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AsstrACT. This paper aims to prove some generalized common fixed point theorems for three self-mappings
in complex valued G, —metric spaces under the new modified rational contraction conditions. We prove
the uniqueness of common fixed point in complex valued G —metric spaces without the continuity of self-
mappings with supportive trivial and non-trivial illustrative examples. Moreover, we study the approach
of Urysohn type integral equations in complex valued G, —metric spaces to support our main work. By
using this concept, one can prove different types of coincidence points and common fixed point results for
single-valued contraction conditions in complex valued G, —metric spaces with the application of different
types of integral equations.
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1. INTRODUCTION

In 1922, the concept of fixed point (FP) theory was presented by Banach [1] and proved a “Banach
contraction principle” which is stated as: “a single-valued contraction map on a complete metric space
has a unique FP”. Later on, many mathematicians contributed their ideas to the problem of FP by using

different types of metric spaces, mappings, and applications.
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In 1989, Bakhtin [2] established the notion of b—metric space and proved some of its classical
properties. After that, Czerwik [3] used the approach of Bakhtin [2] and proved some FP-results
for non-linear set-valued contraction conditions in b—metric spaces. While in [4], Akkouchi used an
implicit relation approach and presented common fixed point theorems (CFP-theorems) on b—metric
spaces for single-valued contractive type mappings. Aghajani et al. [5] proved some generalized
CFP-results in partially ordered b—metric spaces by using the approach of weak-contraction condition.
Further, Aydi et al. [6] proved some modified set-valued Quasi-contraction results for FP in b—metric
spaces. Later on, Roshan et al. [7] proved CFP-theorems in b—metric spaces and concluded that the
b—metric is not necessarily a continuous map. In this direction, some more related FP-results can be
found in (e.g, see; [-13]). In 2014, Mukheimer [14] proved some CFP theorems on complex valued
b—metric (C'Vb—metric) spaces. Recently, Mehmood et al. [ 15, 16], proved some CFP-results under the
rational type-contraction conditions in CVb—metric spaces by using the compatibility self-mappings
with an application.

Mustafa and Sims [17] introduced the generalized concept of metric space which is known as
G'—metric space. They used Dhage’s theory and proved CFP-results in G—metric spaces. Further,
Mustafa et al. [18] established some modified contraction results for FP in the said space. In [19],
Chugh et al. presented the P property in G—metric space and proved some results. While Saadati
et al. [20] used the concept of G—metric spaces to introduce Q2—distance on a generalized partially
ordered G —metric spaces and proved FP-theorem involving 2—distance.

In 2014, Aghajani et al. [21 ] combined the concept of b—metric and G—metric spaces, and introduced
the new concept of generalized b—metric space (G, —metric space) and established a CFP-theorem by
using weakly compatible single-valued mappings. Aydi [22] improved and generalized some well-
known existing results in the literature and proved some coupled fixed point and tripled coincidence
point results in G,—metric spaces. Gupta in [23] extended and improved some published results
and proved FP-results in G,—metric spaces. In [24] Makran et al. proved a CFP-theorem by using
multi-valued maps and established its integral type application. In [25] Mustafa et al. established
some tripled coincidence point results in partially ordered G;,—metric spaces and presented an Integral
type application.

Ege [26] introduced the concept of a complex valued G,—metric (C'V Gp—metric) space and proved
some FP-results in the sense of Banach Kannan contraction principles. Later on, Ege [27] proved a
CFP-theorem via av—series and obtained new results in C'V G;,—metric spaces. Ansari etal. [28] used the
concept of C-class functions in C'V G, —metric spaces and proved some FP-theorems in C'V GG —metric
spaces. Recently, in 2020, Ege et al. [29] introduced complex C'—class function in C'V G,—metric spaces

to established some FP-theorem by using the complex C'—class function, a—admissible mapping,
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— (F, ¥, ®)—contractive type mappings. Recently, Mehmood et al. [30], established some CFP-results
in C'V Gj—metric spaces with an application.

In this paper, use the approach of Ege [26] and Mehmood et al. [30], and study some new generalized
product type rational contraction results in C'V G, —metric spaces based on single-valued mappings.
We prove the uniqueness of CFP for three self-mappings under the generalized rational contraction
conditions with illustrative examples. Further, to support our results, we establish an application of the

UTIEs for the existence of a unique common solution to verify the validity of our findings.

2. PRELIMINARIES

In this section, we present the preliminary concepts related to our main work.
Let the set of complex-numbers is denoted by C and v;,v;; € C. Define < as: v; < vy, iff R(v;) <
R(vi;) and I(v;) < I(vi;). Where R and I denotes the real part and imaginary part of C respectively.
Accordingly v; < v;;, if any one of the following holds:

i)- R(v;) = R(vy;) and I(v;) = I(vi;),
ii)- R(v;) < R(vy) and I(v;) = I(vi;),
iii)- R(v;) = R(vi;) and I(v;) < I(vy),
iv)- R(v;) < R(vi) and I(v;) < I(vi;).

In special case, we can write v; < vj; if v; # v;; and one of (ii), (iii), and (iv) is satisfied.

Remark 2.1. [14] The following presented properties can be hold and verified:
i)-ifaj,ag e Rand oy < g = aqy < agy Vrx € C,

ii)- 0<v <y = |’Ul’ < |’U7;7;’,

iii)- v; < vy and vy < Vi = v < Vg
Definition 2.2. [26] Let V # () setand b > 1. A mapping G : V3 — C is called a CV G,—metric if G
holds the following axioms:
i)- Glu,w,z) =0if u =w = z,
ii)- 0 < G(u,u,w) for all u,w € V with u # w,
iii)- G(u, u,w) < G(u,w, z) for all u,w,x € V with w # z,
iv)- G(u,w,z) = G(p{u,w,z}), where p is a permutation of u, w, z,
v)- G(u,w, z) < b[G(u,a,a) + G(a,w,z)] for all u,w,z,a € V.

Then a pair (V, G) is called a CV G, —metric space.

Example 2.3. Let V = [0, 00) and a metric G : V3 — C is defined by:

3u—3 3w —3 3z —3
G(u,w,x)Z(u4 w|+|w4 x‘+’$4 l

Then (V, G) is a CV G, —metric space with constant b = 2.

>(1—|—i), Yu,w,z € V.
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Proposition 2.4. [20] Let (V, G) be a CV Gy,—metric space. Then, ¥ u,w,z € V,

i)- Glu,w,z) < b(G(u,u,w) + G(u,u,x)),
ii)- G(u,w,w) < 2bG(u, u,w).

Definition 2.5. [26] Let (V, G) be a CV G,—metric space, let v € V and {u,, } be a sequence in V. Then,

a sequence:

i)- {um} is CVGp—convergent to u if for every a > 0in C, 3 my € N such that G(u, um,u;) <
a, V'm,j > mg.
ii)- {um} is called CVGy—Cauchy if for every a > 0 in C, 3 mg € N such that G(um,u;,u;) <
a, Ym,j, k> mg.
iii)- If every C'V Gjp—Cauchy sequence is CV Gp—convergent in (V, G), then a pair (V, G) is called
CV Gy—complete.

Proposition 2.6. [260] Let (V,G) be a CV Gy—metric space and {u,} be a sequence in V. Then {u,} is

CV Gy—convergent to w iff |G (u, wm, uj)| — 0asm,j — oo.

Theorem 2.7. [20] Let (V, G) be a C'V Gy—metric space, then for a sequence {u,,} in V and a point u € V,

the following are equivalent:

i)- {um} is CV Gyp—convergent to u,
i)~ |G (tm, U, u)| — 0as m — oo,

iit)- |G (um, u,u)| = 0as m — oo.

Proposition 2.8. [26] Let (V,G) be a CV Gy—metric space and {u,} be a sequence in V. Then {u,} is a
CV Gy—convergent to w iff |G (u, wm, uj)| — 0asm,j — oc.

Proof: Suppose that {u,} is CV Gy—convergent to u and let

~ Lt veso.

P=Ants

Then, 0 < 8 € Cand thereis mo € Nsuch that G(u, um,u;) < Bform,j > mg. Thus, |G(u, um, uj)| < |B] =
e form, j > mg and so |G(u, wp, uj)| — 0asm,j — oo. Suppose that |G(u, um,u;)| — 0asm, j — oo. For

a given 5 € C with 8 > 0, there exists § > 0 such that for u € C,
lu| <0 =u<p.

Considering 6 > 0 and there is mo € N such that |G(u,um,u;)| < 6 for m,j > myg. This implies that

G(u, um,u;j) < B form,j > ng, ie., {un} is CVGy—convergent to u.
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3. MaIN Resurr

Theorem 3.1. Let (V, G) be a complete C'V G,—metric space with constant b > 1 and Jy, Jo, J3 : V — V be
mappings satisfying:

G(Jiu, Jow, Jsx) < mG(u,w, x)

N G(u, Jyu, Jiu) - G(w, Jow, Jow) - G(z, Jsx, J3z) (3.1)
2 1+ G(w, Jow, J3z) - G(Jaw, J3z, J3z) ’

or all u,w,z € V and n1,n2 € [0, %) with (m + n2) < . Then the mappings J,, J and J3 have a unique
2 2 ppimng q
CFPinV.

Proof. Let uy € V br the arbitrary point. Let the iterative sequences {uy }»>0 in V be defined by

U3n+1 = J1U3n,  Usmt2 = JoU3m+1,

and U3m+3 = J3U3m+2 Vn > 0. (32)
Now by the view of (3.1), we have

G(u3m+1, Usm+2, Usm+3) = G(J1usm, Jousm+1, J3usm+2) < MG (Usm, Usm+1, Usm+2)

1 <G(U3m, J1U3m, J1Usm) - G(Usm+1, Jousm+1, J2uszm+1) - G(usm+2, J3Uzm+2, J3U3m+2)>
1+ G(ugm+1, Jousm1, J3usm+2) - G(Jousm1, J3usm2, J3Usm+2)
= MG (Usm, Usm+1, Usm+2)

o (G(USma U341, U3m+1) * G(Usm1, Usm+2, Usm+2) - G(U3my2, Usmy3, u3m+3))
2

14 G(ugm+1, Usm+2, Usm+3) - G(Uzm4-2, Usm43, Uzm+3)
This implies that,

|G (U3m+1, Usm+2, Usm+3)| < N1|G(Usm, Usm+1, Usm+2)]

1 <|G(u3m7u3m+17u3m+l)| |G (U3m+1, Um+2, Uzm+2)| - |G (Usmt-2, Usm+3, U3m+3)\>
11+ G(usm+1, U3m+2, Usm+3) - G(Ugm+2, Usm+3, Usm+3)|
< |G (Ugm, Usm+1, Usm+2)|

1 <!G(u3m7u3m+1,u3m+2)| |G (U3m+1, Usm+2, Usm+3)| - |G (Usm425 Usm+3, Usm+3) |

|G(usm+1, Usm+2, Usm+3)| - |G(Usm-+2, Usm-+3, Uzm+3)| ) '
After simplification, we get that

1
|G(u3m+1, Usm+2, usm+3)| < @1|G(ugm, Usmt1, Usmt2)|,  where aq = (m +172) < 7 (3.3)
Again by the view of (3.1), we have

G(U3m+2, Usm+3, Usm+4) = G(J1Usm+3, J2Usm+1, J3Usm+2) < MG (Ugm+1, Usm+2; Usm+3)

+n (G(U3m+3> J1Usm+3, J1Um+3) - G(Usm+1, J2Usm+1, J2Uusm+1) - G(Usm2, J3Usm+2, J3U3m+2)>
2
1 4+ G(usm+1, Jousm+1, Jsusm+2) - G(Jousm+1, Jsusm+2, J3usm+2)
= 1 G(U3m+1, Um+2, Usm+3)

. (G(u3m+37 UBm+4, Um+4) - G(Usm+1, Usm+2, Usm+2) * G(Usm42, Usm+3, U3m+3)>
2 .
14+ G(u3m+1, Um+2, U3m+3) - G(Usm+2, Um+3, Usm+3)




Asia Pac. J. Math. 2024 11:32 6 of 21

This implies that

|G (U3m+2, Usm+3, Usm+4)| < N1 |G(Usm+1, Usm+2, Usm+3)|

1 <\G(u3m+3, Ugmt4; Usm+4)| |G (Usm41, Ugm+2, Ugm+2)] - !G(u3m+2,u3m+3,usm+3)!>
|G (Usm+1, Usm+2, Usm+3)| - |G(Usm+2, Usm+3, Usm+3)|

After simplification, we get that

m
T —mn2

1
|G (u3m+2, Usm+3, Usm+4)| < 02| G(Ugm+1, Usm+2, Usm+3)|, Where ag = <3 (3.4)

Now, again by the view of (3.1), we have

G(U3m+3, Usm+4, Usm+5) = G(J1usm+3, Jousm+4, J3uzm+y2) < MG (Ugm+2, Usm+3, Usm+4)

. (G(U3m+3, J1U3m43, J1U3m+3) - G(Usma, Jousma, Jousma) - G(Usm2, J3U3m42, J3u3m+2))
2
1 4 G(u3m+4, Jousm+a, J3uzm+2) - G(Jouzm+a, J3usm2, J3usm+2)

= MG (U3m+2, U3m+3, Usm+4)

+ (G(u3m+37 Ugm+4, Usm+4) - G(Usm+4, Usm+5, Usm+5) * G(Usm42, Ugm+3, u3m+3)>
2 .
14+ G(u3m+4, Usm+5, Usm+3) - G(Usm+5, Usm+3, Um+3)

This implies that

|G (Uu3m+3, Usm+4, Usm+5)| < 11|G(U3m42, Um+3, Usm4)]

. <\G(u3m+3, u3m+47u3m+4)’ ) |G(u3m+4au3m+57 U3m+5)\ : ’G(u3m+27u3m+37u3m+3)|>
|G (Usmt4, Usm+5, Usm+3)| - |G (Usm+5, Usm+3, Um+3)|

After simplification, we get that

|G (u3m+3, Usm-+4, Usm+5)| < @1|G(Ugm+2, Usm+3, Usm+4)|, wWhere ar = (n1 +12) < 1. (3.5)
Let us define o := max{a1, a2} < 1. Now from (3.4), (3.4), (3.5), and by induction, we have that

|G (ugm+2, Usm+3, Usm+4)| < &|G(Usm+1, Usm+2, Usm+3)]

S a2|G(U3mau3m+laU3m+2)| S e S a3m+2‘G(u0,u1,u2)| — O) as m — o0.

This shows that the sequence {u,,} is contractive in C'V Gj,—metric space (V, G). Let there are natural
numbers j and m such that j > m, then we have

|G (um, uj; uj)] < bIG(Um, Umt1, umi1)] + b1G(um1, uj, )]

< b|G (s Umt1; Umt1)| + 02 |G (Ut U, Umga)| + -+ 67 |G (uj—1,uj,u;)|

< ba™ |G(ug, u, u)| + 2™ | Gug, u,u)| + - - 4+ V"l TG (ug, u, u)|

< [ba™ + b2a™ T o I |G (g, u, )|

= [ba™ 4 b*a™ T - T |G g, u, )|

= b [1 + b + b?a® 4 - - + I =] G ug, w, )|



Asia Pac. J. Math. 2024 11:32 7 of 21

j—(m+1) o0
= ba™ Z vrat |G (ug, u,u)| < ba™ Z vrat |G (ug, u,u)|
t=0 t=0
ba™

=1t |G (ug,u,u)] — 0, asm — oo.

By using Proposition 2.4 (i), we have, |G (u,, uj, ug)| < b (|G(um, uj, uj)| + |G (um, ug, ug)|) form, 5,k €
N with & > j > m. If we apply limit m, j, k — oo, we get that |G(u,, uj, u;)| — 0. This implies that,
{um} is a CV Gy—Cauchy sequence. Since, (V, G) is a complete C'V G,—metric space, 3 p € V such that

Uy, — pasm — oo, 0or lim wu,, = p. Now, we shall prove that J; p = p, then from (3.1), we have
m—o0

G(J1p; ugm+2, usm+3) = G(J1p, Jauzm+1, J3usm+2) < mG(p, Usm+1, Usm+2)

t <G(,07 J1p, J1p) - G(Uzm1, Jousm+1, J2usm+1) - G(U3m2, J3Uzm+2, J3u3m+2)>
1+ G(usm+1, Jousm1, J3uzm+2) - G(J2usm+1, J3Uusm+2, J3usm+2)

= mG(p, Usm+1, Uzm+2)

n <G(Pa Jip, J1p) - G(U3m41, Usm4-2, Usm42) - G(u3m+2,u3m+3au3m+3))
1+ G(u3m+1, Usm+2, Usm+3) - G(Uzm42, Um43, Um+3)

This implies that,

|G (19, usm+2, Usm+3)| < m|G(p; Usmy1, Usm+2)]

+ ( ‘G(p, le? le)| : |G(u3m+1a U3m+2, u3m+2)| i G(U3m+2, U3m+3, u3m+3)|>
11+ G(usm+1, Usm+2, Usm+3) - G(Usm+2, Usm+3, Usm+3)|

Now, by applying limit m — oo on the above inequality, we obtain G(.J;p, p, p) = 0 this implies J;p = p.
Hence,

Jip = p. (3.6)

Next, we have to show that Jop = p, then from (3.1), we have

G(usm+1, J2p, usm+3) = G(J1u3m, Jop, J3ugm+2) < G (Usm, p, Usm+2)

o <G(U3m7 Jiusm, Jiuzm) - G(p, J2p, J2p) - G(uzm+2, J3uzm+2, J3u3m+2)>
L+ G(p, J2p, J3uzmi2) - G(J2p, J3uzm+2, J3uzm+2)

= mG(Ugm, P, Usm+2)

1 (G(U?,ma U3m+1, Usm+1) - G(p, Jop, Jop) - G(usm+2, Usm+3, u3m+3)>
1+ G(p, J2p, usm+3) - G(J2p, Usm+3, Usm+3) '
This implies that,

|G (usm+1, J20, usm+3)| < m|G(ugm, p, usm+2)|

+ (’G(USm,U3m+1aU3m+1)| |G (p, Jap, Jap)| - |G (usm+2, Usm+3, U3m+3)\>
11+ G(p, J2p, uzm+3) - G(J2p, Usm+3; Um+3)]

Now, by applying limit m — oo on the above inequality, we obtain G(p, Jop, p) = 0 implies that Jop = p.

Hence,

Jap = p. (3.7)
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Next, we have to prove that J3p = p, then from (3.1), we have

G(Uu3m+1, Usm+2, J3p) = G(J1uzm, Jouzm+1, J3p) < MG (ugm, Usm+1, p)

+ <G(U3m, J1usm, J1usm) - G(ugm1, Jousm1, Jausm+1) - G(p, J3p, J3P)>
1 4+ G(ugm+1, Jousm+1, J3p) - G(J2usm+1, J3p, J3p)

= MG (U3m, Usm+1, P)

. (G(Ugm, U3m+1, Usm+1) * G(Usm+1, Usm+2, Usm+2) - G(p, J3p, J3P)>
1+ G(usm+1, usm+2, J3p) - G(usm+2, J3p, J3p)

This implies that,

|G (usm+1, usm+2, J3p)| < M1 |G (Usm, Usm+1, p)|

1 (!G(u3m7u3m+1,u3m+1)| |G (u3m+1, Usm+2, Usm+2)| - |G (p, J3p, J3P))
11+ G(uzm41, Usm+2, J3p) - G(U3m2, J3p, J3p)|

Now, by applying limit m — oo on the above inequality, we obtain G(p, p, J3p) = 0 implies that J3p = p.
Hence,

Jsp = p. (3.8)
Hence, from (3.6), (3.7), and (3.8), it is proved that the mappings Ji, Jo, and J3 have a CFP, that is,
Jip = Jap = J3p = p. Now, we have to prove the uniqueness of CFP. Let, there exists p* € V be the
other CFP of the three self-mappings Ji, Jo, and J3, such that Jyp* = Jop* = J3p* = p*. Then, by the

view of (3.1), we have

G(p,p*,p*) = G(Jip, Jop™, J3p*) < mG(p, p*, p*)

N (G(p, Jip, Jip) - G(p*, Jap*, Jop*) - G(p*, J3p*, Jsﬂ*)>
1 +G(p*7j2p*7j3p*) : G(JQ[)*,Jgp*,Jg,p*) .

This implies that

- . |G(p, p:p)| - |G (™, p*, p)| - IG(p™, p*, p")]
G(p,p", p")| <ml|G(p, p*, p +n2< P s =ml|G(p, p*, p")l.
Clopm )l =miGier o) 1+ GG )] [Gl" o7 °) Gl )

Hence,

G (p, 0", ) < mlG(p, p*, p7) = (1 =m)|G(p, p", ") <0,
is a contradiction. Hence, |G(p, p*, p*)| = 0 implies that p = p*, proved that the three self-mappings
J1, J2, and J3 have a unique CFP in V.

By using 72 = 0 in Theorem 3.2, we get the following corollary.

Corollary 3.2. Let (V, G) be a complete C'V Gy,—metric space with coefficient b > 1 and Jy, Ja, J3 : V — V be
mappings satisfying:

G(J1u, Jow, Jsz) < mG(u, w, z), (3.9)
for all u,w,z € V,my € [0, 1) such that by < 1. Then the three self-mappings Jy, Jo, and J3 have a unique
CFPinV.



Asia Pac. J. Math. 2024 11:32 9 of 21

Example 3.3. Let (G, V) be a CV G,—metric space, let V = [0,1] and G : V3 — R is defined by:
G(u,w, z) = max{|u —w|, |w — z|,|x —u|}(1 +1), forallu,w,xz €V, (3.10)

Next, we define the mappings, Ji, J2, J3: V = V by Jiv = Jov = J3v = % + 14—5 for all v € [0, 1]. Then,

we have to calculate the terms of (3.1), that are,

2 1
G(Nhu, ow, Jax) = 1—5G(u,w,a}), G(u, Jiu, Jiu) = ﬁ|13u —4|(1 +1),

1 1
G(w, Jow, Jow) = —|13w — 4|(1 +14), G(z, sz, Jsx) = —|13z — 4|(1 +9),
15 15
" (3.11)
G(w, Jow, Jsx) = 1 max {|13w — 4|, 2|w — z|, |2z — 4 + 15w|} (1 + 1),

2
and G(Jow, J3z, Jsx) = 1—5|w —z|(1+419).
Now, we justify the inequality (3.1) by using (3.10) and (3.11) with 7, = = and 2 = 2, we have that

2
G(Nu, Jow, Jsx) = —G(u,w,z) < 3G(u,w,ac)

15 15
+2< (113u — 4/(1 + 1)) - (13w — 4|(1 +4)) - (]132 — 4](1 + 1)) >
7 \ 3375 + 30 (max{|13w — 4],2|w — x|, |22 — 4 + 15z|}(1 4+ 7)) - (Jlw — z|(1 + 1))

2 2
= 1—5G(u,w,x) + - <

G(u, J1u, Jiu) - G(w, Jow, Jow) - G(z, Jsx, J3x)
14+ G(w, ow, Jsz) - G(Jow, J3z, J3x) '

Hence, all the hypothesis of Theorem 3.1 are satisfied with n; = % and o = %, and (1 +12) = % +

2
7
% < % The three self-mappings Ji, J2, and J3 have a unique CFP, that is,

2(4/13) 4 4

~ = cv=[01]
5 T3V 0

J1(4/13) = Jo(4/13) = J5(4/13) =

Theorem 3.4. Let (V, G) be a complete CV Gy,—metric space with coefficient b > 1 and Jy, Jo, J3 : V — V be
mappings satisfying:

G(J1u, Jow, Jsx) < 1 G(u, w, x)
G(u,w,z) - G(u, Jyu, Jiu)
(1+ G(u,w,w))

‘ G(w, Jow, Jow) - G(zx, Jsz, Jsx) ’
1+ G(Nhu,z,x)) - (1+ G(Jaw, J3z, J3x))

(3.12)
+ 172

forall u,w,xz € V, n,m2 € [0, %), such that n, + 1o < %, then Jy, Jo and Js have a unique CFP in V.
Proof. Let uy € V br the arbitrary point. Let the iterative sequences {u,, },,>0 in V be defined by

U3m+1 = J1U3m,  Uzmi2 = Jouzme1, and  uzmy3 = J3uzmi2 Vn > 0. (3.13)
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Now by view of (3.12), we have

G(u3m+1, Usm+2, Usm+3) = G(J1usm, Jousm+1, J3usm+2) < MG (Usm, Usm+1, Usm+2)
(G(U:am, Ugm+1, Usm+2) - G(Usm, J1U3m, J1u3m))
(1 + G(u3m, Usm+1, U3m+1))

_ ( G(usm+1, J2Usm+1, J2Uusm+1) - G(Usm+2, J3U3m+2, J3U3m+2) )
(1 4+ G(J1u3m; ugm+2, Usm+2)) - (1 + G(Jousm1, J3usm+2, J3usm+2))

+ 2

= MG (Usm, Usm+1, Usm+2)

<G(U3m, Ugm+1, Usm+2) * G(Usm, Usm+1, U3m+1))
(1 + G(u3m, U3m+1, Usm+1))
‘ ( G(u3m+1, U3m+2, Usm+2) - G(U3m42, U3m43, Uzm+3) >
(1 + G(ugm+1, usm—+2, usm+2)) - (1 + G(u3m+2, Usm-+3, Usm+3))

+ 2

This implies that,

|G (U3m+1, Usm+2, Usm+3)| < M1 |G (Usm, Usm+1, Usm+2)|

<|G(U3m,u3m+1,u3m+2)| |G (ugm, U3m+17u3m+1))

(11 + G(usm, t3m1, uzm1)]) (3.14)
+ n2
. ( |G (ugm+1, Usm+2, Usm+2)| * |G (Usm+2, Usm+3, Usm+3) >
(11 + G(usm+1, usm—+2, usm+2)]) - (|11 + G(uzm+2, Usm+3, Usm+3)|)
The rational terms,
|G (U3, Usm+1, Usm+2)| - |G(Usms Usm+1, Usm+1)|
< |G (u3m, U3m+1, Usm+2)|,
(11 4+ G(usm, usm+1, u3m+1)|) (G (Wam, g1 tam+2)]
and
|G(U3m+1, Usm+2, Usm+2)| - |G (Usm+2, Usm+3, Usm+3)] <1
(11 + G(usm+1, usm+2, usm+2)|) - (|1 + G(usm+2, Usm+3, Usm+3)|) —
Then, after simplification (3.14), we get that
1
|G (Usm41; Usm+2, Usm+3)| < a1|G(Usm, Usm+1, Usm+2)|,  Where a1 = (1 +12) < 3 (3.15)

Again by view of (3.12) and by using the symmetric property of (V, G), we have that

G(u3m+2, Usm+3, Usm+4) = G(J1usm+3, Jousm+1, J3uzm+2) < MG (U3m+3, Um+1, Usm+2)

(G(u3m+3, U3m+1, Usm+2) - G(U3m+3, J1U3m+3, J1U3m+3) >

(1 + G(u3m+3, U3m+1, Um+1))
+ 12

' ( G(U3m+1, J2Usm+1, Jousm+1) - G(Ugm2, J3Usm42, J3Usm+2) )
(1 + G(J1u3m+3, Usm+2, usm+2)) - (1 + G(J2usm+1, J3usm+2, J3usm+2))

= MG (U3m+1, Um+2, Um+3)

(G (U3m+1, Usm+2, Usm+3) - G(Usm+3, Usm4, U3m+4)>

(1 + G(u3m+3, Usm+1, Usm+1))
+ 12

_ ( G(U3m41, Usm+2, Usm+2) - G(Usm+42, Um+3, Usm+3) >
(1 4+ G(u3m+4, Uzm+2, u3m+2)) - (1 + G(U3m+2, U3m+3, U3m+3))
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This implies that,

|G (u3m—+2, Usm+3, Usm+4)| < M1|G(Usm+1, Usm+2, Usm+3)|

< |G (u3m—+1, Usm+2, Usm+3)| - |G(Usm+2, Usm+3, Usm+4)| >

11+ G(u3m+3, Um+2, Uzm+1)| (3.16)
+ 2
' < |G (U3m+1, Usm+2, Usm+3)| - |G (Usm42, Usm+3, Usm+4)| )
11+ G(ugm+a, Usm+3, Usm+2)| - |1 + G(Usm+2, Usm+3, Usm+1)]
The rational terms,
G (U3m—+1, U3m+2, Usm+3)| - |G (U3m+2, U3m+3, U3m+4
‘ ( m—+ m—+ m—+ )’ | ( m+ m—+ m—+ )‘ < ]G(U3m+2,U3m+3,u3m+4)],
|1+ G(U3m+3, Usm+2, Usm+1)|
and
|G (U3m41, Usm+2, Usm+3)| - |G (Usm+2, Usm+3, Usm+4)] <1
11+ G(usm+4, Usm+3, Usm+2)| - |1 + G(usm+2, Usm+3, Usm+1)| —
Then, after simplification (3.16), we get that
m 1
|G (usm+2, Usm+3, Usm+a)| < a2|G(Usm41, Usm+2, Usm+3)|, wWhere ag = T <3 (3.17)
Again by the view of (3.12) and by using the symmetric property of (V, ), we have that
G (U3m+3, Usm44, Usm+5) = G(J1U3m+3, J2Usm44, J3Usm+2) < MG (Usm+3, Um44, Usm+2)
<G(u3m+37 U3m+4, Usm+2) - G(usm+3, J1usm+3, J1ugm+3) )
. (14 G(u3m+3, U3m+4, Usm+4))
2
' ( G (uzm 4, JoUzm 4, Jouzm14) - G(Uzm 2, J3U3m 12, J3U3m12) )
(1 + G(J1u3m+3, Usm+2, Usm+2)) - (1 + G(Jousm+a, J3usm+2, J3usm+2))
= MG (U3m+3, Usm+4, Um+2)
<G (UBm435 Usm44, Usm+2) - G(U3m+3, Usm4, u3m+4))
(14 G(u3m+3, Uzm+4, Usm+4))
+ 2
_ ( G(Usm44; Usm+5, Usm+5) - G(U3m+42, Usm+3, Usm+3) )
(14 G(ugmta, Ugm+2, Ugm+2)) - (1 + G(usm+5, Usm+3, Usm+3))
This implies that,
|G (u3m+3, Usm+4, Usm+5)| < M1|G(Usm4-2, Usm+-3, Usmta)|
< |G (u3m+2, Usm+3, Usm+4)| - |G(U3m+3, Usm+4, Usm+4)| )
|1+ G(u3m+3, Usm+4, Usm+4)] (3.18)

+ 2

' < |G (Ugmta; Usm+5, Usm+3)| - |G(Ugm+2, Usm+3, Usm+4)| )
11+ G(ugma, Usm+3, Usm+2)| - |1 + G(Usm+5, Usm44, Usm+3)]

The rational terms,

|G (ugm+2, Usm+3, Usm+4)| - |G (Usm+3, Usm+4, Usm+4)]

and
|G (Usm44, Usm+5, Usm+3)| - |G (Usm+2, Usm+3, Usm+4)]

< 1.
11 4+ G(usm—+a, Usm+3, Usm+2)| - |1 + G(Usm+5, Usm+4, Usm+3)]
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Then, after simplification (3.18), we get that

|G (u3m+3, Usm+4, Usm+5)| < a1]G(Ugm42, Usm+3, Usm+4)|, Where a; = (1 +m2) < (3.19)

Wl

Let us define a := max{aj, a2} < % Now from (3.15), (3.17), (3.19), and by induction, we have

|G (usm+2, Usm+3, Usm+4)| < a|G(Usm41, Usm42, Usm3)|
< a2|G(U3m,U,3m+1,U3m+2)| <... < a3m+2|G(u0,u,w)] — 0, asm — oo.
This shows that the sequence {u,,} is contractive in C'V G,—metric space (V,G). Let m,j € N and
j > m, then we have
|G (um, uj, uj)| < bG (g1, umt1)| + 0[G (w1, uj, uy)|

< b|G (Uit 15 Umt1)| + b2 |G (Wi, Umr2, Umg2) | + -+ 67" G (w1, 5, uj)]

< ba™ |G (ug, u, w)| + b2a™ |G (ug, u, u)| + - - - + B ™0™ |G ug, u, u)|

< [ba™ 4+ b2a™ T - VT T |G g, u, )|

= [ba™ + b*a™ T - BT T |G (ug, us )|

= ba™[1 + ba + b2a® + - - + VDI =MD G ug, u, w)|

j—(m+1) )
= ba™ Z bla® |G (ug, u,u)| < ba™ Z bla® |G (ug, u, u)|
t=0 t=0
ba™

=1 ta |G (ug, u,u)] — 0, asm — oo.

By using Proposition 2.4 (i), we have, |G (uy,, uj, ug)| < b (|G(um,uj, uj)| + |G (tum, ug, ug)|) form, 5,k €
N with m > j > k. By using limits m, j, k — oo, we obtain |G (um, u;, ui)| — 0. This implies that, {u,, }
is a CV Gy—Cauchy sequence. Since, V' is complete C'V G, —metric space, 3 p € V such that, u,,, — p,
asm — oo, or n%gnoo U, = p. We have to show that J1p = p, by contrary case, let J1p # p. Now from

(3.12), we have

G(J1p, usm+2, Usm+3) = G(J1p, Jauzm+1, J3usm+2) < mG(p, Usm+1, Usm+2)
(G(,O, U3m+1, Usm+2) - G(p, J1p, Jlﬂ))
(14 G(p, usm+1, U3m+1))

. < G(usm+1, J2usm+1, Jousm+1) - G(usm+2, J3usm+2, J3Uzm+2) )
(1 + G(J1p, usm+2, usm+2)) - (1 + G(J2usm1, J3usm+2, Jsusm+2))

+ 2

= mG(p, Usm+1, Usm+2)
<G(p7u3m+1,u3m+2) -G(p, J1p, J1P)>
(1+ G(p, u3m+1, Um+1))

. ( G(U3m+1, Usm+2, Usm+2) - G(Usm+2, Usm+3, Usm+3) >
(1 + G(J1p; usm+2, uzm+2)) - (1 + G(usm+2, Usm+3, Usm+3))

+ 2
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This implies that,

|G(J1P, ugm+2, usm+3)| < m|G(p, Usm+1, Usm+2)]
<|G(P, Usm+1, Usm+2)| - |G (p, J1p, le)|>
(11 + G(p, usm+1,u3m+1)|)

. ( |G (u3m+1, Usm+2, Usm+2)| - |G (ugm+2, Usm+3, Usm+3)| >
(11 + G(J1p, usm+2, usm+2)|) - (|1 + G (U3m+2, Usm+3, Usm+3)|)

+ 2

Now, by applying limit m — oo on the above inequality, we obtain
(!G(p,p, p)l - 1G(p; J1p, J1ﬂ)|>

(11 +G(p, p, )|)

_ < G (p. p,P)| - 1G(p, P, p)] )
(IL+G(rp, p, p))) - (114 G(p, o, p)])

After simplification, we get that |G (J1p, p, p)| < 01is a contradiction. Hence,

|G (Jip, p, p)| <m|G(p,p,p)| + 12

Jip = p. (3.20)
Next, we have to show that .Jop = p, by contrary case, let Jop # p. Now from (3.12), we have

G(usm+1, J2p, usm+3) = G(J1uzm, Jop, Jausm+2) < NG (usm, p, Usm+2)
(G(U3m7 P, Usm+2) - G(ugm, J1uzm, J1U3m)>

_ ( G(p, Jop, J2p) - G(ugm+2, J3usm42, J3usm+2) )
(14 G(J1usm, ugm+2, ugm+2)) - (1 + G(Ja2p, Jsuzm+2, Jsugm+2))

+ 2

= 771G(U3m7 P, U3m+2)

(G(U3m7 P, Usm+2) - G(Ugm, Usm+1, u3m+1))

(1 + G(Ugm, P P))
+ 12

_ ( G(p, J2p, J2p) - G(u3m+2, Usm+3, Usm+3) )
(1 + G(usm+1, Usm+2, Usm+2)) - (L + G(J2p, Usm+3, Usm+3))

This implies that,

|G (u3m~+1, J205 ugm+3)| < m|G(ugm, p, usm+2)|

<|G(U3m,p7u3m+2)| . |G(U3m,u3m+1,u3m+1)\>

(|1 + G(usm, p, p)|)
+ M2

' < |G (p, J2p, J2p)| - |G (usm+2, Usm+3, Usm+3)| >
(11 + G(ugm+1, usm+2, usm+2)|) - (11 + G(J2p; usm+3, usm+3)|)

Now, by applying limit m — oo on the above inequality, we obtain

<!G(p,p, p)| - 1G(p, pm)\)
(11 4+ G(p,p,p)|)

. ( G (p, Jap, J2p)| - |G (p, p, )| )
(I1+G(p,p,p)]) - (11 + G(J2p, p, p)|)

|G (p, Jop, p)| <mi|G(p, p, p)| + n2
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After simplification, we obtain |G(p, J2p, p)| < 0, which is a contradiction. Hence,
Jap = p. (3.21)
Now we shall show that J;p = p, let by contrary case if, J3p # p. Then from (3.12), we have

G(Usmt1, Usm+2, J3p) = G(J1usm, J2uzmi1, J3p) < mG(ugm; usm+1, p)
<G(U3m, Usm+1, 0) - G(ugm, J1ugm, J1U3m)>
(14 G(u3m, U3m+1, Usm+1))
_ < G (usm+1, J2ugm+1, J2usm+1) - G(p, J3p, J3p) )
(14 G(Jrusm, p, p)) - (1 + G(J2usm+1, J3p, J3p))
<G(U3m, Uzm+1; p) - G(Uzm, Ugm+1, U3m+1>>
(14 G(u3m, Usm+1, Usm+1))

_ ( G(U3m+1, Usm+2, Usm+2) - G(p, J3p, J3p) >
(1 + G(uzms1,p:p)) - (1 + G(uzms2, J3p, J3p))

+ 12

= MG (Ugm, Usm+1, ) + 12

This implies that,

|G (u3mt1, Usm+2, J3p)| < 11 |G (Usm, Usm41, p)|

<|G(u3m, Usm+1, p)| - |G (Ugm, Usm+1, u3m+1)>
(11 4 G(u3m, Usm+1, U3m+1)|)
] ( |G (U3m1, Usm+2, Usm+2)| - |G (p, J3p, J3p)| )
(11 + G(usm+1, p, p)|) - (|11 + G(ugm2, J3p, J3p)|)

+ 72

Now, by applying limit m — oo on the above inequality, we obtain

(I1+G(p, p,0)|)

. < G, p, )| - |G (p; J3p, J3p)] )
(1L+G(p. pp)]) - (11 + G(p, J3p, J3p)])

<!G(p,p7 p)l - 1G(p, pm)\)

|G (p, p, J3p)| <m|G(p,p,p)| + n2

After simplification, we get that |G(p, p, p)| < 0is a contradiction. Hence,

Jsp = p. (3.22)

From (3.20), (3.21), and (3.22), we get that p is a CFP of J;, J; and J3 i.e.,

Jip = Jap = Jzp = p.

Uniqueness: Assume that p* € V is an other CFP of Ji, J, and J3, so that

Jip" = Jop" = J3p" =p° and  Jip=Jap=J3p=p.
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Then, from (3.12), we have that

G(p,p*, p*) = G(Jip, J2p*, J3p*) < mG(p, p*, p*)
<G(p,p*, p*) - G(p, Jip, J1p))
(14 G(p, p*, p*))

. < G(p*, Jap*, J2p") - G(p*, J3p", J3p") >
(1+ G(Jip,p*, p*)) - (1L + G(J2p*, J3p*, J3p*))

+ 2

This implies that,

(|G(P,P )| !G(p P, p)\)
Glp,p* P < MG, " 7)) + 2 (It +Gle.p >‘;

G(
< |G(p*, 0", p*)| - IG(p )| >
(11 +G(p, p*, p*)]) - (11 + G(p*, p*, p*)1)

After simplification, we get |G(p, p*, p*)| = 0, implies that p = p*. Hence proved that J;, J;, and J3

have a unique CFP in V.

By reducing the rational term in Theorem 3.4, we can get the following two corollaries.

Corollary 3.5. Let (V, G) be a complete C'V Gy—metric space with constant b > 1 and Jy, Jo, J3 : V — V be
mappings satisfying:

(3.23)

G(Jru, Jow, J3x) < mG(u,w, ) + 2 (G(u,w,a?) - Glu, hu, Jru) - Glw, Jaw, J2w)> ;

(14 G(u,w,w)) - (1 4+ G(J1u,z,x))

forall u,w,x € V,n,m2 € [0, ) such that m, + 1o < 3, then Jy, Jo and Js have a unique CFP in V.

Corollary 3.6. Let (V,G) be a complete C'V Gy,—metric space with constant b > 1 and Jy, Ja, J3 : V. — V be
mappings satisfying:

(3.24)

G(Jyu, Jow, J3z) < mG(u, w, ) + 19 <G(u,w,ﬂc) -G(u, Jiu, Jiu) - G(z, Jaz, Jsﬂﬁ)) ’

(14 G(u,w,w)) - (1 + G(Jow, J3z, J3z))

forall u,w,xz € V,ni,m2 € |0, %), such that my + o < %, then Jy, Jo and Js have a unique CFP in V.

Example 3.7. Let (V, G) be a CV G,—metric space, where V = [0,1] and G : V3 — C with G (u, w,z) =
(5(u—wl+|lw—a|+ |z - u\))2 (1+ 1), for all u,w,x € V. Now we define Jy, J2,J5: V — V as

Jl?} = JQU = J3’U = ;

Notice that,

v |G (u,w, x)| - |G(u, Jyu, Jiu)|
oo (S o ) .
. ( |G (w, Jow, Jow)| - |G(x, Jsx, Jsx) ) -

(1 4+ G(Jiu,z,z)|) - (|1 + G(Jow, J3z, J3z)|)
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In all regards, it is enough to show that G(Jyu, Jow, Jsz) < mG(u,w,x), for all u,w,z € [0,1] and
m, 2 € [0, %), we have

4 2
G(Jlu Jow, ng <9 |J1u — JQ?,U’ + |J2’LU — J33}‘ + |J3$ — J1u|> (1 + Z)

) (3.25)

1 4|u—w|+4|w—x|+4|$—u| (1+1)

49 9 9 9 '

And,
4lu — 4w — 4z —ul\?

G(u, w,z) = ( |“9 wl |w9 i |“"9 “') (1 +14). (3.26)

Now, we present different cases with 7, = %, N = % and b = 2, implies that (11 + 72) = % + % =

20 < 3

Case-1. Letu = 0,w = 0,z = 0, then from (3.25) and (3.26), directly we get that G(Jyu, Jow, Jaz) <

20, and b = 2.

Case-2. Letu=0,w=0,2 = %, then from (3.25) and (3.26), we find G(Jyu, Jow, J3z) < n1G(u, w, x),
is satisfy with n; =

mG(u,w,z). Hence, (3.12) is satisfied with n; = %ov =

1 .
107 1.e,

2
1 (4o—0 4o-1L 4o |
- 1
49< 9 T 9 T (1+17)

2
40—0] 4o-3 4i-o0 _
Sm('Q |+|92|+|29 |> (1+1)

16 16
= (1 1
39691 TV = g )

Hence, (3.12) is satisfied with n; = %, N = % and b = 2.

Case-3. Let Let u = 2,w = %,z = %, then from (3.25) and (3.26), we find G(Jiu, Jow, J3z) <

mG (u,w, ), is satisfty with n; = 10 ,i.e,
Uil =4 A=Y
(1
49( 9 T 9 +i)
43 -3l a5 -4, als-3lY
_771< 29 3 + 39 5 4 59 2) (1+Z)
16 16
N < 1
= Tozs T = a0t T

Hence, (3.12) is satisfied with n; = %, Ny = % and b = 2.
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Case-4. Letu = 5,w = 1,2 = 1, then from (3.25) and (3.26), we find G(J1u, Jow, Jsx) < mG(u,w, ),

is sat1sfy with n; = 1—0 ,i.e,

1 (4]3-1 -1 4 -4\ 1
19 o T 9 9 +i)

alf-1] 4o afi-1\
<m 29 g+ 92 (14

6
1
< 810( +1).

6
= 39691 T <

Hence, inequality (3.12) is satisfied with n; = 10 S = 0 and b = 2. Thus all the conditions
of Theorem 3.4 are satisfied with noticing that the point 0 € V, which remains fixed under

mappings Ji, Jo and J3, is indeed unique.

4. APPLICATIONS

In this section, we establish an application of the NLIEs to support our main work. Let V' =
C([k1, k2], R) be the set of all real-valued continuous functions defined on [k, k2]. Now we state and
prove a result based on the three NLIEs to get the existing result of a common solution to uplift our

work. Consider the UTIEs are;

k2

u(q) = : Q1(q,r, u(r))dr + ki1(q),
ko

w(q) = A Q2(q,m,w(r))dr + k2(q), (4.1)
ko

r(q) = : Q3(q,r,z(r))dr + k3(q),

where ¢, € [k1, ks, u,w,x,h; € V, where i = 1,2,3,and V = C([k1, k2], R) be set of all R—valued

continuous functions based on [k1, k2] and Q; : [k1, k2]? x R — R where i = 1,2, 3.
Theorem 4.1. Let V = C([k1, ko, R), where [k1, ko] C R and a CV Gy—metric G : V3 — C is defined as,

Gluyw,2) = ulg) = wia)l| + [[w(e) = #(a)l| +x(a) — u(g)l| ) 1+ kN, (42)

forall u,w,z € Vand q € [k1, ka]. Let Q1,Q2, Q3 : [k1, k2] X [k1, k2] X R — R be the R—valued functions.
We note that F,, F,, F, € V such that

ko

Fu(Q) = f QI(Q7 r, U(T))dT,
ko

Fu(q) = : Qa(q, r,w(r))dr, (4.3)
ko

FI(Q) = Q3 (Q? T? .’L‘(T))dT’

k1
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If there exists j € (0, 1) such that, for all u,w,z € V,

[[Fu(q) + k1(q) — Fuw(q) — k2(q)l|
+HIFu(q) + kalg) — Fulg) — ks(@l| | /1 + k2" < uM (Fy oy uyw, ), (44)
+[1F2(q) + k3(q) — Fulq) — k1(q)]]

where By oy = Fu, Fu, Fy and

M (F 2 s 0, ) = max { A1 (F )t w0, @) , Az (Fyazys s w, ) } (45)
with

A1 (P w,2) = (Jlu—wll + lw—af | + o — ul] ) y/1+ kit
and

Az (F(u,w,m)v u,w, x)

8 < |Fu + k1 —ull - [|[Fw + ke —w| - || Fo + k3 — x| ) (meimtkl)

) | Fo + k2 — w|
(VIFRE o) "2 | Pyt ko — Bkl | - (I1Fu + k2 = Fe — hal)
+|| Fy + k3 — w||

Then the three UTIEs i.e., (4.1) have a unique common solution.

Proof. Define Jy, J5,J3: V — V as

Jiuw = Jiu(q) = Fu(q) + k1(q) = Fy + k1, u(q) = u,
Jow = Jow(q) = Fy(q) + ka(q) = Fyy + k2, w(q) = w, (4.6)

Jsx = Jzx(q) = Frp(q) + ks(q) = Fr + k3, xz(q) = x.

Then, the following two cases occur;

i)- If A1 (F(yw,2), 4, w, ) is the maximum term in (4.5), then from (4.2), (4.4), and (4.6), we have
that

G, Jyw, Jsz) < o ([fu— ol +Jw —el| + e — ul| ) 1+ ke M = uGu, w,2),

for all w,w,x € V. Thus, the maps J1, Jo and J3 satisfy all the hypothesis of Theorem 3.2 with
= and gy = 0in (3.1). Then, the three UTIEs (4.1) have a unique common solution in V.



Asia Pac. J. Math. 2024 11:32 19 of 21

ii)- If Ay (F(yuw,2), U, w, ) is the maximum term in (4.5), then from (4.2), (4.4), and (4.6), we have
that

G(Jl’LL, ng, ng‘)

8 ( | Fy+ k1 —ull - ||Fy + k2 —wl|| - [|Fy + ks — z|| ) <meicotkl>

<p
, £ + k2 — wl|
(memkl) +2| +|Fy+ke—Fo—ks| |- ([Fw+ ke — Fo—ks))
+[|Fy + ks — w]|

([ G(u, J1u, Jyu) - G(w, Jow, Jow) - G(x, J3z, J31)
B 1+ G(w, Jow, J3z) - G(Jow, J3z, J3x) ’

for all u, w,z € V. Thus, the maps Ji, Jo, and J3 satisfy all the hypothesis of Theorem 3.2 with
p=mn1 and g2 = 0in (3.1). Then, the three UTIEs (4.1) have a unique common solution in V.

5. ConcLusioN

We presented some new generalized product type rational contraction results in CV G, —metric
spaces for three self-mappings. We proved the uniqueness of a CFP by using the new generalized
product type rational contraction conditions for single-valued mappings in C'V G,—metric spaces
without continuity of self-mappings. In support of the results, we presented two illustrative examples
in C'V G,—metric spaces for three self-mappings. Furthermore, we presented an application of the
three UTIEs to get the existing result of a unique common solution to support our main work. In
this direction, authors can contribute their ideas to the problems of FP, coincidence points, and CFP
on C'V Gy—metric spaces by using different types of contraction conditions without the continuity of

single-valued mappings with the applications of different types of integral equations.
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