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AsstracT. The hemicompact spaces is an important tool in general topology. Analogous to this concept in
topological space, this paper study the hemicompact topological group and discuss its relation with locally
compact and o-compact topological groups.
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1. INTRODUCTION

It was discovered in the middle of the 20th century that Hausdorff Abelian groups might be included
in the standard Fourier analysis. The subject known to demonstrate how to achieve this is called
topological groups (a topological space that is also an abstract group and in which group operations
are continuous). Sophus Lie was the first to think about topological groups, although he was only
interested in groups having analytic definitions.

A topological group combines the properties of a group and a topological space, one of this property is
compactness and it is generalization classes such as hemicompact space or k,,-space (a topological space
with a sequence of compact subsets that cover the space and any compact subset contained in some
of it is terms). E. Michael in [15] introduced the definition of hemicompact space and Graev in [11]
discussed such spaces in topological group setting. This paper study the introduce the hemicompact

group and some of its fundamental characteristics.

2. FUNDAMENTALS

Compactness is an important property in the general topology, In 1923, Alexandroff and Urysohn
provided the definition of compactness that we use here, The Heine-Borel condition is a generalization

of the property of closed and bounded subsets of the real line to topological space.
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Definition 1. A collection A of subset of a space X is said to cover X, or to be a covering of X, if the union of

the elements of A is equal to X. It is called an open covering of X if its elements are open subset of X.

Definition 2. [7]. A topolofical space X is said to be compact if every open covering A of X contains a

finite subcollection (subcover) that also covers X.
Theorem 1. (Heine-Borel) Every closed bounded subset of R is compact.

Lemma 1. Let Y be a subspace of X. Then Y is compact if and only if every covering of Y by sets open

in X contains a finite subcollection covering Y.

Theorem 2. [7]. The image of a compact space under a continuous map is compact, provided it is a

Hausdorff space.

Definition 3. A space X is o-compact if and only if X can be written as the union of countably many

compact subsets.

Example 1. [13].

(a) Every compact space is o-compact.

(b) Every countable set with the discrete topology is o-compact.

(c) Itis not true that an uncountable set with the discrete topology is o-compact. For example,
the real line with discrete topology is not a countable union of compact space and cannot be

written as one.

Theorem 3. [5]

(a) Let X be a compact space and F' C X a closed subset of X. Then F' is compact.
(b) Let X be a compact Hausdorff space. Then A C X is compact if and only if A is closed.

(c) Every compact Hausdorff space is normal.
Theorem 4. [5]. A compact subset of a Hausdorff space X is closed.

Theorem 5. [7]. Let f: X — Y be a bijective continuous function. If X is compact and Y is Hausdorff,

Then f is a homeomorphism.

Definition 4. [7]. A space X is said to be locally compact at x if there is some compact subspace K
of X that contains a neighbourhood of z. If X is locally compact at each of its points, X is said to be

locally compact.

Example 2. (a) Every compact space is locally compact.
(b) The real line R with usual topology is locally compact. The point z lies in some interval (a, b),
which in turn is contained in the compact subspace [a, b]. The subspace Q of rational numbers

is not locally compact.
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(c) Every discrete space is locally compact.

Remark 1. [6]. A topological space X is called a locally compact space if for every x € X there exists

a neighbourhood U of the point z such that U is a compact subspace of X.

Proposition 1. [13]. An open subset of locally compact (in particular, compact) space is always locally

compact.
Proposition 2. [14]. Every closed subspace in a locally compact space is locally compact.
Proposition 3. [14]. The product of two locally compact spaces is locally compact.

Definition 5. [6]. A Hausdorff space X is a compactly generated space (k-space) if and only if for
each F' C X, the set F'is closed in X provided that the intersection of F' with any compact subspace K
of the space X is closed in K.

Definition 6. [10]. A Hausdorff topological space X is a hemicompact topological space (k,-space)
if there exists a sequence of compact sets K1 C Ky C ... C X, such that X = U,enK,, and U is open

subset of X if and only if U N K, is open set in K, for all n € N.

Remark 2. (a) [13]. From Definition 6, a topological space X is hemicompact topological space if
there exists a countable compact subsets K, of X where X = U, K,, and K C K, for every
compact subset of X and in some K.

(b) [10]. The sequence (K, )nen is called a k,-sequence for X.
(c) [10]. A Hausdorff topological space X is locally hemicompact

if every point has an open set which is a hemicompact topological space.

Example 3. (a) Compact topological space is hemicompact.

(b) The set of all real numbers equipped with the usual topology is hemicompact topological space.

Remark 3. (a) Every hemicompact topological space is o-compact space.
The converse is not true. For example the set of rational number equipped with the usual
topology is o-compact topological space which is not hemicompact. (See [12]).

(b) [8]. Any hemicompact topological space is compactly generated topological space.

Now we recall from [10], [9] and [3] the following properties of hemicompact space and locally

heicompact space.

Theorem 6. (a) The product of hemicompact topological space, is a hemicompact topological space.

(b) The countable disjoint unions of hemicompact space are k.
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(c) Let Y bea o-compact subset of a locally hemicompact space X. Then Y has an open neighbourhood U in

X that is a hemicompact topological space.

Theorem 7. (a) Locally compact topological space is locally hemicompact.

(b) Open sets of locally hemicompact topological space are locally hemicompact.

Proposition 4. [11].

(a) A first countable hemicompact topological space is locally compact.

(b) A o-compact and locally compact space is hemicompact.

3. TororocicaL Grour

Definition 7. A topological groups G is a group which is also a topological space, such that the maps

w:GxG — G v:G@—=G
and

(z,y) — zy Tzt

are both continuous. (GxG is provided with the product topology).

If G'is a group, and S and T are subsets of GG, we let ST and S -1
ST ={st:seS,teT} and St={stseS}.
The subset S is called symmetric if S —1 = S. We will let e denote the identity element of a group.

Example 4. (a) The additive groups R and C equipped with the usual topology are topological

groups.

(b) For any group G equipped With the discrete topology is topological groups.

(c) The indiscrete topology on G, the topology where the collection of open sets is {(), G} , makes
G into a topological group.

(d) The sets of integers Z, rational numbers Q, and complex numbers C are all topological groups
under addition when they are given their usual topologies.

(e) If n is any positive integers, Z". R". Q™. C" are all topological groups under addition when

given their usual topologies.

Definition 8. A topological group G is said to be homogeneous if for any g, h € G there is an homeo-

morphism h : G — G such that h(g) = h.

Proposition 5. [16]. Let G be a group with a topology on it. Then G is a topological group if and only

if the following two conditions are satisfied:
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(a) For every neighbourhood U of zy, there is a neighbourhood V' of = and a neighbourhood W of
y such that VIV C U.

(b) For every neighbourhood U of 271, there is a neighbourhood V of x such that V! C U.
Proof. Suppose first that the multiplication map p is continuous. Let U be neighbourhood of xy. Since
p(z,y) = xy and p is continuous at (z,y), there is a neighbourhood V' of « and a neighbourhood W of
ysuch that VIV C u(V x W) C U.

Now suppose that (a) holds. Let (z,y) € G x G, and let U be any neighbourhood of y(z,y)=xy. Then
choose a neighbourhood V' of z and a neighbourhood W of y such that VIW C U. But V x W is a
neighbourhood of (z,y) and p(V x W)=VW C U. It follows that p is continuous at (z, y).

Definition 9. Any subgroups H of a topological group G is a topological group with respect to the
subspace topology.

Proposition 6. [17]. Let G be a topological group and let H C G be a subgroup. Then we have the

following.

(a) The subgroup H is open if and only if it contains a nonempty open set.
(b) The subgroup H is closed if and only if there exists an open set U C G such U N H is nonempty

and closed in U.

Remark 4. A topological subgroup H C G of a topological group G is called a closed subgroup if as a

topological subspace it is a closed subspace.

Proposition 7. [22]. All topological groups are homogeneous spaces.

Proof. Let G be a topological group with product function x and inversion v. Since the iden-

tity map id : G — G and the constant map g — z are continuous for any = € G, the map
e G—>GExG
g (9,7)
is also continuous and then so is the composition 7, = p o ., sending g to gz. Clearly, r, and 7,1 are

inverse to each other, both continuous, hence r, is an homeomorphism. In particular, given z,y € G,

741, is an homeomorphism and r,-1,(z) = rr~ly =yforany z,y € G.

The application 7, is called the right translation, and in the same way we can define the left

translation I, an homeomorphism given by /,.(g) = zg.

Proposition 8. [22]. Let G be a topological group, € G and A, B C G. Then,
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(a) if A is open subset then so are Az and z A4;
(b) if A is open subset then so are AB and BA;
(c) if Ais closed subset then so are Ax and x A;

(d) if A is closed subset and B finite then AB and B A are closed.

Proof. Az and xz A are the image of A under the homeomorphisms r,, and [, respectively. Hence, if A is

open then so are Az and = A, and if A is closed Az and z A are closed too.

Write AB = UpcpbA. If A is open, AB and BA are a union of open subsets, hence open. And

if A is closed and B finite, AB and BA are a union of finitely many closed subsets, hence closed.

Proposition 9. If G is a topological group, then every open subgroup of G is also closed.

Proof. Let H be an open subgroup of G. Then any translation zH is also open. So,
Y =Uzeg-nrH
is also open. From elementary group theory, H = G — Y, and so H is closed.

Remark 5. Let V be a neighbourhood of z, then 27!V is a neighbourhood of identity. Conversely, let
U be a neighbourhood of identity, then zU = {zu : u € U} is a neighbourhood of z.

Proposition 10. [19]. A topological group is metrizable if and only if it is a Hausdorff topological

space and the identity element has a countable neighbourhood basis.

4. Comract TororLoagicAL GROUP

We call a topological group G a compact group if the topology on G is Hausdorff topological space

and compact.

Proposition 11. [18]. If G is a topological group, and H is a subgroup of G, then the topological
closure of H, H, is a subgroup of G.

Corollary 1. (a) A topological group is first-countable if and only if there is a countable neigh-
bourhood base at the identity (or any point).
(b) A topological group G that is both locally compact and Hausdorff is called a locally compact

group.
5. Hemicompact TororoGicar Groups (k,-Group)

The definition of hemicompact topological group has been introduced in [4] (see [9] and [10]).

In this section, we recall From [4] and [10] the definition and the main properties of hemicompact
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topological group. Also we prove that a locally compact topological group is locally hemicompact

topological group and a o-compact and locally compact topological group is hemicompact topological
group.
Definition 10. A Hausdorff topological group is called a hemicompact topological group if its underly-

ing topological space a heimcompact space.

Example 5. (a) The rational numbers Q equipped with the topology induced by the real numbers
R, is a o-compact topological space, but not a hemicompact topological group group.

(b) Each open subgroup generated by a compact neighbourhood is a hemicompact topological
group.
Remark 6. A Hausdorff topological group is called a locally hemicompact topological group if its

underlying topological space which is locally hemicompact.

Example 6. (a) Every discrete group is a locally hemicompact topological group.

(b) Every hemicompact topological group is a locally hemicompact topological group.

Proposition 12. [10]. A locally hemicompact topological group has an open subgroup which is a hemicompact

topological group.

Theorem 8. Open subgroup of locally hemicompact topological group are locally hemicompact topological group.
Proof. Follows from Proposition 4.2, [10].

Theorem 9. A locally compact topological group is locally hemicompact topological group.

Proof. Let G be a locally compact topological group and g € G, for compact sets K1, K>, ... suppose that
g€ Kyand K,, C K,,11. Hence g € U := Upen K, and U is a hemicompact topological group. where

(Kp)nen is k,-sequence. O

Theorem 10. The countable disjoint unions of hemicompact topological group are hemicompact topological
group.

Proof. Suppose that G = [[ .. G, with each G for each j € N is a hemicompact topological group

jeN
and (K,(lj))neN is k.,-sequence for G;, then K, := UjgnKy(Lj) is a k,,-sequence for G. O

Proposition 13. A first countable hemicompact topological group G is locally compact topological group.

Proof. Suppose that there is g € G without compact neighbourhood. Let U,, D U,,+1 D ... be a countable
basis for the neighbourhood of g, Let ... C K,, C K,;+1 C ... be an admissible sequence of G. and
gn € U, — K, for each n € N. The compact set K := {g,, : n € N} U {g} is not contained in any K, for
eachn € N.

O
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Proposition 14. A o-compact and locally compact topological group is hemicompact topological group.

Proof. Let G be a locally compact topological group and U;crU; be an open cover with compact closure.
G is o-compact topological group, hence there exists a sequence (K,,),en of compacts sets such that
X = UpenK,,. For all K,, there exists a finite family of (U;);cs covers K,,. Let U,, = U;jec1U; for alln € N
and K, := U?_ Uy Then (K},)qen is a sequence of compacts sets. Let the set K C G be compact, hence

there exists a finite family of (U;);es covering K. Thus K C K, for some n € N. O

6. CONCLUSION

Analogous to the definition hemicompact space we studied the definition of hemicompact group

and prove theorems concerning the relations between:

e Locally compact topological group with locally hemicompact topological group.

e o-compact and locally compact topological group with hemicompact topological group.
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