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AssTrACT. The notion of divisibility is introduced in an Almost Distributive Lattice(ADL) with respect
to a filter and it is proved that the set of all multipliers of an element is a filter. A congruence is defined
on an ADL with respect to these multiplier filters and established a set of equivalent conditions for the
corresponding quotient lattice to become a Boolean algebra. The concepts of D—prime elements and
D—irreducible elements are introduced and characterized in terms of corresponding multiplier filters.
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1. INTRODUCTION

The concept of an Almost Distributive Lattice(ADL) was introduced by Swamy U.M., and Rao
G.C,, [9] as a common abstraction of many existing ring theoretic generalizations of a Boolean algebra
on one hand and the class of distributive lattices on the other. In that paper, the concept of an ideal in
an ADL was introduced analogous to that in a distributive lattice and it was observed that the set of all
principal ideals of an ADL forms a distributive lattice. This provided a path to extend many existing
concepts of lattice theory to the class of ADLs. In [7], the notion of divisibility was introduced and
investigated their properties. In [ 1], the concept of divisibility was introduced in distributive lattices
with respect to dense set. The notion of D—filters in ADLs was introduced and studied their properties

in [8] by Rafi, et.al. In this paper, the concept of divisibility is introduced with respect to dense elements
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in an ADL and obtained that the set of all multipliers of an element forms a filter. Later it is proved
that the class of all these filters forms a complete Boolean algebra. The notions of D—prime elements
and D—irreducible elements are also introduced in an ADL and established a relation between these
elements and the corresponding filters formed by their multipliers. Finally, it is proved that every

D—irreducible element is a D—prime element.

2. PRELIMINARIES

In this section, we recall certain definitions and important results from [3] and [9], those will be

required in the text of the paper.

Definition 2.1. [9] An algebra R = (R, V, A, 0) of type (2,2, 0) is called an Almost Distributive Lattice
(abbreviated as ADL), if it satisfies the following conditions:
(1) (avb)ANe=(anc)V(bAc)
(2) an(bVve)=(aAb)V(aAc)
(3) (avb)Ab=1D
(4) (avb)Na=a
(5) aV(aAb)=a
(6) ONa=0
(7) av0=a, foralla,b,c € R.

Example 2.2. Every non-empty set X can be regarded as an ADL as follows. Let g € X. Define the
binary operations V, A on X by

x if z # xg y if x # xg

y if x =g o if z = xo.

Then (X, V, A, zg) is an ADL (where x is the zero) and is called a discrete ADL.

If (R,V,A,0)is an ADL, for any a,b € R, define @ < b if and only if « = a A b (or equivalently,

aV b="b), then < is a partial ordering on R.

Theorem 2.3. [9]If (R,V,A,0)isan ADL, for any a,b, c € R, we have the following:
(1) avb=a<aNb=b
(2) avb=bsaNnb=a
(3) A isassociative in R
(4
(5
(6) aV(bAc)=(aVb)A(aVc)

aNbANc=bAaANc
(avb)ANc=(bVa)Ac

)
)
)
)
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(7) an(aVvb)=a, (anb)Vb=bandaV (bAa)=a
(8) aNa=aandaVa=a.

It can be observed that an ADL R satisfies almost all the properties of a distributive lattice except the
right distributivity of V over A, commutativity of VV, commutativity of A. Any one of these properties
make an ADL R a distributive lattice.

As usual, an element m € R is called maximal if it is a maximal element in the partially ordered set
(R,<). Thatis, for any a € R, m < a = m = a. The set of all maximal elements of R is denoted by
MazR.

As in distributive lattices [2, 6], a non-empty subset I of an ADL R is called an ideal of Rifa Vb€ I
anda Az € I forany a,b € I and z € R. Also, a non-empty subset F' of R is said to be a filter of R if
aNbe FandxzVae€ Ffora,be Fandzx € R.

The set J(R) of all ideals of R is a bounded distributive lattice with least element {0} and greatest
element R under set inclusion in which, for any I, J € J(R), I N J is the infimum of I and J while the
supremum is givenby I V J :={a Vb |a € I,b € J}. A proper ideal(filter) P of R is called a prime
ideal(filter) if, forany 2,y € R,z Ay € P(xtVy € P) =z € Pory € P. A proper ideal(filter) M of R
is said to be maximal if it is not properly contained in any proper ideal(filter) of R. It can be observed
that every maximal ideal(filter) of R is a prime ideal(filter). Every proper ideal(filter) of R is contained
in a maximal ideal(filter). For any subset S of R the smallest ideal containing S is given by (5] :=

{(Vsi)Nz|s; € S,ze Randn € N}. If S = {s}, we write (s] instead of (S] and such an ideal is
i=1

called the principal ideal of R. Similarly, for any S C R, [S) := {z V (7\ si) | si € S,z € Rand n € N}.
If S = {s}, we write [s) instead of [S) and such a filter is called the plr:irlmipal filter of R.

For any a,b € R, it can be verified that (a] V (b] = (a V b] and (a] N (b] = (a A b]. Hence the set
(3P1(R), v,N) of all principal ideals of R is a sublattice of the distributive lattice (J(R), V, N) of all ideals

of R. Also, we have that the set (F(R), VV,N) of all filters of R is a bounded distributive lattice.
Theorem 2.4. [5] Let R be an ADL with maximal elements. Then P is a prime ideal of R if and only if R\ P
is a prime filter of R.

Definition 2.5. [4] For any nonempty subset A of an ADL R, define A* = {x € R|a Az = 0 forall

a € A }. Here A* is called the annihilator of A in R.

For any a € R, we have {a}* = (a]*, where (a] is the principal ideal generated by a. An element a of
an ADL R is called dense element if (a]* = {0} and the set D of all dense elements in ADL is a filter if

D is non-empty.

Definition 2.6. [8] Let D be a dense set of an ADL R with maximal elements. For any non-empty

subset of S of R, define S” = {a € R|sVae D, forall s € S}.
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Lemma 2.7. [8] Let S, T ba any non-empty subset of R. Then we have the following:

(1) RP =
(2) DP = R;
(3) D C SP;

(4) (MazxR)P = R;

(5) SCT =TP CSP;

(6) S C SPP;

(7) §PPD — gD,

(8)SP=R& SCD;

(9) SP is a filter of R containing D.

Theorem 2.8. [8] Let S, T be any two filters of R. Then we have the following:
(1) SP N SPP = Dp;

(2) (SvT)P =8sSPnTP;

(3) (SNT)PP = §PD DD,

For any z € R, we simply represents ({z})? by (z)”. Clearly, we have that (0)” = MazR and
(m)P = R, where m € MaxR.

Lemma 2.9. [8] Let m be any maximal element of R. For any x,y € R, we have the following:
(1) (0)P =

(2) (m)? = R;

(3) [2)P = (2);

D az<y=(x)” <y

y) = ()P n(y)?;

s Ay)P = (yAz)P, (xVvy)P = (yVva);
)P = ()P = (xha)P = (yAa)P;(xzVa)P = (yVva)l, foralla € R.

Definition 2.10 ( [3]). An equivalence relation # on an ADL R is called a congruence relation on R if

(a/\c,b/\),(a\/c,b\/) Ee,forall(a,b),(c,) €.

Definition 2.11 ( [3]). For any congruence relation # on an ADL R and a € R, we define [alyp = {b €

R | (a,b) € 0} and it is called the congruence class containing a.

Theorem 2.12 ( [3]). An equivalence relation 6 on an ADL R is a congruence relation if and only if for any

(a,b) €8, z e R,(aVa,bVz)(rVazVd),(aNz,bANz),(xNa,zA\b)areall in 6.
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3. D—DrvisiBiLity oN ADLs

The notion of divisibility is introduced with respect to dense elements in an ADL and obtained that
the set of all multipliers of an element forms a filter. Later it is proved that the class of all these filters
forms a complete Boolean algebra. The notions of D—prime elements and D—irreducible elements are
also introduced in an ADL and established a relation between these elements and the corresponding
filters formed by their multipliers. Finally, it is proved that every D—irreducible element is a D—prime

element.

Definition 3.1. Anelement x of an ADL R is said to be D—divisor of an element y of Rif (y)” = (zVvt)?,

for some t € R. In this case we write it as (z|y)p.

Lemma 3.2. Forany x,y, z € R, we have the following:
(1) (z|z)p;
(2) If x <y then (x|y)p;
(3) If (x) = (y)” then (x|y)p and (y|z)p;
(4) If (x|y)p and (y|z) p then (x|2)p;
(5) If (x|y)p then (x|(y vV t))p forall t € R;
(x

(6) If (z|y)p then ((x vV t)[(y Vt))pand ((x ANt)|(y At))p forallt € R.

Proof. (1) Since (z)P = (z v 2)P, we get (z|z)p.

(2) Assume = < y. Then y = z V y and hence (y)” = (z Vv y)” = (y V 2)P. Therefore (z|y)p.

(3) Assume (z)” = (y)P. Then (z)” = (y vV y)P and (y)? = (z Vv x)P. Therefore (y|x)p and (z|y)p.
(4) Assume (z|y)p and (y|2) p. Then (y)P = (zVs)P forsome s € Rand (2)” = (yVvt)”, forsomet € R.
Now (2)PP = (yvt)PP = ()PP ()PP = (xvs)PPn ()PP = ()PP N ()PP N ()PP = (zvsvi)PP.
Hence (2)” = (z V s v t)P. Therefore (z|2)p.

(5) Assume (z|y)p. Then (y)? = (zVs)P, forsome s € R. Lett € R. Now (y V)PP = (y)PPn ()PP =
(x Vv 8)PPNtPP = (x v sV t)PP. Therefore (y vV t)P = (z Vv s v t)P and hence (z|y V t)p.

(6) Assume (z|y)p. Then (y)? = (zVs)P, forsomes € R.Lett € R.Now (yVt)PP = (y)PPPn ()PP =
(xVvs)PPn ()PP = (xvsvit)PP = (z vtV s)PP. Therefore (y V)P = (z VvtV s)P and hence
(xVitlyVvt)p.Now (yA)P = ()P n ()P = (zvs)Pn()P = ((zvs)At)P = (zAt)V (s At))P.
Therefore ((z A t)|(y At))p- O

Definition 3.3. For any = € R, define (z)* = {t € R | (z|t)p}
Lemma 3.4. Forany x € R, (x)* is a filter of R containing D.

Proof. Since (x|z)p, forallx € R, we get (z)* # ¢. Let s,t € (z)*. Then (z|s)p and (z|t) p. That implies
()P = (zva)?, ()P = (xVvb)P, forsome a,b € R.Now (s At)P = (s)P N ()P = (zva)PN(zVvb)P =
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(xVa)A(zVb)P = (xV(aAb))P. Therefore (z|s At)p and hence s At € (z)*. Let s € (x)*. Then
z|s)p. That implies (s)? = (z V )P, for some a € R. Letr € R. Now (r V s)PP = (r)PP n (s)PP =

PPN (zva)PP = (rvaeva)P?P = (zvrva)PP. Therefore (r v s)P = (z vV r Va)P and hence
z|r V s)p. Which follows r V s € (z)*. Thus (z)* is a filter of R. Let s € D. Then (s)” = R. Lett € D.
Then x vVt € D, for all z € R and which leads to (z \V t)P = R. Therefore (s)P = (z v t)P. That implies
(z|s)P. Therefore s € (x)*. Hence D C (x)*. O

(
(
(r
(

Lemma 3.5. Let z,y, 2z € R. Then we have the following:
(1) z € (z)*;

)z ey = ()" S W)

B)r<y= (" C (@)

4) @) =P = (@) =@

4) @ Nyt = (@ vy

(6) (xVy)t =(yVa)and (z Ay)- = (yAz)h;

7) (@)t =Wt = (@vt)yt=(yVvt)ytand (x At)t = (yAt)L forallt € R.

Proof. (1) Since (z|z)p, we get z € (z)*.

(2) Letz € (y)*. Then (y|z)p. Lett € (z)*. Then (z|t)p. Since (y|x)p, we get (y|t) p and hence t € (y)*.
Therefore (z)* C (y)*.

(3) Assume x < y. Theny = x V y. Let t € (y)*. Then (y|t)p. That implies (t)” = (y v s)?, for some
s € R. Therefore (1) = (x V y V s)” and hence (z|t) p. Which follows ¢ € (x)*. Thus (y)* C (z)*.
(4) Assume ()? = (y)P. Lett € (x)*. Then (z|t) p. That implies ()P = (z V 5)?, for some s € R. Now
()P = (v 5)PPP = ((@)PP 1 (5)PP)P = ()PP 1 (s)PP)P = (yV 5)PPP = (yV 5)P. Therefore (ylt) p
and hence ¢ € (y)*. Thus (z)* C (y)*. Similarly, we get (y)* C (z)*. Hence (z)* = (y)*.

(5) Clearly, we have (z vV y)* C (z)* N (y)*. Lett € ()X N (y)*. Then (z[t)p and (y|t) p. That implies
()P = (z Va)p, for some a € R,(t)P = (y Vv b)P, for some b € R. Now (zVyVaVbPP =
(zVva)PP N (yvb)PP = )PP n ()PP = (t)PP. 1t follows ((x V y)[t) p. That implies t € (x V y)*.
Therefore (z)* N (y)* C (z vV y)*. Hence (z V y)* = (z)+ N (y)*.

(6) and (7) are clear. O

Theorem 3.6. Let x € R. Then (z)P = D if and only if () = R.

Proof. Assume (z)” = D. Then (z)? = (0)”. That implies (z)*+ = (0)*. Since x = x vV 0, forall z € R,
we get ()P = (Vv 0)P and hence (0|z)p forall # € R. Therefore z € (0)*, forallz € R. Thus (0)* = R.
Since (z)* = (0)*, we get ()* = R. Conversely, assume that (z)* = R. Then 0 € (x)*. Then (z|0)p.
That implies (0)? = (zVt)?, forsomet € R. Now (z)P = (zv0)P = (zv0)PPP = ((2)PPn(0)PP)P =
()PP n(zvt)PPYP = (zvavH)PPP = (zvt)P = (0)P = D. Since (0)” = D, we get ()P =D. O
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The set 3 (R) denotes the set of all filters of the form (z)*, x € R. In general §*(R) is not a sublattice
of F(R).

Example 3.7. Let R = {0, 1,2, 3,4,5,6,7} and define VV, A on R as follows:

A0|1]2(3|4|5|6|7 vi0|1l{2(3|4|5|6|7
0/{0/010(0(0]|0|0]O0 0{0|1/2/3|4|5|6]|7
1(0(1|2(3[4|5|6|7 1j1j1j1|111(1]1]1
2(0({1(2(3|4|5|6|7 212(2(2(212(2(2]|2
3/10(3(3(3]0({0({3]|0 3[{3[1]2(3|1(2|6]6
410(4(5/0(4|5|7|7 414(1(1(1(4(4|1/|4
5/0(4(5/0(4|5|7|7 5|/5(21212]15|5]|2|5
6/0/6(6/3|7|7]|6|7 661261266
7107|7077 |7|7 717|112/6|4]|5]6]|7

Then (R, Vv, A)is an ADL. Clearly, we have that D = {1, 2, 6} is the dense set of R. Also, we have that
(3)+ ={1,2,3,6}and (4)* = {1,2,4,5,6,7}. Therefore (3)* v (4)* = {1,2,6} and (3A4)* = (0)* = R.
Hence (3)* Vv (4) # (3 A 4)*.

Theorem 3.8. In an ADL R, 3 (R) forms a complete distributive lattice on its own.

Proof. Let (z)*, (y)* € §+(R). Define (z)* N (y)* = (z vV y)tand (z)* U (y)* = (z Ay)*. Clearly we
have that (z)= N (y)* = (z V y)*. Therefore (z VV y)* is the greatest lower bound of (z)* and (y)* in
FH(R). Clearly, (x)* C (x Ay)*t and (y)* C (z A y)*. Thus (z A y)* is a upper bound of (z)* and
(y)*. Let (2)* be any upper bound of (z)* and (y)*. Then (z)* C (2)* and (y)* C (2)*. That implies
z,y € (2)* and hence z A y € (2)*. Therefore (z A y)* C (2)+. Thus (z A y)= is the least upper bound
of (z)* and (y)*. That follows (x)* U (y)* = (z A y)*. Hence §+(R) is a lattice. It is easy to verify that
(3H(R),N, U, R, {m}) is a bounded complete distributive lattice. O

Definition 3.9. Define a relation § on an ADL L as for any =,y € R, (z,y) € 6 if and only if (z)* = (y)*.

It is easy to verify that € is a congruence relation on R.

Let 6 be a congruence relation on R. Then proved easily that R/0 = {[z]p | € R} is a quotient lattice
by defining [z]yg A [ylg = [z Ayl and [z]g V [ylg = [x V ylp, forall z,y € R.
Define f : R — R/0 by f(z) = [x]p, for all z € R. Clearly f is a natural onto homomorphism.

Definition 3.10. An element = of an ADL R is said to be D—dense if (x)” = D. The set of all D—dense
elements denoted by D'(R).

Lemma 3.11. D'(R) is an ideal of an ADL R.
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Proof. Clearly, 0 € D'(R) and hence D'(R) # ¢. Let a,b € D'(R). Then (a)” = D = (b)P. Now
(aVvb)P = (aVvb)PPP = ((a)PP n (b)PP)P = (DP N DP)P = RP = D. That implies a V b € D'(R).
Leta € D'(R). Then (a)P = D. Letr € R. Clearly D C (a A7)? C (a)P? = D and hence (a A 7)P = D.
Therefore a A r € D'(R). Hence D'(R) is an ideal of R. O

Theorem 3.12. D'(R) is the zero congruence class of R/60 and D is the unit congruence of R /6.

Proof. Letz,y € D'(R). Then ()P = D = (y)P. That implies (z)* = (y)* and hence (z,y) € 6. Thus
D'(R) is a congruence class of R/6. Let a € R. Thus we prove that D'(R) C [a]p. Let b € D'(R). Thus
(b)P = D. Since [blg A [a]g = [bAalgand b € D'(R), we getbAa € D'(R) and hence (b A a)” = D. Now
D'(R) N alg = [blg N [alo = [b A alg = D'(R). Therefore D'(R) C [alg, for all a € R. Hence D'(R) is the
zero congruence of R/6. Let z,y € D. Then (z)” = R = (y)” and hence (z)* = (y)*. Therefore D is a
congruence class of R/0. Let x € D and a € R. Clearly, [z]p V [a]p = [z V a]p = D, becauseof zV a € D.
Since x € D, we getthat D V [a]p = [2/]g V [a]p = [z V a]g = D. Therefore [a]y C D, forall a € R. Hence

D is the unit congruence of R/6. O

Theorem 3.13. Let R be an ADL. Thus the following are equivalent:

(1) R|0 is a Boolean algebra;

(2) 4(R) is Boolean algebra;

(3) For any a € R, there exists b € R such that a Ab € D'(R) and a Vb € D.

Proof. (1) = (2) : Assume (1). Define g : R|0 — §+(R) by g([a]s) = (a)*, forall [a]g € R/6.Leta,b € R
with [a]g = [b]g. Then (a,b) € 6. That implies (a)* = (b)* and hence g([a]g) = g([b]¢). Hence g is well
defined. Let a,b € R with (a)* = (b)*. Then (a,b) € 0. That implies [a]y = [b]y and hence g is one -
one. Let a € R. Then [a]g € R/6. Since f is onto, there exists an element b € R such that f(b) = [a]g
and hence g([a]s) = (a)*. Hence g is onto. Clearly, g is homomorphism and hence g is isomorphism.
Therefore §(R) is a Boolean algebra.

(2) = (3) : Assume (2). Leta € R. Then (a)* € §*(R). By our assumption, There exist (b)* € F+(R)
such that (a v b)* = (a)* N (b)* = (0)* and (a A b)* = (a)* U (b)* = R.Hencea Vb € D and
(a Ab)P = D. Thereforea Vb € DandaAb e D'(R).

(3) = (1) : Assume (3). Let [a]p € R/6, where a € R. Thena Ab € D'(R),aV b € D, for some b € R.
That implies [alg A [b]g = [a A blg = D'(R) and [a]g V [blg = [a V blg = D. Hence R/0 is a Boolean
algebra. O

Definition 3.14. A non-zero element = of an ADL R is said to be a D—prime element if for any

Y,z € R, (z|ly V z) p implies (z|y)p or (z|z)p.

Theorem 3.15. A non dense element x of an ADL R is D—prime if and only if (x)* is a prime filter of R.
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Proof. Let x be any non dense element of R. Assume z is D—prime. Let a,b € R witha V b € (z)*.
Thus (z|a V b) p. By our assumption, we get that (x|a)p or (x|b) p. That implies a € (z)* or b € (x)*.
Hence (x)* is prime. Conversely, assume that () is prime. Let a,b € R with (z|a V b)p. Then
aVb € (x)*. By our assumption, we get that a € (z)* or b € (x)*. That implies (z|a)p or (|b) p. Hence

x is D—prime. O

Definition 3.16. A non dense element = of an ADL R is said to be D—irreducible if for any y, z € R,
()P = (y v 2)P implies (y)? = D or (2)? = D.

Lemma 3.17. Every D—dense element of R is D—irreducible.

Proof. Let x be any D—dense element of R. Let a,b € R with (z)” = (a Vv b)P. Then (2)PP = (a)PP N
(b)PP. That implies DP = (a)PP N (b)PP and hence R = (a)PP N (b)PP. Therefore R C (a)PP and
R C (b)PP. That implies (a)P?PP = D and (b)PPP = D, which gives (a)” = D and (b)” = D. Thus =
is D—irreducible. O

Theorem 3.18. Let x € R with (z)P # D. Thus the following are equivalent:
(1) z is D—irreducible;

(2) (i) (z)* is maximal among all proper filters of the form (y)=;

(i) forany a € R, (z)P = (z v a)P = (a)? = D.

Proof. (1) = (2) : Assume (1). Suppose (z)* C (y)* # R for some y € R. Thus x € (y)*. That implies
(y|x) p. There exists z € R such that (z)” = (y v 2)?. By (1), (y)” = D or (2)” = D. Since (y)* # R
we get (y)” # D and hence (2)” = D. That implies (2)” = (0)” and hence (z)P = (y)”. Therefore
()t = (y)*. Thus (z)* is maximal among all filters of the form (y)*. Suppose (z)” = (z v y), for
some y € R. By (1), we get (v)P? = D or (y)” = D. Since (z)P # D, we get (y)? = D.

(2) = (1) : Assume (2). Let x € R with (2)? # D. Suppose (z)” = (y v 2)P, for some y, 2 € R. Then
(z|7)p. That implies z € (2)* and hence (z)* C (2)% By (2)(i), we get (z)t = (2)* or (2)* = R.
Suppose (r)* = (2)+. Thus z € (z)*. That implies (z|z)p. So That (2)” = (z V a)?, for some a € R.
That implies (2 V ) = (z V a vV y)P. By 2(ii), we get (a vV y)P = D. Since (y)” C (a V y)P, we get
(y)P = D. Suppose (z)* = R. Then 0 € (z)~+. That implies (z/0)p. So that (0)P = (2 V a)”, for some
a € R. That implies D = (z V a)P. Therefore (2)” C (2 V a)? = D and hence (2)P = D. Thus z is
D—irreducible. 0

Theorem 3.19. Every D—irreducible element of an ADL R is D—prime.

Proof. Let z be any D—irreducible element of R. Let a,b € R with (z|a V b)p. Suppose a ¢ (z)* and
b ¢ (x)*. Clearly (z)* C (2)* U (a)* C (zAa)t and (z)* S (2)* U (b)* C (z Ab)*. By maximality

of (z)*, we get (x A a)t = Rand (x A b)* = R. That implies R = (z A a)* N (z A b)*. So that
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R= () u(@H)n((@)*tu®) = (@) u((a)rn®d)?t) = (@)t u(anb)t. SinceaAb e (z)*, we get
(a Vv b)t C (x)t and hence (7)1 = R. we get a contradiction. Hence a € (z)* or b € (x)1. Therefore

(z|a)p or (z|b)p. Thus x is D—prime. O
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