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AssTRACT. In this study, we explore new associated curves in Minkowski 3—space E? by using the Darboux
frame {7, ¢,n} instead of Frenet frame {7, N, B} of the spacelike curve a having a spacelike principal
normal lying on a timelike surface M. These associated curves, denoted as D,., D,, and D,, lie in planes
defined by {¢,n}, {T,n}, and {T, (}, respectively. We establish relationships between the Darboux frame
and the curvatures kg, k,, 74 of the curve a as well as the Frenet apparatus of the associated curves.
Furthermore, we derive necessary and sufficient conditions for these associated curves to exhibit helical or
spherical characteristics. Finally, we present relevant examples.
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1. INTRODUCTION

Minkowski space geometry, integral to both differential geometry and physics, particularly in general
relativity, introduces E$ as a non-degenerate (spacelike or timelike) surface M due to its unique metric
properties ( [13]). For any arbitrary curve a on M, a Darboux frame {7, {, 7}, comprising the unit
tangent vector field T" of ¢, the unit vector field 1 representing the surface’s unit normal restricted to «,
and the timelike vector field ( = n x T, can be constructed.

Various helical types, including general helices, isophote curves, and relatively normal-slant helices,
play crucial roles in diverse fields such as Computer Aided Geometric Design ( [2]), medical sciences
([3]), engineering ( [5]), and biology ( [11]). Notably, regular curves in Minkowski space are classified

as general helices if and only if their conical curvature 7/k is constant ( [12]). Dogan ( [1]) explored
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isophote curves on timelike surfaces, providing necessary and sufficient conditions for their existence
and introduced a specific function,
/ /
 kpTg — T4k, kg
o~ 3/2 1/2°
2 _ 2 2 _ 2
(k% = 75) (k% = 75)

which remains constant. These curves are valuable in surface interrogation for detecting and visualizing

(1.1)

small irregularities ( [4]).
Nesovic et al. ( [6]) defined relatively normal-slant helices on non-degenerate surfaces in Minkowski
3—space and introduced another constant function,
kot — T4K!
5, = 9Tg T93/92 B kn o (1.2)
03+ (5+7)

expressing these helices in terms of geodesic curvature, normal curvature, and geodesic torsion.

In this paper, we adopt the Darboux frame {7, ¢, n} instead of Frenet frame {7, N, B} in Minkowski
3—space E13 to introduce new associated curves, denoted as Dn, Dr, and Do. These curves lie in planes
spanned by {7, ¢}, {T',n}, and {7, (}, respectively, for the spacelike curve o with a spacelike principal
normal on a timelike surface M. Our study establishes relationships between the Darboux frame
and the curvatures kg, k,, 7, of o, and the Frenet apparatus of the associated curves. Consequently,
we derive necessary and sufficient conditions for the associated curves to exhibit helical or spherical

characteristics. Relevant examples are also presented to illustrate our findings.

2. FUNDAMENTAL CONCEPTS

Minkowski space Ef is a real vector space, denoted as E?, equipped with the standard indefinite flat

metric (-, -), defined as:
(z,y) = —z151 + T2y2 + T3Y3,

for any two vectors x = (z1,22,23) and y = (y1, y2,¥3) in IE‘Z’ Because this metric is indefinite, any
vector x can have one of three causal characters: it can be spacelike, timelike, or null (lightlike), if
(x,z) > 0,(z,z) < 0, o0r (z,x) = 0and x # 0, respectively ( [7]). In particular, the vector z = 0 is
considered spacelike. The norm (length) of a vector = € E3 is given by ||z| = \/|{(z, z)]. If ||z| = 1, we
refer to it as a unit vector.

The vector product of two vectors u = (uy,uz,u3) and v = (v1,v2,v3) in E3 is defined as:
u X v = (uzvz — UV3, UV — UIV3, UIV2 — UV1).
Let u, v, and w be the vectors in E3. The following relations hold:

(1) (uxwv,w) = det(u,v,w) = [u,v,w],
(1) ux (vxw)=—{u,w)v+ (u,v)w,

(iid)  (ux v,uxv) = — (u,u) (v,0) + (u,v)2
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An arbitrary curve « : I — [E$ can be locally classified as spacelike, timelike, or null (lightlike) if all of
its velocity vectors o/ are spacelike, timelike, or null, respectively ( [7]). A spacelike or timelike curve
is also referred to as non-null curve.

The Frenet formulae for a unit-speed spacelike or timelike curve a with a non-null principal normal

N in E3 are as follows ( [14]):

T'(s) 0 e1r(s) 0 T(s)
N'(s) | = | —eor(s) 0 —€p€17(8) N(s) | (2.1)
B'(s) 0 —e17(8) 0 B(s)

where «(s) and 7(s) are the first curvature and the second curvature of c, and it holds:

(I'T) =€y =41, (N,N)=¢ ==1, (B,B)= —¢pey, (2.2)

T x N=—eeB, NxB=¢T, BxT=eN. (2.3)

To determine whether the curve « lies on a Lorentzian sphere in Minkowski space, we give the following

Theorems.

Theorem 1. ( [8,9]) Let a(s) be a unit-speed spacelike curve in Minkowski space E3, with the non-null principal
normal N, and with curvature k(s) and torsion 7(s) satisfying + # 0and 2 # 0 for each s € I C R. The image

of a lies on a Lorentzian sphere of radius r > 0 if and only if the following conditions hold:

2

OROLEE
SEHOIE

Theorem 2. ( [10]) Let a(s) be a unit-speed timelike curve in Minkowski space E3, with curvature k(s) # 0

and

where e; = (N, N) = +1.

and torsion 7(s) # 0 for each s € I C R. The image of « lies on a Lorentzian sphere of radius r € R if and

only if the following conditions hold:

and
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Let M be a timelike surface in Minkowski 3—space E$, parameterized as follows:
X (uvt) = (xl (u7t) y L2 (u7t) y L3 (u7t>) .

where 21, z2, and x3 represent differentiable functions. The unit spacelike normal vector field on M is

denoted as
Xu X Xt
|| Xy x X[’

which plays a critical role on this surface M. Let a : I C R — M be a spacelike curve with a spacelike

n(u,t) =

principal normal lying on M. The Darboux frame, comprising the vector fields {7, {,n} is orthonormal
and consists of a unit tangential vector field: 7' = &/, a unit spacelike normal vector field: n = n(u,t)|q,
and a unit timelike vector field ( = +n x T'. The sign in front of ( is chosen in such a way that the

determinant det(7’, (,n) = 1. The Darboux frame satisfies the following relationships:

(T.7T)=1, {¢O=-1, (nn =1, (24)
and
Tx(=mn (xn=T, nxT=-( (2.6)

The normal curvature ky,(s), geodesic curvature kq(s) and geodesic torsion 74(s) of « are respectively defined

as:
ki (8) = (n (), T" (), kg(s) = (C(s),T"(s)), 9(s) =(n(s),( (), (2.7)
where s is the arc-length parameter of a. Hence Darboux frame’s equations have are as follows:
T'(s) 0 —kg(s) kn(s) T(s)
o) | = | —kels) 0 myls) || Cls) |- (2.8)
' (s) —kn(s) 7g(s) 0 1(s)

Also, the Frenet frame and Darboux frame of the spacelike curve « are interrelated through a com-

position of hyperbolic rotation for an angle —f and symmetry with respect to the null straight line

x1 = —x2, which is expressed as:
T 1 0 0 1 0 0 T
¢ | =10 cosh(—0) sinh(—0) 0 0 1 N |, (2.9)
n 0 sinh(—6) cosh(—0) 0 -1 0 B

where §(s) = Z(n, N) is an angle between a timelike and a spacelike vector. This set of relations, as

described in (2.1), (2.8) and (2.9), yields valuable expressions:

kg =rsinhf, k,=—rcoshf, 7,=0—7, K =k, k. (2.10)
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Lemma 1. Let « be an arbitrary curve lying on a surface M in E3 with the geodesic curvature k,, normal
curvature ky, and geodesic torsion 1,. Then the following statements hold:

() cvis a geodesic curve on M if and only if k, = 0;

(ii) o is an asymptotic curve on M if and only if k, = 0;

(iii) « is a line of principal curvature on M if and only if 74, = 0.

Throughout the following sections, let Ry denote R\{0}.

3. ON DARBOUX DIRECTIONAL CURVES IN MINKOWSKI 3—-SPACE

In this section, we introduce the concept of new associated curves for a spacelike curve lying on a
timelike surface in Minkowski 3—space. We establish conditions for a curve to be a relatively normal-
slant helix and an isophote curve based on the geodesic curvature, normal curvature, and geodesic
torsion of spacelike curves on the lightlike surface. Throughout this section, we assume that all curves
and surfaces are smooth and regular unless stated otherwise.

Let M be a timelike surface in Minkowski space E3, and « be a unit spacelike curve lying on M
with the Darboux frame {7, ¢, n}. The Darboux frame can be seen as a dynamic entity with an axis of
rotation determined by the Darboux vector (Arslan et al. 2016, Hartl 1993, Nesovi¢ et al. 2016, Oztiirk
and Nesovi¢ 2016, Scofield 1995). This vector, which plays a pivotal role in this framework, is defined as

T'=DxT, {(=Dx¢ n=Dxn. (3.1)
By using the relations (2.6), (2.8) and (3.1), we obtain the expression for the Darboux vector:
D = 1,T — k¢ + kgn. (3.2)

To understanding of the geometric properties associated with the Darboux frame and the curve «, we
introduce three vector fields along the spacelike curve o, each lying in the normal plane 7+ = Sp {¢, n},

the rectifying plane (* = Sp {T,n} and the osculating pane n* = Sp {T, (}:

e The normal Darboux vector field D,, = —k,( + k¢n,
e The rectifying Darboux vector field D, = 7,7 + kyn,

e The osculating Darboux vector field D, = 7,7 — k¢,

respectively.
Additionally, we have a vector field k along the curve «. There is an interesting relationship between

the vector field k£ and the Darbox frame {T', (,n} of a. Specifically, we can express k as follows:

k(s) = k1(s)T(s) + k2(s)C(s) + ks(s)n(s), (3.3)
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where k1 (s), k2(s) and k3(s) are scalar functions in the arc length parameter s of o, and ¢, is a value
from the set {—1,0, 1} such that:

(k k) = k3 — k3 + k3 = ¢ (3.4)
With the help of a, we can define a curve § = 3 (s) with the same parameter as «, such that j is an

integral curve of k (i.e., 5’ (s) = k). We then provide the following definition:

Definition 1. Let « be a unit spacelike curve lying on a timelike surface M in 3, and let k be a vector field

as given in (3.3). A curve (3 is called a k-directional Darboux curve of «v if 5 is an integral curve of k (i.e.,

B = k).

3.1. D,,—direction curve. The unit normal Darboux vector, denoted as D,,, is defined as follows:
_ —knC + kgn

D, = if (g, kn) # (0,0).
k5 — k2l

Now, consider a curve S as a D,,—direction curve of the curve a. According to Definition 1, we can
establish the following relationship:

B = D,.
By using the relation (2.10), £’ is a unit timelike vector, which implies that /3 is a unit speed timelike
curve with the arc length equal to s. The unit tangent vector T of 3 is then given by:
—kn¢ + kgn‘

Next, by differentiating equation (3.5) with respect to s and using the relation (2.8), we can deduce

Ty = (3.5)

that: / /
kghly — Kk T
T, =— |22 g+] ,
’ [ i ek

and since || T'|| = ,/k2 — k2,

kgkl, —knk!
gk%—ké g +Tg.

T/

whereep =

By taking the norm of equation (3.6), we obtain HTé H = eep , where e = 1 (esp_ > 0). Then, the unit

normal vector field Ng of 3 is given by
T/
e,
177
which is a spacelike vector. Then, form the relations (3.6) and (3.7), the curvature g of 3 is given by

Ng = (3.7)

T

wo = |75 = 1all = ee,. (3.8)

Furthermore, using equations (2.8), (3.5), and (3.7), the binormal vector field B of 3 can be found as

Bﬂ:Tg/\NEZET.
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Moreover, the torsion of /3 is given by

5 = —<B’B,N5> = k2 — k2, (3.9)

respectively. Then, we can state the following theorem:

Theorem 3. Let o be a unit speed spacelike curve with the spacelike principal normal lying on a timelike surface
M in E3, and let 8 be a D,,-direction curve of a.. Then, (3 is a unit speed timelike curve, and its Frenet vectors

are given by

_ T
Tﬁ = Dn, N/B = —€W, Bﬁ = ET,
and its curvatures are given by
kg =€ep,, T8=1\/ki—kj,
whereep = % + 74, and e = £1.

From the relation (2.10) and Thereom 3, we can give the following corollary.

Corollary 1. Let o be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in

E3. Then, D,—direction curve is a helix if and only if the curve « is a helix.

The curve § is also the spherical image of the normal Darboux vector field. Namely, 3 lies on a

Lorentzian sphere with radius r € R*. According to Theorem 2, we have the following relationship:

1\2 [1/1\7 ,
— ] +|—|— = r“ = constant.
kg T8 \Kp

/ﬁfg = $T,3/<am/7“2/£2 —1.

By utilizing the expressions for x5 and 73 as defined in Theorem 3, we can derive the following

This implies that

relationship:
€p, = qisDn\/k‘% - kg\/r%% -1
If 7"25% — 1 =0forall s, then ¢’y = 0, leading to r3 = 1 = constant. However, given that 3 is a

spherical curve, Theorem 2, meaning -2 = (. This aligns with the condition 75 = |/k2 — k2 = 0 which
Kg B n g

is coincide with (kg, k,) # (0,0). Therefore, r?¢% —1 # 0 for all s, and we can express the above

relation as follows:

!

D

(3.10)

27L
reg, _ iz g2
1 1= L
r2e2
Dn,

Taking integrate the relation (3.10), we have

1
£p, = - sec (/Mk% —kgds>
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Conversely, assuming e, = 1 sec ( /K2 - kgds> and r € R, we can deduce the following relation-

1 1
— = :ercos</1/k%—k§ds>,
] €€Dn

1 1

ships from Theorem 3

and

ANy

where (kg, kr,) # (0,0) for all s. These relationships, in turn, lead to:

1 /1\7
()]
kg L8 \Kp

From Theorem 2, we can conclude that the curve 3 lies on a Lorentzian sphere with the radius r € RT.

Therefore, we can state the following theorem:

Theorem 4. Let o be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in E3,

and let 3 be a D,,—direction curve of o. Then, (3 lies on a Lorentzian sphere with the radius r € R™ if and only if

1
£p, = - sec </1/k:%—k:§ds>,

everywhere (ky kq) # (0,0).

3.2. D,—direction curve. The unit rectifying Darboux rector is defined as:

Tk
D, = BEENN i g 2y £ (0,0).

: /1.2 2
k:g—|—7'g

Consider f3 as a D, —direction curve of the curve «. Then, from Definition 1, we have
B, = Dr-

which is a unit spacelike vector. Thus, the curve j3 is a unit-speed spacelike curve.with the arc length

equal to s. Then, the unit tangent vector T of j is given by:

T+ k
T; = % (3.11)
kg + 75
Differentiating equation (3.11) with respect to s and using the relation (2.8), we get
T — (kgT;; *Tgk;;) _ ] ¢’
B~ k2 4+ 72 n :
9 7y k2 + 72
Since ||¢'|| = /K2 + 72, we obtain
!/
T ¢ (3.12)

= 78577’
f 17l
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whereep = % — kp. Then, the normal vector field of the curve § is given by:
C/
Nz = —e——, (3.13)
g 1<l

is a spacelike vector, where ¢ = £1 such that ee5, > 0. Therefore, the curvature of 3 can be fond as
kg = €ep,. Also, from the relations (2.6), (2.8), (3.11) and (3.13), the binormal vector field B of Bis
given by

BB = _TB A NB = €, (3.14)

Furthermore, the torsion of the curve 3 is given by

5= (B3 N3) = /1 +72.

respectively. The following theorem can now be presented:

Theorem 5. Let o be a unit speed spacelike curve with the spacelike principal normal lying on a timelike surface
M in &3, and let (3 be a D, —direction curve of ov. Then, (3 is a unit speed spacelike curve with a spacelike principal

normal, and its Frenet appartus {T5, N5, Bs, k3,75 is given by

T; = D, Np = —epem Bs =<,

and
Kz =€p,, Tg=1/k

/ /
kgTg—Tgky
21,2
kg+g

where €p, = ky,, and e = 1.

From Thereom 5 and the relation (1.2), the following corollary can be given.

Corollary 2. Let o be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in

3. Then,the D, —direction curve [3 is a helix if and only if the curve « is a relatively normal-slant helix.

Moreover, since the curve j is also the spherical image of the rectifying Darboux vector field, 3 lies

on a Lorentzian sphere with radius r € R*. Using Theorem 1, we have

) [ ()

E/B = Frgrgy /1 — r2K2,
and by using the expression of x5 and 75 in Theorem 5, we obtain

e
D, _ 2 2
= F, /k:g + 75

_ 2.2
Epa/Ll—T €5,

2

= r% = constant.

It follows that
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Taking integrate the above relation, we get

1
€p, = ;sech (/\/kg—l—ngs) ,
where r € RT.

Conversely, we assume that e = % sech ( [ /k:g + ngs) and r € R*. Then, from the Theorem 5

1 1
— = —— =ercosh / k2 4+ 712ds |,
> ep, Vg T g

kg

we have

and
1 1

T3 /1.2 2’
B k:g—|—7'g

where (kg 74) # (0,0) for all s. By using the above equations, we get

IZ
T3 1 1
K3 TB Iiﬂ_

and from Theorem 1, the curve 3 lies on a Lorentzian sphere with the radius r € RT. Therefore, the

™

following theorem can be given.

Theorem 6. Let o be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in E3,

and let 3 be the D, —direction curve of o. Then, B3 lies on a Lorentzian sphere with the radius v € RY if and only

if
1
€p, = ;sech (/\/kg—Fngds),

everywhere (kg,74) # (0,0).

3.3. D,—direction curve. The unit osculating Darboux rector is given by
_ T -k
Dy= L EC i (1, m,) £ (0,0).
-]
Consider ﬁz as a D,—direction curve of the curve a.. Then, from Definition 1, we have

El = Do-

Next, we consider three subcases: (I) 77 — k2 > 0; (I) 77 — k2 < 0; (IIT) 7y = £k,
(I If 792 — k2 > 0 for all s, then 3 is a unit-speed spacelike curve with the arc length equal to s, and the

unit tangent vector 775 of 3 is given by

T — TgL — knC

Yy

Differentiating equation (3.15) with respect to s and using (2.8), we get

(3.15)

/

n
T: =ep, —,
]
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where ep = % — kg, with e = £1. Then, the normal vector field of the curve E is a timelike
g n

vector given by
/

Ui

Nz=c¢ ,
gl

(3.16)

where € = +1 such that es, > 0. Therefore, the curvature of ﬂ: can be fond as « 5= €€h,: Also, from

the relations (2.6), (2.8), (3.15) and (3.16), the binormal vector field B 5 of B is given by

B:=T:AN

=en (3.17)

=

Moreover, the torsion of the curve 3 is given by

g n

5= <B§,NE> = Jr2 k2

respectively. Therefore, we can give the following theorem.

Theorem 7. Let « be a unit speed spacelike curve with the spacelike principal normal lying on a timelike surface
M in B3, and let 3 be a Do—direction curve of a. If 72 — k2 >0, then 3 is a spacelike curve with the timelike
normal, and its Frenet appartus {Tz, Ng, Bg, k3, T4} is given by

/

U
T-=D, N:-=e¢—— B:=en,
B0 Al g

and

Kz =¢€p,, T5= T2 — |2

i

! !
knTg —Tgkr, B

whereep, = 35 kg, and e = £1 such that eep > 0.
g n

From Thereom 7 and the relation (1.1), the following corollary can be given.

Corollary 3. Let o be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in

E3. Then, the D,—direction curve 3 is a helix if and only if the curve « is an isophote curve.

Using Theorem 1, Theorem 7 and following a similar calculation as in Section 3.2, we can prove the

following statement.

Theorem 8. Let o be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in E3,
and let 3 be a unit speed spacelike curve with the timelike normal as a D,—direction curve of ov. Then, 3 lies on a

Lorentzian sphere with the radius r € R™ if and only if

1
€p, = ;sech </\/T3 —k‘%ds) ,

where (kn,7q) # (0,0) and 772 — k2 > 0 for all s.
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(IT) If 77 — k7. < 0 for all s, then Bisa unit-speed timelike curve with the arc length equal to s, and the

unit tangent vector T}; of 3 is given by

= T —ky
[ S Ll 1 (3.18)
A [k2 _ 2
n 7—g
Differentiating equation (3.18) with respect to s and using (2.8), we get
,r]/
T: = —ep —,
g sl
whereep = % — kg. Then, its normal vector field is a spacelike vector given by
g n
77/
Nz = —¢ , (3.19)
7'l

where € = &1 such that eep > 0. Thus, the curvature of Bis kg = ecp,. Also, from the relations (2.6),

(2.8), (3.18) and (3.19), the binormal vector field Bj of Bis given by

B:=T:AN

= en. (3.20)

sV

The torsion of the curve 3 is given by

3= _<BE’NE> = 1//6,%—7’3,

respectively. Therefore, we can give the following theorem.

Theorem 9. Let o be a unit speed spacelike curve with the spacelike principal normal lying on a timelike surface
M in B3, and let 3 be a D,—direction curve of . If 7-92 — k2 < 0, then 3 is a timelike curve, and its Frenet

apparatus {TE’ N3, Bs, RE,TE} is given by

- Ui
= = , Nz=—¢ = =€
o 4 .
and
Kj=€p,, T5=\/ki—Ts,
whereep = % + kg, and e = £1 such that esp_ > 0.

Corollary 4. Let o be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in

E3. Then, the D,—direction curve 3 is a helix if and only if the curve o is an isophote curve.

Using Theorem 2, Theorem 9 and following a similar calculation as in Section 3.1, we can prove the

following statement.
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Theorem 10. Let « be a unit speed spacelike curve with the spacelike normal lying on a timelike surface M in
E3, and let 3 be a unit speed timelike curve as a D,—direction curve of .. Then, j3 lies on a Lorentzian sphere

with the radius r € R if and only if
1
€D, =~ sech </,/Tg2 — k%ds) ,
where (kn,7q) # (0,0) and 72 — k2 < 0 for all s.
(III) If 7, = £k, for all s, then 3 is anull curve ,and its tangent vector is given by
Ts = Do = 74T — kn(.

Taking derivative the last relation and using the relation (2.8), we get

T% = (7g+ knkg) T + (—ky, — kyg) €.

Here, we have the following two subcases:
(i) if 7, = ky, for all s, then
Té = (kvlz + knkg) (T - C) )

with
=0.

!
13

It means that 3 is a null straight line.
(ii) if 7y = —k, for all s, then
Té = — (k;, + knky) (T + ),

and so J3 is a null straight line.Therefore, we can give the following theorem.

with

/ —
TB =0,

Theorem 11. Let « be a unit speed spacelike curve with the spacelike principal normal lying on a timelike surface
M in B3, and let 3 be a Dyo—direction curve of . If 7, = +k,, for alls, then the D,—direction curve j3 of v is a
straight line.

4. EXAMPLES

Example 1. Let us consider the timelike ruled surface M in E} parametrized as shown in Figure 1
2 2
X(s,t) = ({ sinh s, \2[ cosh s, ?s) +1 (sinh s+ V3 cosh s, cosh s + V3sinh's, 1) , (4.1)

with its base curve parametrized as

V2 V2 V6
as) = 7smhs,7coshs, -5
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Ficure 1. The timelike ruled surface M and the curve «

The Frenet frame vectors of « have the form

V2 V2 V6

T = a'(s):(Tcoshs,Tsinhs,T),

all(s)

N = ——~ = (sinhs,coshs,0),

o (s)l
B = TxN= (\/;coshs,?sinhs, g)

and the curvatures k and T of « read

po Lo V6
V2 2
Consequently, o is a unit spacelike curve with the spacelike principal normal. Also, we find that the Darboux
frame of o is given by
T = ﬁcoshs,ﬁsinhs,\/—g ,
2 2 2
¢ = (sinh s+ v/3coshs,coshs + v3sinh s, 1) ,
2
n = (\/isinhs + ?coshs, V2 cosh s + %Esinhs, g) .

According to the relation (2.7), the curvatures kg, ky, and 1, of o read
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Then, the vector fields D,,, D, and D, are given by

1
D, = (—\égcoshs,\égsinhs,—2>,

D, = (sinh s +v/3cosh s, cosh s + v/3sinh s, 2) ,
1
D, = (— sinh s — \ég cosh s, — cosh s — \23 sinh s, 2) .

Therefore, the position vectors of D,,—, D,— and D,— direction curves of « are given by

B(s) = <_\/§Smh8,\/3¢oshs’_8)+cl’
2 2 2
— 2 2
Bls) = <\2[C05h3+?Sinhsa\gsinhs—k\gécoshs,2s>+C2,

= 2
B(s) = (—\/§coshs — \gé sinh s, —v/2sinh s — \ggcoshs, \2[3> + O3,

where C1, Cy, Cs are constant vectors.

.
10000

|/
15000

(8) The D,.— direction curves j3 of

(c) The D,— direction curves Bofa

Ficure 2. Plots of direction curves

B(s) = (7@ sinh s, @coshs, —%) + (4,
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Example 2. Let us consider the timelike cylindrical ruled surface M in E3 parametrized as shown in Figure 3

u® u® 3

X(u,t) = (‘E’ —5 t %) +(1,1,0). (4.2)

Ficure 3. The timelike ruled surface M and the curve «

The Frenet frame vectors of « have the form

and the curvatures k and T of « read
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Consequently, o is a unit spacelike curve with the spacelike principal normal. By using the relations (2.4), (2.5),

(2.6) and (4.2), we find that the Darboux frame of « is given by
utout w2
T = ([—— —— +1,—
< 8’ 8 +h 2 > ’
U4 U4 U2
pr— — 1 —_— —_—
C ( 8 + ) ) 2 ) )

U2U2
= (=, =, -1).
/r] <2727 )

According to the relation (2.7), the curvatures kg, ky, and 1, of o read

U5 u5 U3
-Dn = T W T Toy Ty )
( s T8 2)

u

Therefore, from Theorem 11, the D,— direction curves of « is a straight line, and also the position vectors of D,,—

and D,— direction curves of o are given by
6 2 6,4
Bls) = <—“—“ - )+cl,
- ub b
o = (L

where C and Cy are constant vectors.

| - |
. 1 / - |/
Y

(a) The D,,— direction curves 3 of a (8) The D, — direction curves 3 of

FiGure 4. Plots of direction curves of



Asia Pac. J. Math. 2024 11:29 18 of 18

AuUTHORS” CONTRIBUTIONS

All authors have read and approved the final version of the manuscript. The authors contributed

equally to this work.

CONFLICTS OF INTEREST

The authors declare that there are no conflicts of interest regarding the publication of this paper.

REFERENCES

[1] F. Dogan, Isophote curves on timelike surfaces in Minkowski 3—space, An. Stiint. Univ. Al. I. Cuza lasi. Mat. (N.S.) 63
(2017), 133-143.

[2] G. Farin, Curves and surfaces for computer-aided geometric design, Academic Press, San Diego, 1997.

[3] M. Giménez-Andrés, A. Copi¢, B. Antonny, The many faces of amphipathic helices, Biomolecules 8 (2018), 45. https:
//doi.org/10.3390/biom8030045.

[4] S. Hahmann, A. Belyaev, L. Busé, G. Elber, B. Mourrain, C. Réssl, Shape Interrogation, in: L. De Floriani, M. Spagnuolo
(Eds.), Shape Analysis and Structuring, Springer Berlin Heidelberg, Berlin, Heidelberg, 2008: pp. 1-51. https://doi.
org/10.1007/978-3-540-33265-7_1.

[5] M.J. Keil, J. Rodriguez, A method for generating compund spring element curves in contact with cylindrical surfaces, J.
Geom. Graph. 3 (1999), 67-76.

[6] E.Nesovi¢, U. Oztiirk, E.B. Kog Oztiirk, On non-null relatively normal-slant helices in Minkowski 3—space, Filomat. 36
(2022), 2051-2062. https://doi.org/10.2298/FIL2206051N.

[7] B. O'neill, Semi-Riemannian geometry with applications to relativity, Academic press, New York, 1983.

[8] U. Pekmen, S. Pasali, Some characterizations of Lorentzian spherical spacelike curve, Math. Morav. 3 (1999), 31-37.

[9] M. Petrovié-Torgasev, E. Suéurovié¢, Some characterizations of Lorentzian spherical space-like curves with the timelike
and the null principal normal, Math. Morav. 4 (2000), 83-92.

[10] M. Petrovi¢-Torgasev, E. Sucéurovié, Some characterizations of the Lorentzian spherical timelike and null curves, Mat.
Vesnik 53 (2001), 21-27.

[11] M. Schiffer, A.B. Edmundson, Use of helical wheels to represent the structures of proteins and to identify segments with
helical potential, Biophys. J. 7 (1967), 121-135. https://doi.org/10.1016/S0006-3495 (67)86579-2.

[12] D.]J. Struik, Lectures on classical differential geometry, Dover Publications, New York, 1961.

[13] J. Walrave, Curves and surfaces in Minkowski space, (PhD Thesis), KU Leuven, Belgium, 1995.

[14] K. Wolfgang, Differential geometry: curves-surface-manifolds, American Mathematical Society, Rhode Island, 2002.


https://doi.org/10.3390/biom8030045
https://doi.org/10.3390/biom8030045
https://doi.org/10.1007/978-3-540-33265-7_1
https://doi.org/10.1007/978-3-540-33265-7_1
https://doi.org/10.2298/FIL2206051N
https://doi.org/10.1016/S0006-3495(67)86579-2

	1. INTRODUCTION
	2. FUNDAMENTAL CONCEPTS
	3. ON DARBOUX DIRECTIONAL CURVES IN MINKOWSKI 3-SPACE
	3.1. n-direction curve
	3.2. r-direction curve
	3.3. o-direction curve

	4. Examples
	Authors' Contributions
	Conflicts of Interest
	References

