermore, several

characterizations of (71, 72)-continuous functions are discussed.

Definition 1. A function f : (X, 1, m) — (Y, 01, 02) is called (11, m2)-continuous at a point = € X if for each
o109-0pen set V of Y containing f(x), there exists a T m9-open set U of X containing x such that f(U) C V. A
function f: (X, 1, m) = (Y,01,02) is called (11, m2)-continuous if f has this property at each point of X.

Theorem 1. For a function (X, 11, 72) — (Y, 01, 02), the following properties are equivalent:
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(1) fis (1, m2)-continuous at x € X;
(2) = € mymo-Int(f~1(V)) for every oyo9-0pen set V of Y containing f(z);
(3) x € fH(o102-Cl(f(A))) for every subset A of X with

x € 112-CI(A);
(4) z € f~Y(o102-Cl(B)) for every subset B of Y with
x € 1r-Cl(f 1 (B));
(5) x € Tymo-Int(f~1(B)) for every subset B of Y with
x € [~ (o109-Int(B));
(6) x € f~Y(K) for every o109-closed set K of Y with
x € 1o-Cl(fH(K)).

Proof. (1) = (2): Let V be any oj02-open set of Y containing f(z). By (1), there exists a 7172-open set
U of X containing x such that f(U) C V. Thus, U C f~!(V) and hence z € 1y 7-Int(f~1(V)).

(2) = (3): Let A be any subset of X, z € 7172-Cl(A) and V be any oj02-open set of Y containing
f(z). By (2), we have

z € Tr-Int(fH(V))
and there exists a 71 »-open set U of X such that x € U C f~1(V). Since x € 1172-Cl(A), we have
0#fUNA)C fU)Nf(A) SV NF(A).

Thus, f(x) € 0102-Cl(f(A)) and hence = € f~(a102-Cl(f(A))).
(3) = (4): Let Bbeany subsetof Y and = € 7172-Cl(f~1(B)). By (3), wehavex € f~!(c102-Cl(f(f1(B)))) C
f~Y(o109-Cl(B)) and hence = € f~!(0102-Cl(B)).
(4) = (5): Let B be any subset of Y such that x ¢ 7y m»-Int(f~1(B)). Then,
z€X —mrInt(f1(B)) = nn-Cl(X — f1(B))

= TlTQ—Cl(f_l(Y — B))

z € fHo109-Cl(Y — B)) = f 1Y — 5102-Int(B))

=X — f_l(Jla'Q-Il’lt(B)).

Thus, x € f~(o102-Int(B)).
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(5) = (6): Let K be any oy02-closed set of Y and = ¢ f~1(K). Then,
veX - fK) = [UY - K)
= f 1 (o109-Int(Y — K)).
By (5), we have
z € mro-Int(fHY — K)) = nip-Int(X — f71(K))
=X — nn-Cl(f 1 (K))
and hence = € 1 72-Cl(f~1(K)).
(6) = (2): Let V be any oy09-0open set of Y containing f(x). Suppose that z ¢ 7 7-Int(f~1(V)).
Then,
r€X —mrInt(f (V) = nn-Cl(X — f1(V))
= nr-Cl(f 71 (Y = V).
By (6),z € f71(Y —V)=X — f~}V) and hence z ¢ f~1(V). This contraries to the hypothesis.
(2) = (1): Let z € X and V be any oj02-open set of Y containing f(z). By (2), we have z €

mimo-Int(f~1(V)) and there exists a 7y »-open set U of X containing = such that U C f~1(V). Thus,

f(U) C V and hence f is (71, 72)-continuous at . O

Theorem 2. For a function (X, 11, 72) — (Y, 01, 02), the following properties are equivalent:
(1) fis (1, 12)-continuous;
(2) f~H(V)is myme-open in X for every oyo2-open set V of Y;
(3) f(mima-Cl(A)) C 0102-CI(f(A)) for every subset A of X;
(4) mima-Cl(f~Y(B)) C f~Y(o102-CI(B)) for every subset B of Y;
(5) f~Y(o109-Int(B)) C Time-Int(f~1(B)) for every subset B of Y;
(6) f~YK) is mimo-closed in X for every oyoo-closed set K of Y.

Proof. (1) = (2): Let V be any oy02-open set of Y and z € f~1(V). Then, f(z) € V and there exists a
T179-open set U of X containing z such that f(U) C V. Thus, U C f~!(V) and hence

x € myro-Int(fH(V)).

Therefore, f~1(V) C mymo-Int(f~1(V)). This shows that f~!(V) is 7y »-open in X.

(2) = (3): Let A be any subset of X, z € 7172-Cl(A) and V be any o;02-open set of Y containing
f(z). Then, z € 7 7o-Int(f~1(V)) and there exists a 7ym2-open set U of X such thatz € U C f~1(V).
Since x € T172-Cl(A), we have U N A # () and

0#F(UNA)C FU)NFA) SV FA).
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Thus, f(z) € 0102-CI(f(A)).
(3) = (4): Let B be any subset of Y. Then by (3),

f(nma-Cl(f~1(B))) C 0102-Cl(f(f~'(B))).

Thus, 11 72-Cl(f ~1(B)) C f~(0102-Cl(B)).
(4) = (5): Let B be any subset of Y. By (4), we have
X — nro-Int(f~Y(B)) = nn-Cl(X — £ 1(B))
= nm-Cl(f~YY — B))
C fH(o102-CL(Y — B))
= 7YY — 0109-Int(B))
=X — fYo109-Int(B))
and hence f~!(o102-Int(B)) C me-Int(f~1(B)).
(5) = (6): Let K be any oj02-closed set of Y. Then, Y — K is oj02-openin Y and Y — K =
o102-Int(Y — K). By (5),
X —fHE) = 1Y - K)
= f(o101-Int(Y — K))
C nimp-Int(f (Y - K))
= nro-Int(X — f1(K))
=X — nn-Cl(f 1 (K)).
Thus, 71 72-CI(f~1(K)) C f~!(K). This shows that f~!(K) is 7y m»-closed in X.
(6) = (2): The proof is obvious.
(2) = (1): Let z € X and V be any o02-open set of Y containing f(x). By (2), we have z €

T179-Int(f~1(V)) and there exists a T179-open set U of X containing z such that U C f~1(V), Thus,

f(U) C V and hence f is (71, 72)-continuous at z. This shows that f is (71, 72)-continuous. O

Recall that a bitopological space (X, 71, 72) is said to be 7y 7a-compact [6] if every cover of X by

T172-0pen sets of X has a finite subcover.

Theorem 3. If f : (X, 71, m2) = (Y, 01,02) is a (11, T2)-continuous surjection and (X, 11, m2) is T1T2-compact,

then (Y, 01, 02) is o102-compact.

Proof. Let {V, | v € '} be any cover of Y by o109-open sets of Y. Since f is (71, 72)-continuous, by
Theorem 2, { f7*(V,) | v € I'} is a cover of X by 7172-open sets of X. Thus, there exists a finite subset
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Iy of I such that X = Uyer, f~1(V;). Since f is surjective, Y = f(X) = Uyer, V5. This shows that

(Y, 01, 02) is o102-compact. O
Recall that a bitopological space (X, 71, 72) is said to be 71m2-connected [6] if X cannot be written as

the union of two nonempty disjoint 74 m2-open sets.

Theorem 4. If f : (X, 11, 72) = (Y, 01,02) isa (11, T2)-continuous surjection and (X, 11, 7o) is T1 To-connected,

then (Y, 01, 02) is o102-connected.

Proof. Suppose that (Y, o1, 02) is not o102-connected. There exist nonempty o102-open sets U and V' of

Ysuchthat UNnV =0and UUV =Y. Then, f~Y(U)N f~1(V) = () and

Oy ufi(v)=x.

Moreover, f~}(U) and f~!(V) are nonempty 7172-open sets of X. Thus, (X, 71, 72) is not (71, 72)-

connected. Therefore, (Y, 01, 02) is 0102-connected. O
The 7 my-frontier of a subset A of a bitopological space (X, 71, 72), denoted by 7 m»-fr(A), is defined by

T172-fr(A) = 1 12-CI(A) N 1 72-CL(X — A)

= 1172-Cl(A) — 7y 72-Int(A).

Theorem 5. The set of all points x € X at which a function f : (X,1,72) — (Y,01,02) is not (11, 72)-
continuous is identical with the union of the T mo-frontier of the inverse images of o102-open sets containing

f(@).

Proof. Suppose that f is not (71, 2)-continuous at € X. There exists a o102-open set V of Y containing
f(z) such that f(U) € V for every mim2-open set U of X containing x. Then, U N (X — f~1(V)) # 0 for
every 712-open set U of X containing z. Thus, z € 7175-Cl(X — f~1(V)). On the other hand, we have
€ f7H(V) C mm-Cl(f~1(V)) and hence x € 1y o-fr(f~1(V)).

Conversely, suppose that f is (71, 2)-continuous at z € X and V' be any o102-open set of Y containing
f(z). Then by Theorem 1, we have = € Ty o-Int(f~1(V)). Thus, x & mymo-fr(f~1(V)) for each oy 09-0open
set V of Y containing f(z). This completes the proof. O
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