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AssTrACT. We inspect the abstraction of bipolar vague ideals (BVIs) of I'-near rings (GNRs) and scrutinize
its different attributes. Let .# be a GNR. A bipolar vague set (BVS) is a BVI of .# if and only if the bipolar
vague cut set is an ideal of .#. In addition, we establish that the characteristic set is a BVI of .# if and only
if the crisp set is an ideal of .#. Then, we confirm that the intersection of BVIs is also a BVI of .Z.
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1. INTRODUCTION

The fuzzy sets were first promoted by Zadeh [19] in 1965. The extensions of fuzzy set theory include
interval-valued, intuitionistic, vague sets, etc. The philosophy of vague sets, the generality of fuzzy sets,
was brought in by Gau and Buehrer [17]. Many researchers introduced and studied vague ideals and
normal vague ideals in semirings and I'-semirings. Further, Ragamayi and Eswarlal [5-10,12,15] made
acquaintance with vague and normal vague ideals in GNRs. Lee [16] promoted bipolar-valued fuzzy
sets, the extension of fuzzy sets. This route is intended to enhance research in various spheres such as
algebraic structures, medical science, decision-making, machine theory, graph theory, etc. In this paper,

we acquainted ourselves with the notation of BVIs of GNRs and cultivated some of their attributes.

2. PRELIMINARIES

Definition 2.1. [18] AGNRis (.#,+,T) so as

(i) (A, +) is a group,

(ii) (A, +, &) is a near-ring for all binary operator & € I,
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(iii) se(9fw) = (3e09)Bw for all 5,9, w € .4 and ¢, 3 € T.

Remark 2.2. [13] All over the paper, .# denotes a zero-symmetric GNR (right), i.e., »240 = 0 for each

»x € A and & € I" with at least two elements.

Definition 2.3. [14] The set 7 is said to be a vague set in the universe of discourse % for (7, %),
where Jy : % — [0,1] and Fy : % — [0, 1] are mappings so as Ty (x) + Fy(x) < 1,Ve € U.
The function .7 is true membership, and the other function .#4 is false membership. Here, 75 =

(I2,1 — F4) implies a vague set.

Definition 2.4. [15,17] For the vaguesets Zand &in %, 2 C & if V() < Ve(x),i.e., Ty(x) < Tp(sx)
and 1 — Fg(x») <1 — Fp(xn),V e %.

Definition 2.5. [15,17] The vague sets 2 and & in % areequal, ¥ = &,if 2 C £ and & C 7, i.e,
7/@(%) < "f/(ga(%) and ”f/g(%) < %@(%),V% EU.

Definition 2.6. [15,17] The union of the vague sets 7 and & in % is a vague set ¢, represented as

¢ = 2 U &, with membership functions J = max{.9y, ¢} and 1 — F4 = max{l — 4,1 — Fe}.

Definition 2.7. [15,17] The intersection of the vague sets & and & in % is a vague set ¢, represented

as ¢ = 2 N &, with membership functions .7 = min{.7y, J¢} and 1 — Fy = min{l — Fy,1 — Fs}.

Definition 2.8. [16] Consider a set Z over the universal set % defined by the positive and negative
membership functions, u, :  — [0,1] and p,, : Z — [1,0]. Then 2 is claimed to be a bipolar fuzzy
set (BFS) of %, and represented as 2 = (u3,, pi;).

Definition 2.9. [11,16] The bipolar vague set (BVS) in % isrepresented as D = (7,7, %), (7, , %)),
where 0 < 77 () + F S (%) <land —1 < . (%) + %, (%) < 0,Vc € %. Here, ¥, = (7, ,1—- F})

and 7, = (-1 - .%,, 7, ) indicate vague sets.

Definition 2.10. [4] A BFS B = (u}, ) of a GNR . is a bipolar fuzzy ideal (BFI) of ./ if for all
w0, w € M,& €T,

(i) pf (5 — ) > min{uf (), pf(9)3,

(i) ph (e + 9 — ) > ph(9),

(iti) pfy (se0(9 + @) — 200 > pfy(w),

(iv) pf(3e00) > pfi(>),

(v) g (e =) < max{pup(s0), up ()},

(Vi) pp(se+ 0 — ) < pp(9),

(Vi) pip (60 + ) — s26) < i (o),

(viii) pijp (5e60) < pip(52).
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3. BIPOLAR VAGUE IDEALS OF I'-NEAR RINGS

Here, we bring in and inspect the notion of bipolar vague ideals of GNRs and their attributes.

Definition 3.1. ABVS 2 = ((7,/,.%}),(7,, , %)) in A is called a bipolar vague ideal (BVI) of . if
forall s¢,9,@w € #,& €T,

(8) ¥} (2 — 9) > min{7 (5. 75 (9)),

(i) 7} (e 410 = 22) = 7} (9),

(iil) ¥, (¢(9 + @) — %)) > ¥} (w),

(iv) 75 (3ec0) > Vi (3,

(V) V7 (32 = 0) < max{ ¥ (), 5 ()},

(Vi) ¥V, (e +10 — 5) <V, (0),

(vii) 7, (s&(V + @) — x6d)) < ¥V, (w),

(viii) ¥, (s609) < ¥, (%),

ie.,

(i) 75 (e = 9) > min{.T] (%), 7,5 (¥)} and 1 — F ) (3 — ¥) > min{l — .F/ (%),1 — Z(9)},

(ii) TS (e +0 — %) > T (W) and 1 — F (s + 0 — ) > 1 - F 1 (V),

(iii) Z,f (ea(9 + @) — 2xdd) > Tf (w) and 1 — F . (s6(0 + @) — 3cc) > 1 — FJ(w),

(iv) T (2a0) > T () and 1 — F ) (%0) > 1 — F f(x),

(v) Ty (3= V) <max{7, (x), 7, (¥)}and —1 — .F_ (3 — V) <max{—1—.F(x), -1 -7, (I)},
(Vi) 7, (s +0 —3) < T, (W)and —1 — F (s + 9 — ) < -1 - F(9),

(vii) 7, (»c(V + @) — 2a0) < T, (w) and —1 — F, (& (0 + @) — xad) < —1 — F,, (w),

(viii) T, (3a0) < T, (%) and —1 — F_ (xad) < —1 — F, ().

Example 3.2. Let .#/ = R be a set of real numbers, which isa GNR. Let 2 = (7, .7}),(Z,,, %))
be a BVSin .#, defined as

‘ »x=0 ‘ x>0 ‘ x <0
Y| (0.4,0.3) (0.5,0.2) (0.5,0.2)
¥, | (=0.4,-0.1) | (—0.6,—0.2) | (—0.6,—0.2)

Thus, Y isa BVIof .Z.

Remark 3.3. The BVS 2 = (9,7, 7)), (7, ,%,)) in # isaBVlof A if and only if 7,f,1 - .. 7.,
—1 - .7, are fuzzy ideals of .Z.

Definition 3.4. For p*, ¢ € [0, 1] withpt < ¢T,andp~,¢~ € [-1,0] withp~ > ¢, the ((pT, <), (p~,s7))-
cut or bipolar vague cut of the BVS 9 = ((7,},.7}),(7,,, %)) is the crisp subset of % given by
Do s+ s-) = X €U |V (50) 2 (pF,67), 75 (5) < (p7,<7)} e,

Do+ st s-) = A EU | TG () 2 p* 1 = F g (50) 267, T, (50) < p7, —1 = F(3) <67 1.
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Theorem 3.5. ABVS 7 = (I, 7}),(7,,%,)) in M isa BVI of A if and only if for all p*,¢*
0,1], p7, s~ € [=1,0], the bipolar vague cut D (,+ o+ (p-c-)) 1S an ideal of A .

Proof. Let 2 = (7, ,.7), (7, ,%,))isaBVlof #.

Let 56,9, @ € Dyt <), (p- ) for pt,¢t €10,1],p7,¢~ € [-1,0]. Then
Ty () 2 p*, TS (9) = p*, T (@) = p*,
1= FS () > 1-FZ5(9) >, 1 - FL(w) > ¢t and
Ty () <p™, T5 (0)<p™, T, (w) <p,
- F ) <51 T () s —1— F(w) <o

Let & € I'. Then
Vit (e — 9) = min{ ¥ (), 75 (9)} = min{(p+,6+), o+, )} = (oF,6F),
s =) 2V (0) = (pF, "),
#6(0 4 @) — xid) > VS (@) = (pT,sT),
wad) > ¥y (%) = (p*,¢7),
» — 1) < max{7 (%),7/;( )} max{(p™,<7), (p7, <)} =(p",5),
x4+ —x) <V, (V)=
wa(V + w) — 2l

7 (
Vg (
y (320
7 (
7 (
y (

%&ssgﬁg
I/\\-/
T
S

)
) (#00) < Vg (5) = (0~ )-

So e — 1,2+ — 3, %a(z? +w) — xad, xa € Do+ ), (o5 )"
Hence, Z((p+ «+),(p-c-)) is an ideal of .Z.

Conversely, assume Z((,+ o+ ( is an ideal of . for p*,¢t € [0,1],p~,¢~ € [-1,0].

(p757))

(1) Let 3,9 € .#. Suppose ¥, (5 — ¥) < min{¥,f (), 7,5 (¥)}. Choose pT, ¢t € [0,1] such that
V(e —9) < (pF,¢T) < min{¥] (%), %5 (9)}. Then ¥\ () > (p*,¢%),%f(9) > (p™,¢") and
V(e —9) < (pF,¢h). Thus 36,0 € D+ c+),(p-c-)) Put ¢ =9 & P(y+ +) (- ) Which is a con-
tradiction. Hence, ¥, (5 — 9) > min{¥,] (), 7/5 (9)}. Similarly, we can prove that 7, (> — 9) <
max{ ¥ (). 75 (9)}.

(2) Letse,9 € A, ¥ (5) = (pT,67), Y (0) = (p7,67), V5 (3) = (p™,67), ¥y (0) = (p7,67).

For 32,0 € Dyt +),(p-—))» % + U — 3 € Dyt +),(p-—))- Therefore, ¥\ (s + 0 — 3) > (pT,¢T) =
Vy (e +0—50) >V F(9),and ¥, (sc+ 9 — ) < (p~,67) = V¥, (se+ 9 — 3) < ¥, (V).

(3) Letse, 0, w e M, & €T,V (w) = (p",s1), ¥, (@) = (p~,s7).
For 56,0, € D((pt c+) (p-c-)) #0(0 + @) — 32600 € D(y+ +) (o)) Therefore, ¥\ (secu() + w) —
i) > (pt,¢T) = YV (a(9 4+ @) — %xad) > V. f (@), and ¥, (s6(V + @) — 32a0) < (p~,7) =
Vo, (2&(V + @) — xadd) <V, (w).

(4) Letse,9 € A, € T, 9, (30) = (pT,6T), ¥ (3) = (p,57). For 56,9 € Dy(ptc+),(p—c-))» #40 €
D(p+ s+),(p-s—))- Therefore, V5 (20) > (pt,¢T) = Vf (a9) > ¥} (3),and ¥, (3a0) < (p~,¢7) =
Vo (d) < V¥, (52).
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Therefore, Z(,+ ¢+),(p- ) isa BVIof .Z. 0

Theorem 3.6. The characteristic set of a non-empty subset x of M, Vs = (T, FF), (T -7y ) is a BVI of
A if and only if x itself is an ideal of A .

Proof. Presume that %, = (7", 7)), (7, %)) isaBVIof #. Let »,9,w € x,& € I'. Then
(1) 7 (5 = 9) = min{ /(" (50), /7 (9)} = (1,1).
(2) V(e 410 = 20) 2 ¥ F(0) = ( 1).
(3) Vi (sea(V + w) — 2ad) > ¥ (w) = (1,1).
(4) 7 (3ead) = Vi F (5) = (1,1).
(5) 7 (e =) <max{¥," (), 7, (V)} = (=1, -1).
(6) ¥y (e 40 — ) < V(0 ( 1,-1).
(
(

(
(
(
(
(
(

) =

7) V(¥ + w) — 32a0) < ¥~ (w) = (=1, -1).

8) ¥ () < ¥ (30) = (—1,-1).

That implies s — 19, w49 — x, %a(ﬁ + w) — xad, x& € x. Hence, x is an ideal of .Z.

Conversely, suppose that x is an ideal of .Z. Let »,0,w € .#,& € T.

(1) If 52,9, € x, then sc — U, 3¢ + 9 — 3¢, 526(V + w) — 20, 3249 € x. Thus
V(e — ) = (1,1) = min{ ¥ (), 7 (0)},
x40 =)= (1,1) = ¥ F(9),

o

V(600 + @) — i) = (1,1) = ¥ (),

P (edd) = (1,1) = ¥ (),

V(e ﬁ) (—1,-1) = max{ % (), ¥ ()},
Vo Getd —50) = (=1,-1) = 77 (9),

Vo (2&(V + @) — 32a0) = (=1, 1) = ¥ (w),
Vo (20d) = (=1, -1) = ¥~ (5).

(2) If 56,0, ¢ x, then ¥ (30) = VH(9) = % (@) = (0,0), % () = ¥~ (9) = % (@) = (0,0).

Y r(x—9)=(1,1) = min{“//><+(%), “//><+(19)},

Vet 0 —30) = (L 1) = 73 (9),

P (ea(d + ) — 3eéd) = (1,1) = ¥ (),

P (ead) = (1,1) = 4 (),

P (e = 9) = (=1, —1) = max{ %" (), % (9)},

Vet 0 — 30) = (=1,—1) = ¥ (9),

P (20D + ) — 3ed) = (~1,-1) = ¥ (),
(

Vo (2ad) = (=1, -1) = ¥~ (5).
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(3) If 5,9 € x,w ¢ x, then ¥ 1 () = #F(0) = (1,1), % (w) = (0,0), 7 () = ¥ (¥) =
(=1,-1), % (@) = (0,0). Thus
%= ) (1,1) = min{ 7" (), V" (9)},

V(e = 2) = (L,1) = 75 (9),
Vi (69 + w) — %ad) > (0,0) = #F (w),

=) = (=1, 1) = max{¥ (), % ()},

et — ) = (—1,-1) = ¥ (9),
sV + w) — xad) < (0,0) = ¥ (w),
S (32a0) = (=1, 1) = 77 ().
() T € x,0 ¢y then 7 () = % (w) = (L1), 45 (0) = (0,0),% () = ¥ () =
(~1,-1), % () = (0,0). Thus
Ve 9) 2 (0,0) = min{ % (), % (9),
(40— ) = (0.0) = % (4),

V¥ (s +
V(a0 + w) — xad) = (1,1) = ¥ (w),

(
(
(
PV Gecd) = (1,1) = ¥4 (39),
-
-
-

RN NR

X
X

P (ead) = (L,1) = 4 (),

Yy (52 =9) <(0,0) = max{¥} (), /" (V)},
V(e 49— ) < (0,0) = ¥ (9),
Vo (a(V + @) — 32ad) = (=1, 1) = V7 (w),

AN

 Gead) = (=1, -1) = ¥, (50).
(5) Ifd,@ € xr ¢ x, then 7 7(9) = ¥7(w) = (L1), () = (0,0, () = ¥ (@) =
(=1,-1), % (3) = (0,0). Thus
x—19) > (0,0) = min{ ¥ (), %7 (9)},
V= 3) = (1,1) = 7 (0),
(¥ + w) — xad) = (1,1) =/ (w),
=V (%)

K (sei) = (=1, —1) = ¥~ (),
(6)If e € x. 0@ ¢ x, then % (30) = (1,1), ¢ () = 7 (@) = (0,0), % (50) = (~1,—1), % (9) =
7/;( @) = (0,0). Thus
P e =9) 2 (0,0) = min{ 45 (), % (9)},
e+ 9 — ) = (0,0) = 1 (9),
P (0 + @) — i) = (1,1) > 44 (w0),
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Y (ecd) = (1,1) = 77 (30),

V(o - 19) (0,0) = max{¥ (30, 4 (9)},
V(e 9 — 22) = (0,0) = 7, (9),

V(360 + @) — sec)) = (1, -1) < ¥ (w),

P (e69) = (—1, 1) = ¥ (30).
(7)I£0 € x, 5, ¢ . then %3 (9) = (L, 1), %F (30) = 73 () = (0,0), 47 (9) = (1, 1), % (>0) =
¥ (@) = (0,0). Thus

P (e — 9) > (0,0) = min{ ¥ (), 4 (9)},
Vet 0 —30) = (L 1) = 43 (),
P (D + ) — 3eéd) = (0,0) = ¥ (),
P (ead) = (1,1) = 45 (),
¥ (e ﬁ) (0,0) = max{¥ (), 7 (9)},
Vet 0 — 30 = (L,1) = 77 (9),
V7 (20D + ) — ) = (0,0) = ¥y (),
(3e6) = (~1, 1) < ¥ ().

(8) fw € x, 70,9 ¢ x, then 7 () = (L, 1), %F (22) = % (9) = (0,0), % () = (=1, 1), ¥ () =

N

X

v

X

7 () = (0,0). Thus

P (e — ) = (0,0) = min{ 4 (), % (9)},
Ve 49— ) > (0,0) = H(0),

P (60 + ) — i) = (1,1) = ¥ (),

V.o (x—109)=(0,0) = max{”/&‘(%),“//x_(ﬁ)},
13

5

v

X

x+9 =) <(0,0)=7(9),
wi(9 + @) — »xad) = (1,1) = ¥~ (w),
&) < (0,0) = ¥~ (x).
Hence, 75 is a BVIof .Z. O

(
(
(
(
P (ecd)) = (0,0) = ¥4 (39,
(
(
(
(

Theorem 3.7. Let 7 = (7,5, %),(7,,F,)) and & = (75, F})),(F; ,F;)) be BVIs of M, then
2N & isalsoa BVIof A .

Proof. Let »,9,w € 4 and & € T'. Then

a//+

(gm(p)(% —¥) = min{ ¥} (>c = 9), ¥ (e — 9)}

> min{min{¥,; (5), ¥} (9)}, min{ ¥, (), ¥, (9)}}
= min{min{ ¥,/ (), ¥, (3)}, min{¥, (9), ¥ (9)}}

- mln{y/jmg)( ) 7/(—0;(7(?) (0)}7
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y-

(@m(o@)(% — ) = max{7,, (» — 1), 7, (3 —V)}

< max{max{“//é(%), “//@7 (ﬁ)},max{“//é?(%), Ve (9)}}
= max{max{ ¥, (x), ¥, (»)},max{7,, (9), ¥V, (9)}}

= maX{%(éﬁéa) (%)7 (@mf) (19)}’

Ve (e 09— 30) = min{ V[ (e + 09 — 3), V(e + 0 — )}

(7€)
> min{”f/gj(ﬁ), 7/g+(19)}
= 7/(506")(19)’
Vi) (e 40— ) = max{ ¥y (2 +0 = 52), ¥ (3¢ + 0 — 2)}
< max{7,, (9), 7, (9)}
= V(ém@”)w)’
0+ ) =)

= min{¥, (>¢(9 + @) — #ad), ¥ (36(9 + @) — #ad)}
> min{”l/gj“(w), ”//éf(w)}

= 7/(;(]5’) (w)a

"f/(;mg,)(%d(ﬁ + w) — &)
= max{ 7, (»x&(V + @) — xad), ¥ (2&(V + @) — »xad))}

< max{7,, (w), ¥, (w)}

= W(ijg) (@),
7/(;m g)(360) = min{ ¥, (»&0), ¥ (360)}
> min{ ¥, (»), ¥V ()}
= "1/(;;0@@)(%)7
Ve (260) = max{ ¥ (s600), ¥ (3e60)}

< max{7,, (x), ¥V, (x)}
= 7/(;1&%”)(%)'

Hence, 2 N & isa BVI of .. O
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Theorem 3.8. If {Z,},ca is a family of BVIs of .#, then N9, is also a BVI of .4, where N9, = ((/\ﬁf, 1-
/\ﬁ%), (VT ,—1—VZF,)) defined by

/\,7@":(%) = inf{ﬂg":(}f) |Le AN sxe A,
NF 4 () = inf{F (>) | L€ A, € M},
VT, (3) =sup{ T, () | L € A, € M},

VT, () =sup{F,, (x) [ L€ A, € M}

Theorem 3.9. If 2 = (7, ,.7}),(7, , %)) isa BVl of M, then D° = ((1 — T,5,1 — F}),(—-1 —
Ty, —1—F,))isalsoa BVIof M.

4. CONCLUSION

Right through this paper, we conceptualised BVIs of GNRs and investigated the concepts of intersec-
tion and characterization of BVIs of GNRs. In the near future, our work will be on the bipolar vague

bi-ideals of GNRs which constitute a crucial part of the ideal theory of each algebraic structure.
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