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1. Introduction

The fundamental integral inequality of Gronwall [8] and its generalizations contribute significantly
to the study of existence, uniqueness, boundedness, oscillation, stability, and other qualitative properties
of solutions of differential and integral equations. Over the last decades, many authors have given
several significant extensions and developments to the forms of classical integral inequalities [1–3,5,10].
Recently, many researchers have been interested in giving new integral inequalities with delay of the
Volterra-Fredholm type [4,7, 11, 14].

Pachpatte [13] has discussed the following linear retarded integral inequality of Volterra-Fredholm
type in two variables

u(x, y) ≤ c+

∫ γ(x)

γ(x0)

∫ λ(y)

λ(y0)
a(x, y, s, t)u(s, t)dtds+

∫ γ(M)

γ(x0)

∫ λ(N)

λ(y0)
b(x, y, s, t)u(s, t)dtds. (1)
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In [12], Ma and Pečarić proved the nonlinear retarded Volterra-Fredholm integral inequality in two
variables as follows

u(x, y) ≤ k +

∫ γ(x)

γ(x0)

∫ λ(y)

λ(y0)
σ1(s, t)

[
f(s, t)ω (u(s, t)) +

∫ s

γ(x0)

∫ t

λ(x0)
σ2(τ, ξ)ω (u(τ, ξ)) dξdτ

]
dtds

+

∫ γ(M)

γ(x0)

∫ λ(N)

λ(y0)
σ1(s, t)

[
f(s, t)ω (u(s, t)) +

∫ s

γ(x0)

∫ t

λ(x0)
σ2(τ, ξ)ω (u(τ, ξ)) dξdτ

]
dtds.(2)

Kendre et al. in [9] established the following nonlinear integral inequality

up(t) ≤ c(t) +

∫ t

a
f(t, s)u(s)ds+

∫ b

a
g(t, s)up(s)ds. (3)

The following Volterra-Fredholm integral inequality with delay, proved by El-Deeb and Ahmed [6].

ωp(t) ≤ c(t) +

∫ γ(t)

0
k1(t, s)ω(s)ds+

∫ b

a
k2(t, s)ω

p(s)ds. (4)

In some problems, it is desirable to establish some new integral inequalities of the above type in
more general cases, in order to achieve a diversity of desired goals. In this paper, motivated by the
above results, we discuss a class of useful retarded integral inequalities of Volterra-Fredholm type in
several variables. The upper bound estimation of the unknown function is given by some integral
inequality techniques. Finally, we propose an application of our results to study the boundedness of
solutions of multidimensional Volterra-Fredholm integral equations with delay.

2. Main results

Throughout this article, let the following notations: J =
[
x0, T

]
= J1 × J2 × ... × Jn where Ji =[

x0i , Ti
]
, i = 1, ..., n, and x0 =

(
x01, ..., x

0
n

)
, T = (T1, ..., Tn) ∈ Rn,∆ =

{
(x, s) ∈ J2 : x0 ≤ s ≤ x ≤ T

}.
If x = (x1, ..., xn) and y = (y1, ..., yn) belong to Rn, we write x ≤ y (x < y) if and only if xi ≤ yi

(xi < yi) , i = 1, ..., n. We put x = (x1, x
1),where x1 = (x2, ..., xn), (x0)1 =

(
x02, ..., x

0
n

), and
• Di = ∂

∂xi
, i = 1, ..., n,

• dx1 = dxn...dx2,

•
∫ x
x0 ...ds =

∫ x1
x01
...
∫ xn
x0n

....dsn...ds1 =
∫ x1
x01

∫ x1
(x0)1 ....ds

1ds1,

•
∫ α(x)
α(x0)

...ds =
∫ α1(x1)

α1(x01)
...
∫ αn(xn)
αn(x0n)

...dsn...ds1.

In what follows, we give some new generalizations of the multidimentional Volterra-Fredholm type
integral inequalities.

Theorem 2.1. Let u ∈ C (J,R+), and f, g, a ∈ C (∆,R+) be nondecreasing functions in x for each s ∈

J, γ(x) = (γ1(x1), ..., γn(xn)) ∈ C1 (J, J), where γi ∈ C1 (Ji, Ji) be nondecreasing functions on Ji, with

γi(xi) ≤ xi, i = 1, ..., n. Let ω ∈ C(R+,R+) be nondecreasing with ω(u) > 0, for u > 0, and

F (v) =

∫ v

v0

ds

ω−1(s)
, v ≥ v0 > 0, F (+∞) = +∞, (5)
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H1(u) = u−
∫ γ(T )

γ(x0)
g(x, s)F−1

[
F (u) + ϕ(s)

]
ds− u0, (6)

where ϕ(x) =
∫ γ(x)
γ(x0)

a(x, s)
[
1 +

∫ s
γ(x0) f(s, τ)dτ

]
ds, H1 is increasing for u ≥ u0 and H1(u) = 0 has a

solution c for u ≥ u0, then. If u(x) satisfies

ω (u(x)) ≤ u0 +

∫ γ(x)

γ(x0)
a(x, s)

[
u(s) +

∫ s

γ(x0)
f(s, τ)u(τ)dτ

]
ds

+

∫ γ(T )

γ(x0)
g(x, s)ω(u(s))ds, (7)

for x ∈ J , where u0 ≥ 0 is a constant, then

u(x) ≤ ω−1
(
F−1

[
F (c) +

∫ γ(x)

γ(x0)
a(x, s)

[
1 +

∫ s

γ(x0)
f(s, τ)dτ

]
ds

])
, (8)

for x ∈ J , where F−1 and H−11 are the inverse functions of F and H1, respectively.

Proof. Let u0 > 0 and X = (X1, ..., Xn) ∈ J fixed, then for x0 ≤ x ≤ X ≤ T , let

z(x) = u0 +

∫ γ(x)

γ(x0)
a(X, s)

[
u(s) +

∫ s

γ(x0)
f(s, τ)u(τ)dτ

]
ds

+

∫ γ(T )

γ(x0)
g(X, s)ω(u(s))ds.

It is obvious to see that z(x) is a positive and nondecreasing function on J , so we have

u(x) ≤ ω−1 (z(x)) , (9)

and
D1...Dnz(x) ≤ γ′(x)a(X, γ(x))ω−1(z(γ(x)))

[
1 +

∫ γ(x)

γ(x0)
f(x, τ)dτ

]
,

then
D1...Dnz(x)

ω−1(z(x))
≤ γ′(x)a(X, γ(x))

[
1 +

∫ γ(x)

γ(x0)
f(x, τ)dτ

]
,

or
Dn

(
D1...Dn−1z(x)

ω−1(z(x))

)
≤ γ′(x)a(X, γ(x))

[
1 +

∫ γ(x)

γ(x0)
f(x, τ)dτ

]
. (10)

Fixing x1, ..., xn−1, setting xn = sn then the integration of (10) with respect to sn from x0n to xn, gives
D1...Dn−1z(x)

ω−1(z(x))
≤

∫ γn(xn)

γn(x0n)
a(X, γ1(x1), ...., γn−1(xn−1), sn)×[

1 +

∫ γ1(x1)

γ1(x01)
...

∫ sn

γn(x0n)
f(X, τ1, ...., τn)dτn

]
γ′1(x1)× ...× γ′n−1(xn−1)dsn.

Using the same method above, we obtain
D1z(x)

ω−1(z(x))
≤

∫ γ2(x2)

γ2(x02)
...

∫ γn(xn)

γn(x0n)
a(X, γ1(x1), s2, ...., sn)×
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1 +

∫ γ1(x1)

γ1(x01)

∫ s2

γ2(x02)
...

∫ sn

γn(x0n)
f(X, τ1, ...., τn)dτn

]
γ′1(x1)ds

1. (11)

Keeping x1 = (x2, ..., xn) fixed, replacing x1 by s1 then the integration of (11) with respect to s1 from
x01 to x1, gives

F (z(x)) ≤ F
(
z(x01, x

1)
)

+

∫ γ(x)

γ(x0)
a (X, s)

[
1 +

∫ s

γ(x0)
f(s, τ)dτ

]
ds,

then we get

z(x) ≤ F−1
[
F
(
z(x01, x

1)
)

+

∫ γ(x)

γ(x0)
a (X, s)

[
1 +

∫ s

γ(x0)
f(s, τ)dτ

]
ds

]
. (12)

From (9) and (12), we obtain

u(x) ≤ ω−1
{
F−1

[
F
(
z(x01, x

1)
)

+

∫ γ(x)

γ(x0)
a (X, s)

[
1 +

∫ s

γ(x0)
f(s, τ)dτ

]
ds

]}
. (13)

In addition, we have
z(x01, x

1) = u0 +

∫ γ(T )

γ(x0)
g(X, s)ω(u(s))ds. (14)

Using (13) in (14), we obtain

z(x01, x
1) ≤ u0 +

∫ γ(T )

γ(x0)
g(X, s)F−1

[
F
(
z(x01, x

1)
)

+

∫ γ(s)

γ(x0)
a (X, θ)

[
1 +

∫ θ

γ(x0)
f(θ, τ)dτ

]
dθ

]
ds.

Since X is chosen arbitrarily, we have

z(x01, x
1)− u0 −

∫ γ(T )

γ(x0)
g(x, s)F−1

[
F
(
z(x01, x

1)
)

+ ϕ(s)
]
ds ≤ 0. (15)

From (15) and the definition of H1, we get

H1

(
z(x01, x

1)
)
≤ 0 = H1(c).

Since H1 is increasing, then the above inequality gives

z(x01, x
1) ≤ c. (16)

From (16), (13), and the fact that X is chosen arbitrarily, we get the result (8).
For u0 = 0, we repeat the same procedure above replacing u0 by ε > 0 and finally let ε→ 0. �

Remark 2.2. For ω(u) = up, p ≥ 1, γ(x) = x and x1 = (x2, ..., xn) fixed, Theorem 2.1 reduces to Theorem 2.5

in [9]. Also for ω(u) = up, p ≥ 1, γ(x) = x, f = 0 and x1 = (x2, ..., xn) fixed, inequality (7) in Theorem 2.1

reduces to (3).

Remark 2.3. For ω(u) = up, p ≥ 1, f = 0, and x1 = (x2, ..., xn) fixed, inequality (7) in Theorem 2.1 reduces

to (4).
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Theorem 2.4. Let u(x), f(x), g(x), a(x) ∈ C (J,R+) and γ is defined as in Theorem 2.1. Let ω, ω
−1(u)
u ∈

C(R+,R+) are nondecreasing with ω(u) > 0, for u > 0, and

G(v) =

∫ v

v0

u0 exp(s)ds

ω−1(u0 exp(s))
, v ≥ v0 > 0, G(+∞) = +∞. (17)

If u(x) satisfies

ω (u(x)) ≤ u0 +

∫ γ(x)

γ(x0)
a(s)

[
u(s) +

∫ s

γ(x0)
f(τ)u(τ)dτ +

∫ γ(T )

γ(x0)
g(τ)ω(u(τ))dτ

]
ds, (18)

for x ∈ I , where u0 ≥ 0 is a constant, then

u(x) ≤ ω−1
{
u0 exp

(
G−1

[
G
(
B(x)

)
+

∫ γ(x)

γ(x0)
a(s)

[
1 +

∫ s

γ(x0)
f(τ)dτ

]
ds

])}
, (19)

for x ∈ I , where

B(x) =

∫ γ(x)

γ(x0)
a(s)

(∫ γ(T )

γ(x0)
g(τ)dτ

)
ds. (20)

Proof. Let u0 > 0, and

z(x) = u0 +

∫ γ(x)

γ(x0)
a(s)

[
u(s) +

∫ s

γ(x0)
f(τ)u(τ)dτ +

∫ γ(T )

γ(x0)
g(τ)ω(u(τ))dτ

]
ds,

where z(x) is a positive and nondecreasing function on J , so we haveu(x) ≤ ω−1 (z(x))

z(x01, x
1) = u0,

and

D1...Dnz(x) ≤ γ′(x)a(γ(x))

[
ω−1 (z(γ(x))) +

∫ γ(x)

γ(x0)
f(τ)ω−1 (z(τ)) dτ +

∫ γ(T )

γ(x0)
g(τ)z(τ)dτ

]

≤ γ′(x)a(γ(x))

[
ω−1 (z(γ(x))) +

∫ γ(x)

γ(x0)
f(τ)ω−1 (z(τ)) dτ + z(γ(x))

∫ α(T )

γ(x0)
g(τ)dτ

]

≤ γ′(x)a(γ(x))z(γ(x))

[
ω−1 (z(γ(x)))

z(γ(x))
+

∫ γ(x)

γ(x0)
f(τ)

ω−1 (z(τ))

z(τ)
dτ +

∫ γ(T )

γ(x0)
g(τ)dτ

]
,

or
D1...Dnz(x)

z(x)
≤ γ′(x)a(γ(x))

[
ω−1 (z(γ(x)))

z(γ(x))
+

∫ γ(x)

γ(x0)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ +

∫ γ(T )

γ(x0)
g(τ)dτ

]
,

then

Dn

(
D1...Dn−1z(x)

z(x)

)
≤ γ′(x)a(γ(x))

[
ω−1

(
z(γ(x))

)
z(γ(x))

+

∫ γ(x)

γ(x0)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ +

∫ γ(T )

γ(x0)
g(τ)dτ

]
.

(21)
Fixing x1, ..., xn−1, setting xn = sn then the integration of (21) with respect to sn from x0n to xn, gives

D1...Dn−1z(x)

z(x)
≤

∫ γn(xn)

γn(x0n)
a (γ1(x1), ...., γn−1(xn−1), sn)

[
ω−1 (z(γ1(x1), ...., γn−1(xn−1), sn))

z(γ1(x1), ...., γn−1(xn−1), sn)
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+

∫ γ1(x1)

γ(x01)
...

∫ sn

γ(x0n)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ +

∫ γ(T )

γ(x0)
g(τ)dτ

]
×

γ′1(x1)× ...× γ′n−1(xn−1)dsn.

After (n− 1) steps, we find

D1z(x)

z(x)
≤

∫ γ2(x2)

γ2(x02)
...

∫ γn(xn)

γn(x0n)
a (γ1(x1), s2...., sn)

ω−1
(
z(γ1(x1), s2...., sn)

)
z(γ1(x1), s2...., sn)

+

∫ γ1(x1)

γ1(x01)

∫ s2

γ2(x02)
...

∫ sn

γn(x0n)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ +

∫ γ(T )

γ(x0)
g(τ)dτ

]
γ′1(x1)ds

1. (22)

Keeping x1 = (x2, ..., xn) fixed in (22), replacing x1 by s1, then the integration of (22) with respect to
s1 from x01 to x1, gives

ln

(
z(x)

u0

)
≤
∫ γ(x)

γ(x0)
a(s)

[
ω−1

(
z(s)

)
z(s)

+

∫ s

γ(x0)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ +

∫ γ(T )

γ(x0)
g(τ)dτ

]
ds.

Using (20), and since B(x) is nondecreasing so the last inequality can be can be restated as follows

ln

(
z(x)

u0

)
≤
∫ γ(x)

γ(x0)
a(s)

[
ω−1

(
z(s)

)
z(s)

+

∫ s

γ(x0)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ

]
ds+B(X),

for x ≤ X ≤ T . Define a function v(x) on J by

v(x) =

∫ γ(x)

γ(x0)
a(s)

[
ω−1

(
z(s)

)
z(s)

+

∫ s

γ(x0)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ

]
ds+B(X),

then, v(x) is positive and nondecreasing and

z(x) ≤ u0 exp
(
v(x)

)
, (23)

v(x01, x
1) = B(X), and

D1...Dnv(x) = γ′(x)a(γ(x))

[
ω−1

(
z(γ(x))

)
z(γ(x))

+

∫ γ(x)

γ(x0)
f(τ)

ω−1
(
z(τ)

)
z(τ)

dτ

]

≤ γ′(x)a(γ(x))
ω−1

(
u0 exp

(
v(γ(x))

))
u0 exp (v(γ(x)))

[
1 +

∫ γ(x)

γ(x0)
f(τ)dτ

]
,

or
u0 exp (v(x))D1...Dnv(x)

ω−1 (u0 exp (v(x)))
≤ γ′(x)a(γ(x))

[
1 +

∫ α(x)

γ(x0)
f(τ)dτ

]
.

let’s integrate the above inequality from x0i to xi (i = 2, .., n), after (n− 1) steps, we obtain

u0 exp
(
v(x)

)
D1v(x)

ω−1
(
u0 exp

(
v(x)

)) ≤ ∫ γ2(x2)

γ2(x02)
...

∫ γn(xn)

γn(x0n)
a (γ1(x1), s2...., sn)

[
1 +

∫ γ1(x1)

γ1(x01)

∫ s2

γ2(x02)
...

∫ sn

γn(x0n)
f(τ)dτ

]
.

(24)
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Keeping x1 = (x2, ..., xn) fixed in (24), replacing x1 by s1 and then integrating with respect to s1 from
x01 to x1, we obtain

G (v(x)) ≤ G (B(X)) +

∫ γ(x)

γ(x0)
a(s)

[
1 +

∫ sn

γ(x0)
f(τ)dτ

]
ds,

therfore, we have

v(x) ≤ G−1
[
G (B(X)) +

∫ γ(x)

γ(x0)
a(s)

[
1 +

∫ sn

γ(x0)
f(τ)dτ

]
ds

]
.

Since X is chosen arbitrarily, and from (23) we have

z(x) ≤ u0 exp

(
G−1

[
G (B(x)) +

∫ γ(x)

γ(x0)
a(s)

[
1 +

∫ sn

γ(x0)
f(τ)dτ

]
ds

])
. (25)

Since u(x) ≤ ω−1 (z(x)), then from (25), yields the result (19).
For u0 = 0, we repeat the same procedure above replacing u0 by ε > 0 and finally let ε→ 0. �

Remark 2.5. For ω(u) = up, p ≥ 1, γ(x) = x and x1 = (x2, ..., xn) fixed, Theorem 2.4 reduces to Theorem 2.6

in [9].

Theorem 2.6. Let u ∈ C (J,R+) , a, b ∈ C (∆,R+) and a, b are nondecreasing in x for each s ∈ J , either γ is

defined as in Theorem 2.1. Let ω, ω(u)u ∈ C(R+,R+) be nondecreasing with ω(u) > 0, for u > 0, and

F1(v) =

∫ v

v0

ds

ω(s)
, F2(v) =

∫ v

v0

ds

F−11 (s)
, v ≥ v0 > 0, F1(+∞) = F2(+∞) = +∞, (26)

H(u) = F2

(
F1(2u− u0)

)
− F2

(
F1(u) +

∫ γ(T )

γ(x0)
b(x, s)ds

)
, (27)

is increasing for u ≥ u0. If u(x) satisfies

u(x) ≤ u0 +

∫ γ(x)

γ(x0)
a(x, s)ω(u(s))

[
u(s) +

∫ s

γ(x0)
b(s, τ)ω(u(τ))dτ

]
ds

+

∫ γ(T )

γ(x0)
a(x, s)ω(u(s))

[
u(s) +

∫ s

γ(x0)
b(s, τ)ω(u(τ))dτ

]
ds, (28)

for x ∈ I , where u0 ≥ 0 is a constant, then

u(x) ≤ F−11

[
F−12

(
F2

(
F1

(
H−11

(∫ γ(T )

γ(x0)
a(x, s)ds

))
+

∫ γ(x)

γ(x0)
b(x, s)ds

)
+

∫ γ(x)

γ(x0)
a(x, s)ds

)]
,

(29)
for x ∈ I , where F−11 , F−12 and H−1 are the inverse functions of F1, F2 and H , respectively.

Proof. Let u0 > 0, X = (X1, ..., Xn) ∈ I fixed, and for x0 ≤ x ≤ X ≤ T , we define a function z(x) by

z(x) = u0 +

∫ γ(x)

γ(x0)
a(X, s)ω(u(s))

[
u(s) +

∫ s

γ(x0)
b(s, τ)ω(u(τ))dτ

]
ds
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+

∫ γ(T )

γ(x0)
a(X, s)ω(u(s))

[
u(s) +

∫ s

γ(x0)
b(s, τ)ω(u(τ))dτ

]
ds,

where z(x) is positive and nondecreasing, then

u(x) ≤ z(x), (30)

and

D1...Dnz(x) ≤ γ′(x)a(X, γ(x))ω(z(γ(x))

[
z(γ(x)) +

∫ γ(x)

γ(x0)
b(γ(x), τ)ω(z(τ))dτ

]

≤ γ′(x)a(X, γ(x))ω(z(γ(x)))

[
z(x) +

∫ γ(x)

γ(x0)
b(x, τ)ω(z(τ))dτ

]

≤ γ′(x)a(X, γ(x))ω(z(γ(x)))

[
z(x) +

∫ γ(x)

γ(x0)
b(X, τ)ω(z(τ))dτ

]
≤ γ′(x)a(X, γ(x))ω(z(γ(x)))z1(x), (31)

where
z1(x) = z(x) +

∫ γ(x)

γ(x0)
b(X, τ)ω(z(τ))dτ.

Hence,
z1(x

0) = z(x0), z(x) ≤ z1(x). (32)

Differentiating z1(x) and using (31) and (32) we get

D1...Dnz1(x) ≤ γ′(x)a(X, γ(x))ω(z1(γ(x)))z1(x) + γ′(x)b(X, γ(x))ω(z1(γ(x))).

So
D1...Dnz1(x)

z1(x)
≤ γ′(x)

[
a(X, γ(x))ω(z1(γ(x))) + b(X, γ(x))

ω(z1(γ(x)))

z1(x)

]
,

then

Dn

(
D1...Dn−1z1(x)

z1(x)

)
≤ γ′1(x1)× ...× γ′n(xn) [a(X, γ1(x1), ..., γn(xn))ω(z1(γ1(x1), ..., γn(xn)))

+b(X, γ1(x1), ..., γn(xn))
ω(z1(γ1(x1), ..., γn(xn)))

z1(x1, ..., xn)

]
. (33)

Fixing x1, ..., xn−1, setting xn = sn and the integration of (33) with respect to sn from x0n to xn, gives
D1...Dn−1z1(x)

z1(x)
≤

∫ γn(xn)

γn(x0n)

[
a(X, γ1(x1), ...., γn−1(xn−1), sn)ω (z1 (γ1(x1), ...., γn−1(xn−1), sn))

+ b(X, γ1(x1), ...., γn−1(xn−1), sn)
ω(z1(γ1(x1), ...., γn−1(xn−1), sn))

z1(x1, ..., xn−1, sn)

]
×

γ′1(x1)× ...× γ′n−1(xn−1)dsn.

Using the same method above, we obtain (after n− 1 steps)
D1z1(x)

z1(x)
≤

∫ γ2(x2)

γ2(x02)
...

∫ γn(xn)

γn(x0n)

[
a(X, γ1(x1), s2, ..., sn)ω (z1 (γ1(x1), s2, ..., sn))
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+ b(X, γ1(x1), s2, ..., sn)
ω(z1(γ1(x1), s2, ..., sn))

z1(x1, s2, ..., sn)

]
γ′1(x1)ds

1. (34)

Keeping x1 = (x2, ..., xn) fixed in (34), replacing x1 by s1 then the integration with respect to s1 from
x01 to x1, gives

ln (z1(x)) ≤ ln
(
z1(x

0
1, x

1)
)

+

∫ γ(x)

γ(x0)

[
a(X, s)ω (z1 (s)) + b(X, s)

ω(z1(s))

z1(s)

]
ds. (35)

Define a positive and nondecreasing function z2(x) by the right-hand side of (35), then

z2(x
0
1, x

1) = ln
(
z1(x

0
1, x

1)
)
, z1(x) ≤ exp

(
z2(x)

)
. (36)

Differentiating z2(x) and using (36) we have

D1...Dnz2(x) = γ′(x)

[
a(X, γ(x))ω (z1 (γ(x))) + b(X, γ(x))

ω(z1(γ(x)))

z1(γ(x))

]
≤ γ′(x)

[
a(X, γ(x))ω

(
exp

(
z2(γ(x))

))
+ b(X, γ(x))

ω
(

exp
(
z2(γ(x))

))
exp

(
z2(γ(x))

) ]

≤ γ′(x)
ω
(

exp(z2(x))
)

exp
(
z2(x)

) [
a(X, γ(x)) exp

(
z2(γ(x))

)
+ b(X, γ(x))

]
, (37)

since ω, ω(z)z are nondecreasing functions. From (37), we have

exp
(
z2(x)

)
D1...Dnz2(x)

ω
(
exp

(
z2(x)

)) ≤ γ′(x)
[
a(X, γ(x)) exp

(
z2(γ(x))

)
+ b(X, γ(x))

]
,

then

Dn

(
exp

(
z2(x)

)
D1...Dn−1z2(x)

ω
(

exp(z2(x))big)

)
≤

[
a(X, γ1(x1), ..., γn(xn)) exp

(
z2(γ(x))

)
+ b(X, γ1(x1), ..., γn(xn))

]
γ′1(x1)× ...× γ′n(xn),

Fixing x1, ..., xn−1, setting xn = sn then the integration of the above inequality from x0n to xn, gives
exp

(
z2(x)

)
D1...Dn−1z2(x)

ω (exp(z2(x)))
≤

∫ γn(xn)

γn(x0n)

[
a(X, γ1(x1), ..., γn−1(xn−1), sn) exp z2(x) +

b (X, γ1(x1), ..., γn−1(xn−1), sn)
]
γ′1(x1)× ...× γ′n−1(xn−1)dsn.

After n− 1 steps, we get
exp z2(x)D1z2(x)

ω (exp z2(x))
≤

∫ γ2(x2)

γ2(x0
2)

...

∫ γn(xn)

γn(x0
n)

[
a(X, γ1(x1), s2, ...., sn) exp z2(γ(x)) + b(X, γ1(x1), s2, ...., sn)

]
×γ′1(x1)ds1.

Keeping x1 = (x2, ..., xn) fixed in the above inequality, replacing x1 by s1, integrating with respect to s1
from x01 to x1 and from (26), we get

F1 (exp z2(x)) ≤ F1

(
exp z2(x

0
1, x

1)
)

+

∫ γ(x)

γ(x0)
b(X, s)ds+

∫ γ(x)

γ(x0)
a(X, s) exp z2(s)ds



Asia Pac. J. Math. 2024 11:23 10 of 14

≤ F1

(
exp z2(x

0
1, x

1)
)

+

∫ γ(X1)

γ(x0)
b(X, s)ds+

∫ γ(x)

γ(x0)
a(X, s) exp z2(s)ds, (38)

for x0 ≤ x ≤ X1 ≤ T , where X1 is arbitrary.
Define a positive and nondecreasing function z3(x) by the right-hand side of (38). Then

z3(x
0
1, x

1) = F1

(
exp

(
z2(x

0
1, x

1)
))

+

∫ γ(X1)

γ(x0)
b(X, s)ds, exp

(
z2(x)

)
≤ F−11

(
z3(x)

)
. (39)

We know that differentiating z3(x) and using (39), we deduce that

D1...Dnz3(x) = γ′(x)a(X, γ(x)) exp
(
z2(γ(x))

)
≤ γ′(x)a(X, γ(x)) exp

(
z2(x)

)
≤ γ′(x)a(X, γ(x))F−11

(
z3(x)

)
,

then
D1...Dnz3(x)

F−11 {z3(x)}
≤ γ′(x)a(X, γ(x)),

and
Dn

(
D1...Dn−1z3(x)

F−11 {z3(x)}

)
≤ γ′1(x1)× ...× γ′n(xn)a(X, γ1(x1), ..., γn(xn)).

The integration of the above inequality from x0n to xn, gives
D1...Dn−1z3(x)

F−11 {z3(x)}
≤
∫ γn(xn)

γn(x0n)
a(X, γ1(x1), ..., γn−1(xn−1), sn)γ′1(x1)× ...× γ′n−1(xn−1)dsn.

After (n− 1) steps, we obtain
D1z3(x)

F−11 {z3(x)}
≤
∫ γ2(x2)

γ2(x02)
...

∫ γn(xn)

γn(x0n)
a(X, γ1(x1), s2, ...., sn)γ′1(x1)ds

1.

Keeping x1 = (x2, ..., xn) fixed in the above inequality, replacing x1 by s1, integrating with respect to s1
from x01 to x1, and using (26), we obtain

F2 (z3(x)) ≤ F2

(
z3(x

0
1, x

1)
)

+

∫ γ(x)

γ(x0)
a(X, s)ds,

then
z3(x) ≤ F−12

(
F2

(
z3(x

0
1, x

1)
)

+

∫ γ(x)

γ(x0)
a(X, s)ds

)
. (40)

Then from (30), (32), (36), (39) and (40) we have

u(x) ≤ F−11

[
F−12

(
F2

(
z3(x

0
1, x

1)
)

+

∫ γ(x)

γ(x0)
a(X, s)ds

)]

= F−11

[
F−12

(
F2

(
F1

(
exp

(
z2(x

0
1, x

1)
))

+

∫ γ(X1)

γ(x0)
b(X, s)ds

)
+

∫ γ(x)

γ(x0)
a(X, s)ds

)]

= F−11

[
F−12

(
F2

(
F1

(
z1(x

0
1, x

1)
)

+

∫ γ(X1)

γ(x0)
b(X, s)ds

)
+

∫ γ(x)

γ(x0)
a(X, s)ds

)]
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= F−11

[
F−12

(
F2

(
F1

(
z(x01, x

1)
)

+

∫ γ(X1)

γ(x0)
b(X, s)ds

)
+

∫ γ(x)

γ(x0)
a(X, s)ds

)]
.

Since X1 ∈ J is arbitrary, so we get

u(x) ≤ F−11

[
F−12

(
F2

(
F1

(
z(x01, x

1)
)

+

∫ γ(x)

γ(x0)
b(X, s)ds

)
+

∫ γ(x)

γ(x0)
a(X, s)ds

)]
. (41)

Since

2z(x01, x
1)− u0 = u0 + 2

∫ γ(T )

γ(x0)
a(X, s)ω(u(s))

[
u(s) +

∫ s

γ(x0)
b(s, τ)ω(u(τ))dτ

]
ds = z(T ),

and from (41), we have

2z(x01, x
1)− u0 = z(T ) ≤ F−11

[
F−12

(
F2

(
F1

(
z(x01, x

1)
)

+

∫ γ(T )

γ(x0)
b(X, s)ds

)
+

∫ γ(T )

γ(x0)
a(X, s)ds

)]
.

Hence

F1

(
2z(x01, x

1)− u0
)
≤ F−12

(
F2

(
F1

(
z(x01, x

1)
)

+

∫ γ(T )

γ(x0)
b(X, s)ds

)
+

∫ γ(T )

γ(x0)
a(X, s)ds

)
,

so

F2

(
F1

(
2z(x01, x

1)− u0
))
− F2

(
F1

(
z(x01, x

1)
)

+

∫ γ(T )

γ(x0)
b(X, s)ds

)
≤
∫ γ(T )

γ(x0)
a(X, s)ds,

and

H
(
z(x01, x

1)
)
≤
∫ γ(T )

γ(x0)
a(X, s)ds.

Since H is increasing, we have

z(x01, x
1) ≤ H−1

(∫ γ(T )

γ(x0)
a(X, s)ds

)
(42)

Since X ∈ J is chosen arbitrary, so substituting (42) into (41), we get the estimate (29).
For u0 = 0, we repeat the same procedure above replacing u0 by ε > 0 and finally let ε→ 0. �

Remark 2.7. For b = 0, ω(u) = 11 and x2 = (x3, ..., xn) fixed, inequality (28) in Theorem 2.6 reduces to

inequality (1).

Remark 2.8. When the known function σ1(s, t) in (2) is replaced by a(x, s)ω(u(s)), and for x2 = (x3, ..., xn)

fixed, the bound for u(x) in (28) reduces to (2).
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3. Application

This section suggests an application of our results to study the boundedness of the solutions of
certain multidimensional Volterra-Fredholm integral equations with delay of the form

χ(x) = χ0 +

∫ x

x0
A

[
x, s, χ (s− λ(s)) ,

∫ s

x0
B (s, τ, χ (τ − λ(τ))) dτ

]
ds

+

∫ T

x0
A

[
x, s, χ (s− λ(s)) ,

∫ s

x0
B (s, τ, χ (τ − λ(τ))) dτ

]
ds, (43)

where χ ∈ C (J,R), A ∈ C(∆ × R2,R), B ∈ C(∆ × R,R), J =
[
x0, T

]
⊂ Rn, ∆ ={

(x, s) ∈ J2 : x0 ≤ s ≤ x ≤ T
}
⊂ Rn and λ ∈ C1(J, J) is nondecreasing on J such that λ(x) =

(λ1(x1), ..., λn(xn)) , xi − λi(xi) ≥ 0, λ′i(xi) < 1, and λi(x0i ) = 0, for i = 1, ..., n, x = (x1, ..., xn), x0 =(
x01, ..., x

0
n

)
∈ Rn.

In the following, we give the estimate of the unknown function χ in the multidimensional Volterra-
Fredholm integral equation (43).

Theorem 3.1. Suppose that the functions A,B in (43) satisfy the conditions

|A(x, s, z, y)| ≤ a(x, s)ω (|z|)
[
|z|+ |y|

]
, (44)

|B(s, τ, z)| ≤ b(s, τ)ω (|z|) , (45)

where a, b are as in Theorem 2.6.

LetM = M1 × ...×Mn, where

Mi = max
xi∈Ii

1

1− β′i(xi)
, i = 1, ..., n (46)

and γ(x) = x− λ(x) ∈ C1(J, J) is increasing on J , and γ(x) ≤ x. Assume that the function

H∗(u) = F2

(
F1 (2u− |χ0|)

)
− F2

(
F1(u) +

∫ γ(T )

γ(x0)
M b(x, γ−1(s))ds

)
, (47)

is increasing for u ≥ |χ0|. If χ is a solution of (43) on J , then

|χ(x)| ≤ F−11

[
F−12

(
F2

(
F1

(
H∗−1

(∫ γ(T )

γ(x0)
M a(x, γ−1(s))ds

))
+

∫ γ(x)

γ(x0)
M b(x, γ−1(s))ds

)

+

∫ γ(x)

γ(x0)
M a(x, γ−1(s))ds

)]
, (48)

where F1, F2, F
−1
1 and F−12 are as in theorem 2.6.

Proof. From the conditions (44), (45), and the equation (43), we can obtain the inequality

|χ(x)| ≤ |χ0|+
∫ x

x0
a(x, s)ω

(
|χ(s− λ(s))|

) [
|χ(s− λ(s))|+

∫ s

x0
b(s, τ)ω (|χ (τ − λ(τ))|) dτ

]
ds
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+

∫ T

x0
a(x, s)ω

(
|χ(s− λ(s))|

) [
|χ(s− λ(s))|+

∫ s

x0
b(s, τ)ω (|χ (τ − λ(τ))|) dτ

]
ds,

using the change of variables γ(x) = x − λ(x), and (46), then the last inequality can be restated as
follows

|χ(x)| ≤ |χ0|+
∫ x

x0
a(x, s)ω

(
|χ(γ(s))|

) [
|χ(γ(s))|+

∫ s

x0
b(s, τ)ω

(
|χ (γ(τ))|

)
dτ

]
ds

+

∫ T

x0
a(x, s)ω

(
|χ(γ(s))|

) [
|χ(γ(s))|+

∫ s

x0
b(s, τ)ω

(
|χ (γ(τ))|

)
dτ

]
ds

≤ |χ0|+
∫ γ(x)

γ(x0)
M a

(
x, γ−1(s)

)
ω
(
|χ(s)|

) [
|χ(s)|+

∫ s

x0
M b(s, γ−1(τ))ω

(
|χ (τ)|

)
dτ

]
ds

+

∫ γ(T )

γ(x0)
M a

(
x, γ−1(s)

)
ω
(
|χ(s)|

) [
|χ(s)|+

∫ s

x0
M b(s, γ−1(τ))ω

(
|χ (τ)|

)
dτ

]
ds, (49)

for x ∈ J . Now, we can obtain the bound on the solution χ(x) given in (48) by applying Theorem 2.6
to (49). �

Conclusion

In this paper, we established some newmultidimensional retarded integral inequalities of Volterra-
Fredholm type in Theorem 2.1, Theorem 2.4, Theorem 2.6, which generalize some results given in
[6], [9], [12], [13]. Using novel analysis techniques, the bounds of the unknown functions are given
explicitly. These results can be used in the analysis of the qualitative properties to solutions of Volterra-
Fredholm integral equations in n independent variables. An application of our results is given to study
the boundedness of the solutions of some multidimensional Volterra-Fredholm integral equations with
delay.
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