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Abstract. Originated from a well-known Farey sequence, the generalized Farey graph Gm,t wherem ≥ 1

and t ≥ 1 has been studied in both on network and combinatorial aspects. In this work, we show that the
diameter of Gm,t is t. Furthermore, the rainbow connection number of graph G1,t is equal to its diameter
which is the smallest possible among the graphs with the same diameter. We also show that the rainbow
connection number of Gm,t is t+ 1 form > 1 and t > 1.
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1. Introduction

A generalized Farey graph is characterized as a small-world network graph, and its properties have
been extensively studied. In this work, we improve upon an existing result on a generalized Farey graph
by obtaining the exact value of its diameter. Furthermore, we find its rainbow connection number
whose definition and relation to diameter are described in this section.

Let G = (V,E) be a graph with an edge-coloring c. A subgraph H of G is rainbow if c(e1) 6= c(e2)

for each pair of distinct e1, e2 ∈ E(H). A path is rainbow if none of its edges have the same color. A
graph G is rainbow connected if a rainbow (u, v)-path exists for each pair of distinct u, v ∈ V (G). The
rainbow connection number of a graph G, denoted by rc(G), is the minimum number required for G to
be rainbow connected. The notion of rainbow coloring is introduced by Chartrand et al. [1]. Its bound
diam(G) ≤ rc(G) ≤ |E(G)| is obvious.

In 2013, Li et al. [2] illustrated an application in a security network in which the rainbow connection
number represents the minimum codes required to secure the network. Subsequently, they raised an
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Figure 1. Drawings of G2,t

interesting problem of characterizing a graph Gwith rc(G) = diam(G). It is known that computing
rc(G) is NP-Hard and even deciding whether rc(G) = 2 is NP-Complete [3]. This may be a reason why
not many results appeared for a graph with rc(G) = diam(G). Unit interval graphs [4] and certain
maximal outer-planar graphs constructed by Deng et al. [5] were shown to have rc(G) = diam(G) and
arbitrarily large diameters.

A small-world Farey graph F(t) [6] is constructed recursively from a path of length one as the initial
graph F(0). For F(t) where t ≥ 1, we add a vertex w and two edges uw and vw to F(t− 1) for each
edge uv that first appears in F(t− 1). Form, t ∈ N, a generalized Farey graph Gm,t [7] is defined with a
recursive construction similar to F(t) with the initial condition Gm,1 = K3 whereK3 is a triangle. For
Gm,t where t ≥ 2,we addm new vertices and 2m edges connecting those new vertices with u and v for
each edge uv that first appears in Gm,t−1 (see examples in Figure 1). Both graphs are characterized as
small-world network graphs and their network properties have been investigated in many aspects [6,8].

Various coloring properties of the two graphs were obtained as follows. A small-world Farey graph
F(t) has its chromatic number equal to 3 when t ≥ 1 [6], and its δ-chromatic number is 2t when
t > 2 [9]. Zhang and Comellas [6] showed that diam(F(t)) = t when t ≥ 1. Jiang et. al. [10] gave a
shortest path (also called geodesic path) between each pair of vertices in each of these two graphs. It
should be noted that a geodesic path is not necessarily a rainbow path resulting from edge-coloring. In
2018, Jiang et. al. [7] obtained the bound diam(Gm,t) ≤ 2t+ 3.

In 2022, the rainbow vertex-connection number, the minimum number of colors required for each pair of
vertices to be connected by a path with internal vertices of distinct colors, of F(t) is diam(F(t)) = t− 1

[11] which is the lowest possible among the graphs with the same diameter. So, a similar problem
arises for the rainbow connection number of F(t). In Theorem 5, we improve the aforementioned
result on diam(Gm,t) by showing that diam(Gm,t) = diam(G(t)) = diam(Ft) = t for m ≥ 1. We
also give unique geodesic paths in Gm,t for m ≥ 1 and t ≥ 1. Finally, we show that, for t ≥ 1,
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Figure 2. Vertex labelings of G(1), G(2) and G(3)

rc(F(t)) = rc(G1,t) = diam(G1,t) = t and, for m > 1 and t > 1, rc(Gm,t) = diam(Gm,t) = t + 1. As a
consequence, the rainbow connection numbers of G1,t and F(t) are the lowest among the graphs with
the same diameter.

2. Generalized Farey graph and its properties

Recall that, form, t ∈ N, a generalized Farey graph Gm,t [7] is defined with a recursive construction
similar to F(t) with the initial condition Gm,1 = K3 whereK3 is a triangle. Let τ0, τ1, τ2 be the label of
suchK3 (See Figure 2(A)). For the purpose of comparison with the recursive step in a small-world
Farey graph, our initial condition starts with t = 1 while that of in the definition given by Jiang et al. [7]
started with t = 0. We use notation G(t) = G1,t.

Next, we establish notations and terminologies that will be used in this work. If a vertex u ∈ V (Gm,t)

first appears in step i, then the level of u, denoted by l(u), is i for i = 1, . . . , t. Similarly, if an edge e first
appears in step i, then the level of e, denoted by l(e), is i. We note that the level of the vertices in Gm,t
begins with level one. In casem = 1, a symmetric drawing and vertex labeling of G(t) = G1,t in this
paper are as in Figure 2. We can draw a graph so that w lies between its bases. The method of vertex
labeling is explained explicitly in the next section.

For each pair of adjacent vertices x, y ∈ V (Gm,t) and a vertex u ∈ V (Gm,t) such that l(u) ≥ 2, if u is
added to Gm,t correspondingly to the edge xy, then u is a direct descendant of x and y. If u is a direct
descendant of x and y, then x and y are bases of u. We define a descendant recursively as follows. We say
v is a descendent of u if v is a direct descendent of u or there is z such that v is a descendent of z and z is
a descendant of u. We note that for each edge xy in Gm,t with l(xy) < t, there arem direct descendants
of x and y. For an edge xy, an (x, y)-bundle B(x,y) is the induced subgraph of Gm,t consists of x, y and
all of their descendants. We say that {x, y} is the origin of B(x,y). We note that B(x,y) = B(y,x). We also
note that if x is a base of u, then l(x) < l(u). Furthermore, for a vertex uwith l(u) > 2, there are two
bases of u and their levels are distinct in which exactly one of them has level l(u)− 1. The other base of
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Figure 3. Symmetric drawing and vertex labeling of G(5)

u has level less than l(u) − 1. In 2018, Jiang et. al. [7] stated that diam(Gm,t) ≤ 2t + 1. We improve
such a statement in casem = 1 in Theorem 5.

In Lemma 1, we show that, for each vertex, the levels of the vertices in its geodesic paths to its origins
are decreasing.

Lemma 1. Let u, u′, x, y ∈ V (Gm,t) be such that l(x) ≥ 2, u ∈ B(x,y) and u′ ∈ {x, y}. If P = u1 . . . un

is a geodesic (u, u′)-path where u1 = u and un = u′ is the only vertex in {x, y}, then l(ui) > l(ui+1) for

i = 1, . . . , n− 1.

Proof. Suppose to the contrary that there exists a path P with a smallest i0 such that l(ui0) ≤ l(ui0+1).
Since distinct vertices of the same level are not adjacent when their level is at least two, it follows that
l(ui0) < l(ui0+1). So ui0 is a base of ui0+1. Let i1 be the maximum number such that l(ui) < l(ui+1) for
all i = i0, . . . , i1 − 1. If i1 = i0 + 1, then ui1+1 = ui0+2 is a base of ui1 and ui0+2 6= ui0 . Thus, deleting
a vertex ui0+1 form P and adding an edge ui0ui0+2 giving a (u, v)-path with a shorter distance. If
i1 ≥ i0 + 2, then ui0+2 6∈ B(ui0 ,ui0+1); otherwise, the path u1Pun1 must go through ui0 or ui0+1 twice.
Similarly, we can conclude that ui+2 6∈ B(ui,ui+1) for all i = i0, . . . , i1 − 2. Let w be a base of ui0+1 where
w 6= ui0 . We have that w is also a base of ui for i = i0, . . . , i1. Since l(ui1) > l(ui1+1) and ui1+1 6= ui0 , it
follows that w = ui1+1. Hence, deleting ui0+1Pui1 from P and adding an edge ui0ui1+1 give a shorter
(u, v)-path. This completes the proof. �
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Remark 2. Let u, u′, x, y ∈ V (Gm,t) be such that l(x) ≥ 2, u ∈ B(x,y) and u′ ∈ {x, y}. If P = u1 . . . un is a

geodesic (u, u′)-path where u1 = u and un = u′ is the only vertex in {x, y}, then u1 is a descendant of ui for

i = 2, . . . , n, and uj is a descendant of un for j = 1, . . . , n− 1.

Remark 3. Let u, v, x, y ∈ V (Gm,t) be such B(x,y) is the minimal bundle containing u and v. If P is a geodesic

(u, v)-path, then P ⊆ B(x,y).

The property appears in Lemma 4 is needed to find the diameter of Gm,t in Theorem 5.

Lemma 4. Let u ∈ V (Gm,t) be such that l(u) ≥ 2. If u ∈ B(τi,τj) for i 6= j, then d(u, u′) ≤ t
2 for all

u′ ∈ {τi, τj}.

Proof. Suppose there exists τi0 6= τj0 and u0 ∈ B(τ0,τj) such that d(u0, u
′
0) >

t
2 for some u′0 ∈ {τi0 , τj0}.

Since B(τi0 ,τj0 )
and B(τi1 ,τj1 )

are isomorphic for {i0, j0} 6= {i1, j1}, there exists u1 ∈ V (B(τi1 ,τj1 )
) and

u′1 ∈ {τi1 , τj1} where d(u1, u
′
1) = d(u0, u

′
0) >

t
2 . Since V (B(τi0 ,τj0 )

) ∩ V (B(τi1 ,τj1 )
) ⊆ {τ0, τ1, τ2}, it

follows that d(u0, u1) > t. Since {i0, j0} 6= {i1, j1}, there exists a subgraphH ∼= F(t) of Gm,t containing
u0, u

′
0, u1, u

′
1. Thus dGm,t(u0, u1) ≤ dH(u0, u1) ≤ t contradiction. �

Theorem 5. Form ≥ 1 and t ≥ 1, diam(Gm,t) = t.

Proof. The result can be easily verified when t ≤ 2. Suppose t > 2. Let u, v ∈ V (Gm,t) and let
x, y ∈ V (Gm,t) be such that B(x,y) is the minimal bundle containing u and v. If x, y ∈ {τ0, τ1}, then
B(x,y)

∼= F(t). Let P be a geodesic (u, v)-path. By Remark 3, the path P ⊆ B(x,y). Thus diam(Gm,t) ≥

diam(F(t)) = t. In addition dGm,t(u, v) ≤ dF(t)(u, v) ≤ t in this case.
We may now assume that l(x) ≥ 2 and l(u) ≥ 3. Let P be a geodesic (u, v)-path. If u and v have

the same bases, then such bases are x and y. The only geodesic (u, v)-path are uxv and uyv. Consider
the case that the bases of u and v are different. If there exists a direct descendant z of x and y where
u and v are both descendants of z, then P contains x, y or z; otherwise, P contains x or y. In order
to contain a vertex in V (Gm,t)\V (B(x,y)), the path P must exit B(x,y) at x or y and then enter back to
the bundle again which adding a non-necessary length to the path; hence P contains no vertex in
V (Gm,t)\V (B(x,y)). Let P1 and P2 be subpaths of P where P = P1P2, P1 = u1 . . . un1 , P2 = vn2 . . . v1

such that un1 and vn2 are the only vertices in {x, y} (or {x, y, z} if such z exists). We note that it is
possible that un1 = vn2 . We construct subgraphs H1 and H2 of B(x,y) where u ∈ V (H1) and v ∈ V (H2)

by choosing the vertices inH1 andH2 via the same recursive construction of a small-world Farey graph
with initial condition xy. We note that all the descendants of x and y that lead to u are in H1, and
those that lead to v are inH2. Since x 6∈ {τ0, τ1, τ2}, it follows thatHi

∼= F(si) for some si = 1, . . . , t− 1

where i = 1, 2. We note that the origins of H1 and H2 are x and y. By the construction of H1, H2

and Remark 2, we have that P1 ⊆ H1 and P2 ⊆ H2. If there exists a direct descendant z of x and y



Asia Pac. J. Math. 2024 11:39 6 of 19

such that both u and v are descendants of z, then H1 and H2 can be chosen so that H1 = H2. Thus
dGm,t(u, v) = dH1(u, v) ≤ max{s1, s2} ≤ t. If there is no such z, then H1 6= H2 and 1 ≤ s1 ≤ t− 1 and
1 ≤ s2 ≤ t−1. Hence dGm,t(u, v) ≤ dH1(u, un1) +dH2(v, vn2) + 1 ≤ diam(F(s1)) +diam(F(s2)) + 1 ≤ t

by Lemma 4. Therefore diam(Gm,t) = t. �

3. Property of Gm,t

In the first part of this section, we give a vertex labeling and some properties ofG(t). We then extend
the results on G(t) to Gm,t later in this section. Several types of vertex labeling of a small-world Farey
graph and a generalized Farey graph appear in [10,12,13]. In this work, we label each vertex with a
concatenation of a special character with a string in {0, 1}∗, possibly empty. The label used here can be
associated with a binary representation of the label of a small-world Farey graph that appeared in [10].

We first label the vertices in G(t) = G1,t and then consider each vertex of Gm,t as a copy of a vertex
in G(t). A word is a label of a vertex in G(t). Recall that we label the vertices in G(1) by τ0, τ1, τ2. Let
Σ = {0, 1} and Σ∗ be the set of strings of finite length of elements in Σ including an empty string. For a
string s ∈ Σ∗, the length of s is denoted by |s|. We label the vertices in V (G(t)) with level q for 2 ≤ q ≤ t

by the words in
Lq = {αkρ : ρ ∈ Σ∗, |ρ| = q − 2 and k = 0, 1, 2}.

Hence, the set of labels of the vertices in V (G(t)) with level at least two is

L = {αkρ : ρ ∈ Σ∗, |ρ| = q − 2 for 2 ≤ q ≤ t and k = 0, 1, 2}.

For a word w ∈ L, we denote the length of w by |w|. Hence |w| = l(w)− 1 for all w ∈ L. Suppose
w = η1 . . . η|w|. We denote a subword w[i, j] = ηi . . . ηj and we write w[i] = w[i, i] for 1 ≤ i ≤ j ≤ |w|.
A block βi in w is the i-th maximal subword of consecutive identical elements. If w consists of p blocks,
then we write w = β1 . . . βp. We use notation wβ[i, j] = βi . . . βj and wβ[i] = wβ[i, i] for 1 ≤ i ≤ j ≤ p,
and let |w|β be the number of blocks in w. For example, if w = α00010, then |w| = 5, |w|β = 4, β1 = α0,
β2 = 00, β3 = 1 and β4 = 0.

Next, we assign an explicit label to a vertex in G(t). In level two, we label a direct descendant of τ0
and τ1 by α0, a direct descendant of τ1 and τ2 by α1, and a direct descendant of τ0 and τ2 by α2. We
then recursively label the vertices in G(t). For a vertex u ∈ V (G(t)) where l(u) ≥ 3 and its bases are x
and y such that l(x) > l(y), we label u by w = η1 . . . ηl(u)−1 ∈ Ll(u) where ηj = x[j] for j < l(u)− 1 and

ηl(u)−1 =

0 if u is on the counter-clockwise side of x,

1 if u is on the clockwise side of x.

An example of vertex labeling appears in Figure 4. For each ε ∈ {0, 1}, we denote ε = 1 − 0, and
w = η1η2 . . . η|w|.
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Figure 4. Direct descendant labeling examples when l(x) > l(y) and l(x) ≥ 2 in G(t)

From here on, we may use the labels to represent the vertices. For a vertex u with l(u) > 2, the base
of u with level l(u) − 1 is u[1, l(u) − 2] = u[1, |u| − 1]. For each pair of adjacent vertices u, v where
uv 6∈ E(G(1)) and 1 ≤ l(v) < l(u) < t, the direct descendent of u and v in G(t) is uniquely determined.
We define u ⊕ v = w to be the direct descendant of u and v. Thus w = w[1, |w| − 1] ⊕ v for some
v ∈ V (G(t)) with l(v) < l(w)− 1. Moreover, for each vertex u with l(u) ≥ 2, there is exactly one direct
descendant on the clockwise and counter-clockwise of u in G(t). It implies that a vertex with level at
least three has exactly one base on each side. Let A0, A1 and A2 be a (τ0, τ1)-bundle, a (τ1, τ2)-bundle
and a (τ0, τ2)-bundle respectively. We note that αk ∈ V (Ak) for k = 0, 1, 2. For t ≥ 2, let G2 = G2(t) be
the induced subgraph of G(t) such that V (G2) = {τ0, τ1, τ2, α0, α1, α2}, i.e., the subgraph generated in
the second step of G(t).

Now, we consider labeling in Gm,t where m > 1. For a subgraph H of Gm,t where H ∼= G(t), we
inherit the label ofG(t) toH with a superscriptH to indicate the subgraph that such vertex is contained.
For example, a vertex w ∈ V (H) which is a copy of vertex α001 ∈ V (G(t)) is labeled w = (α001)H . We
note that τ0, τ1, τ2 are in all subgraph that is isomorphic to G(t) of Gm,t. Thus we omit superscript for
τ0, τ1, τ2, and let G1 be a triangle τ0τ1τ2. Let GH2 be an induced subgraph of Gm,t such that its vertex set
consists of τ0, τ1, τ2 and their direct descendants in H , i.e., V (GH2 ) = {τ0, τ1, τ2, αH0 , αH1 , αH2 }.

The following lemma compute explicit bases of each vertex in G(t).

Lemma 6. [10] In G(t), let w ∈ V (Ak) be such that l(w) = n ≥ 3, and let q = |β|w|β | for k ∈ {0, 1, 2}. If v

is a base of w with l(v) < l(w)− 1, then

v =

τj if w = αkε
n−2 and j ≡ k + ε (mod 3) for some ε ∈ {0, 1},

w [1, n− q − 2] if |w|β ≥ 3.

Remark 7. InG(t), for a vertex w = αkε1 . . . εn where n > 1, if εn−1 6= εn, then w = w[1, n−1]⊕w[1, n−2].

For a path P and distinct vertices u, v ∈ V (P ), we let uPv be a subpath of P from u to v.
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In 2018, Jiang et. al. [10] gave a shortest path between each pair of vertices in a generalized Farey
graph. Lemmas 8, 9 and 11 show that each pair of vertices in these lemmas has a unique geodesic path.

Lemma 8. In G(t), for a fixed k ∈ {0, 1, 2}, let w ∈ Ak be such that l(w) = n where n is an even number that

2 ≤ n ≤ t. If w = αk(εε)
n−2
2 where ε ∈ {0, 1}, then d(w,αk) = n−2

2 . Moreover, there is a unique geodesic path

which is wnwn−2 . . . w2 where wi = αk(εε)
i−2
2 for a positive even number i ≤ n.

Proof. Let wi = αk(εε)
i−2
2 and ui = αk(εε)

i−4
2 ε for a positive even number i ≤ n. It is obvious that

d(w2, αk) = 0, d(w4, αk) = 1 and there is a unique geodesic (w4, αk)-path w4w2. By Lemma 6, we have
wi = ui ⊕ wi−2 for i = 4, . . . , n. Suppose that d(wi, αk) = i−2

2 with a unique geodesic (wi, αk)-path
wiwi−2 . . . w2 for i = 2, 4, . . . , n− 2.

Suppose that there exists a (wn, αk)-path P with length less than d(wn−2, αk) + 1. Then un ∈

V (P ), wn−2 6∈ V (P ) and d(un, αk) < d(wn−2, αk). Hence wn−2unPαk is a (wn−2, αk)-path of length
d(wn−2, αk) contrary to the uniqueness of the geodesic (wn−2, αk)-path. Thus d(wn, αk) ≥ d(wn−2, αk)+

1 = n−2
2 . Since wn and wn−2 are adjacent, it follows that d(wn, αk) = n−2

2 .
Next we show that the geodesic (wn, αk)-path is unique. Let Q be a path wnwn−2 . . . w2. Suppose

there exists a geodesic (wn, αk)-path Q′ 6= Q. We have un ∈ V (Q′), wn−2 6∈ V (Q′) and |E(unQ
′αk)| =

d(un, αk) = d(wn−2, αk) = |E(wn−2Qαk)|. By Lemma 6, we have ui = wi−2 ⊕ ui−2 for i = 4, 6 . . . , n.
Since wn−2 6∈ V (Q′), it follows that unun−2 ∈ E(Q′).

Let i0 = max{i : wi ∈ V (Q′)}. We note that i0 ≥ 2.
Claim d(un, ui0+2) = n−i0−2

2 .
It is obvious that d(ui0+4, ui0+2) = 1. Suppose that d(ui, ui0+2) = i−i0−2

2 for i = 6, . . . , n− 2. We have
d(un, ui0+2) ≤ d(un−2, ui0+2) + d(un, un−2) = n−2−i0−2

2 + 1 = n−i0−2
2 . If there exists a (un, ui0+2)-path

P of length less than n−i0−2
2 , then un−2 /∈ V (P ). Hence wn−2 ∈ V (P ) and |E(wn−2Pui0+2)| ≤ n−i0−6

2 .
Since un−2 and wn−2 are adjacent, it follows that |E(un−2wn−2Pui0+2)| = n−i0−4

2 < d(un−2, ui0+2), a
contradiction. Therefore d(un, ui0+2) = n−i0−2

2 as claimed.
By claim, we have |E(Q′)| ≥ |unQ′ui0+2|+ d(wi0 , αk) + |E(ui0+2wi0)| ≥ n−i0+2

2 + i0−2
2 + 1 = n+2

2 , a
contradiction. Therefore the geodesic (wn, αk)-path is unique and it is wnwn−2 . . . w2 with d(wn, αk) =

n−2
2 . �

Lemma 9. In G(t), for a fixed k ∈ {0, 1, 2}, let w ∈ Ak be such that l(w) = n where n is odd and 3 ≤ n ≤ t.

If w = αk(εε)
n−3
2 ε, then d(w, τj) = n−1

2 when j ≡ k + ε (mod 3). Moreover, there is a unique geodesic path

which is wnwn−2 . . . w3τj where wi = αk(εε)
i−3
2 ε for a positive odd number i = 3, 5, . . . , n.

Proof. Similar to Proposition 8. �

Lemma 10. InG(t), for k ∈ {0, 1, 2}, letw ∈ Ak be such thatw = αk(εε)
n−3
2 ε for some odd nwhere 3 ≤ n ≤ t.

If j1 ≡ k + ε (mod 3) and j1 6= j2, then d(w, τj1) + 1 = d(w, τj2) when j1 ≡ k + ε (mod 3) and j1 6= j2.
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Proof. Sincew[1, 2] = αkε, the vertexw is contained in bundleB(αk,τj1 )
. Let P be a geodesic (w, τj2)-path.

Since τj2 6∈ B(αk,τj1 )
, to exit B(αk,τj1 )

, the path P must contain αk or τj1 . Suppose to the contrary that
d(w, τj1) ≥ d(w, τj2). We have τj1 6∈ V (P ). Hence αk ∈ V (P ) and d(w, τj1) ≥ d(w, τj2) = 1 + d(w,αk).
Combining paths wPαk and αkτj1 yields a geodesic (w, τj1)-path that is different from the one obtained
by Proposition 9. This contradicts the uniqueness of the geodesic (w, τj1)-path. Hence d(w, τj1) <

d(w, τj2). Since τj1 and τj2 are adjacent, it follows that d(w, τj1) + 1 = d(w, τj2). �

Lemma 11. In G(t), for a fixed k ∈ {0, 1, 2}, let w ∈ Ak be such that l(w) = n where n is odd and 3 ≤ n ≤ t.

If there exists an odd number i0 ≤ n such that w = w[1, i0](εε)
n−i0−1

2 , then d(w,w[1, i0]) = n−i0−1
2 and the

(w,w[1, i0])-geodesic path is unique.

Proof. The proof is similar to Proposition 8. �

Lemma 12. For m > 1 and t ≥ 1, let H ∼= G(t) be a subgraph of Gm,t. Let u, v ∈ V (H). If P is a unique

geodesic (u, v)-path in H , then P is a unique geodesic (u, v)-path in Gm,t.

Proof. Let x, y ∈ V (H) be such that BH
(x,y) is the minimal bundle in H containing both u and v. By

Remark 3, we have P ⊂ BH
(x,y). Let us recall that BH

(x,y) contains all the vertices having u or v as
their descendant in Gm,t with level at least max{l(x), l(y)}. Suppose that there is a geodesic (u, v)-path
Q = u1 . . . un inGm,twhere u1 = u, un = v andP 6= Q. Thus, there exists amaximum i0 ∈ {2, . . . , n−1}

such that ui0 6∈ V (H). We have that ui0+1 is a base of ui0 , and ui0+1 ∈ V (H). Let w 6= ui0+1 be another
base of ui0 . We note that u and v are not descendants of ui0 . In order to reach u and v, the path Q
has to go back to a vertex in H which means Q has to go through w. Since w and ui0+1 are adjacent
and |E(wQui0+1)| ≥ 2, replace the wQui0+1 path in Q with an edge wui0+1 yields a shorter (u, v)-path,
contradiction. Therefore, if P is a geodesic (u, v)-path in H , then it is also a geodesic path in Gm,t. �

By Lemma 12, the paths given in Lemmas 8-11 are geodesic in Gm,t.

4. Rainbow connection number on a generalized small-world Farey graph

We investigate the rainbow connection number of G(t) for t ≥ 1, and later extend to Gm,t form ≥ 1

at the end of this section. In G(t), we give an ordering to the edges in the same level through the
ordering of vertices in A0. Let τ0 < α0 < τ1. The other vertices are ordered by the following process.
In this ordering, we relabel a vertex labeled by w as wε, and let 0 < ε < 1. Then we order vertices by
lexicographical ordering on the new labeling. For example, α00ε < α0ε < α01ε, α00ε < α001ε < α0ε.
Outside this ordering, we still use the original labeling in the remaining of the paper. By this ordering,
for any x, y, z ∈ V (G(t)) where x is a direct descendant of y and z such that y < z, we have that
y < x < z. Let u1, u2, v1, v2 ∈ V (A0). For each pair of edges u1v1 and u2v2 that appear in the same
level, where ui < vi for i = 1, 2, we say that u1v1 ≺ u2v2 if and only if u1 < u2.
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τ0
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Figure 5. The coloring of G2-subgraph of G2(t)

In G(t), we define isomorphism functions f1 : B(τ0,τ1) → B(τ1,τ2), f2 : B(α0,τ1) → B(α2,τ0) and
f3 : B(α1,τ1) → B(α2,τ2) by

f1(u) =


τ1 if u = τ1,

τ2 if u = τ0

α1w if u = α0w ∈ B(τ0,τ1) for w ∈ {0, 1}∗,

f2(u) =

τ0 if u = τ1

α2w if u = α0w ∈ B(α0,τ1) for w ∈ {0, 1}∗,

and

f3(u) =

τ2 if u = τ1

α2w if u = α1w ∈ B(α1,τ1) for w ∈ {0, 1}∗.

For uv ∈ E(G(t)) and i = 1, 2, 3, let fi(uv) = fi(u)fi(v) where applicable. We note that fi also
preserves the level of the vertices and edges for i = 1, 2, 3. We order the edges in level i ≥ 2 in A0 as an
increasing sequence {eij}2

i−1−1
j=0 . The following statements are true:

• ei0 = (τ0, α00
i−2),

• for j = 0, . . . , 2i−2 − 1, if an endpoint of eij is in {τ0, τ1}, such endpoint is τ0,
• for j = 2i−2, . . . , 2i−1 − 1, if an endpoint of eij is in {τ0, τ1}, such endpoint is τ1.

We color G2(t) according to the parity of t as in Figures 5a and 5b.
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Let ht : E(G(t)) → {b1, . . . , bt} be an edge-coloring such that ht|G2 is the coloring appeared in 5a
and 5b. Now, we color the edges in A0 that are not contained in G2 by

ht(e
i
j) =

bi−1 where j ≡ 0, 3 (mod 4),

bi where j ≡ 1, 2 (mod 4).

Next, we color the edges in A1. For any e ∈ E(A1)\E(G2), we define

ht(e) =

ht(f
−1
1 (e)) + 1 if ht(f−11 (e)) and t have different parities,

ht(f
−1
1 (e))− 1 if ht(f−11 (e)) and t have the same parity.

Next, we color e ∈ E(A2)\E(G2) by

ht(e) =

ht(f
−1
2 (e)) for e ∈ B(α2,τ0),

ht(f
−1
3 (e)) for e ∈ B(α2,τ2).

By the definition of ht, for t ≥ 3 and i ≥ 3, the first edge in level i is (τ0, α00
i−2). We color the edges

in A0 periodically by colors bi−1, bi, bi and bi−1 starting at (τ0, α00
i−2). Then, we use the isomorphism

functions to color the edges inA1 andA2. We say that an edge e is odd if ht(e) = bi for some odd number
i, and e is even if i is even. For an edge ewith level at least three, if e ∈ E(A0), then the parities of the
indices of the colors ht(e) and ht(f1(e)) are different. If e ∈ E(B(α0,τ1)) ∪ E(B(α1,τ1)), then the parity
of ht(e) and ht(fj(e)) is the same for j = 2, 3. For any distinct u, v ∈ V (G(t)), we say that a (u, v)-path
u1 . . . un where u1 = u and un = v is an odd-colored path if its edges are all odd and l(ui) > l(ui+1) for
i ≤ n− 1. Similarly, a (u, v)-path u1 . . . un where u1 = u and un = v is an even-colored path if its edges
are all even and l(ui) > l(ui+1) for i ≤ n− 1.

Lemma 13. In (G(t), ht), let x, y ∈ V (A0) where l(x) ≥ 3, l(y) ≥ 2 and y is a base of x. Then l(x) = l(y) + 1

if and only if ht(xy) = bl(x).

Proof. Let w, z ∈ V (A0) be the bases of y where w < z, and let w′ and z′ be the direct descendants
of w, y and y, z respectively. It follows that w < w′ < y < z′ < z. The edges in level l(y) + 1 with
both endpoints in {y, z, w, z′, w′} consists of ww′, w′y, yz′, z′z ordered increasingly. Since y is a base
of x and l(x) = l(y) + 1, it follows that xy ∈ {w′y, z′y}. If w′w is the first edge of level l(y) + 1, then
ht(w

′w) = bl(y) = ht(z
′z) and ht(w′y) = bl(y)+1 = ht(w

′z). Since each vertex in A0 with level l(y) gives
four corresponding edges in level l(y) + 1 in such ordering. The lemma is true by the periodicity of the
coloring ht in A0. �

Lemma 14 and 15 gives an existence of a rainbow path of the same parity of a vertex to one of its
origins which later use to construct a rainbow path in G(t) in Theorem 16.
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Lemma 14. Let x, y, z ∈ V (G(t)) with an edge-coloring ht be such that x = y ⊕ z. There exists a rainbow

(u, u′)-path with all edges of the same parity where u′ is the only vertex in {x, y, z} for all u ∈ B(y,z).

Proof. Consider A0. It can be easily verified when u ∈ V (G2). Suppose u 6∈ V (G2). By the definition of
ht, each u ∈ V (A0)\V (G2) is incident to one odd and one even edge connecting u to its bases. Hence,
we are able to construct a path by consecutively choosing either odd or even edges to a base of a new
vertex in the current path until it reaches x, y or z. Let P = u1 . . . un be the constructed path. By the
construction, we have l(ui) > l(ui+1) for i < n. Thus, the path P is either an odd-colored path or an
even-colored path where un = u′ is the only vertex in {x, y, z}. We note that P does not contain any
edge in G2.

Next, we show thatP is a rainbowpath. For a fixed i0 ≤ n−2, we haveht(ui0ui0+1) ∈ {bl(ui0 ), bl(ui0 )−1}

and ht(ui0+1ui0+2) ∈ {bl(ui0+1), bl(ui0+1)−1}. If ht(ui0ui0+1) 6= ht(ui0+1ui0+2), thenwe are done. Suppose
to the contrary that ht(ui0ui0+1) = ht(ui0+1ui0+2). We have ht(ui0ui0+1) = ht(ui0+1ui0+2) = bl(ui0 )−1 =

bl(ui0+1). Since ht(ui0ui0+1) = bl(ui0 )−1, it follows that l(ui0+1) < l(ui0) − 1 by Lemma 13. Hence
bl(ui0+1) 6= bl(ui0 )−1, a contradiction. Therefore P is a rainbow path.

We note that ht|A1 = ht ◦ f1|A0 switches the parity of the pre-image edge in A0 and its image in A1.
Moreover ht|B(α2,τ0)

= ht ◦ f2|B(α0,τ1)
preserves the parity of the pre-image edge in A0 and its image in

A2, while ht|B(α2,τ2)
= ht ◦ f3|B(α1,τ1)

preserves the parity of the pre-image edge in A1 and its image in
A2.

If x, y, z ∈ V (A1), then f−11 (u), f−11 (x), f−11 (y), f−11 (z) ∈ V (A0) where f−11 (x) = f−11 (y)⊕f−11 (z) and
f−11 (u) ∈ B(f−1

1 (y),f−1(z)). Hence, there exists an odd-colored or even-colored rainbow (f−11 (u), v)-path
P1 where v is the only vertex contained in {f−11 (x), f−11 (y), f−11 (z)}. Thus ht(f1(P1)) is an odd-colored
or even-colored rainbow (u, u′)-path where u′ = f1(v) is the only vertex in {x, y, z}. Similarly, we have
an even-colored or odd-colored rainbow (u, u′)-path for u ∈ V (A2) by considering the preimages of f2
and f3. �

Lemma 15 is a direct result of Lemma 14.

Lemma 15. Let y, z ∈ V (G(t)) with an edge-coloring ht be such that their direct descendant is not in G2.

There exists a rainbow (u, u′)-path with all edges of the same parity where u′ is the only vertex in {y, z} for all

u ∈ B(y,z).

For any u ∈ V (Ai)\V (G2) and v ∈ V (Aj)\V (G2), by Lemma 14, there exist an odd-colored rainbow
(u, u′)-path and an even-colored rainbow (v, v′)-path where u′ and v′ are the only vertices in V (G2).
Table 1 presents a rainbow (u, v)-path for all non-adjacent u, v ∈ V (G2). These paths are used to
connect rainbow paths between Ai and Aj for i 6= j. We note that any pair of u, v ∈ V (G2) that is not
presented in Table 1 is adjacent and we are able to use an edge uv to connect paths between Ai and Aj .
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Table 1. List of a rainbow path in G2

u′ v′ (u′, v′)-path list of colors when list of colors when
t is even t is odd

α0 α1 α0τ1α1 b1b2 b2b3

α0 α2 α0τ0α2 b1b2 b1b2

α0 τ2 α0τ1τ2 b1b2 b2b1

α1 α2 α1τ2α2 b2b1 b1b3

α1 τ0 α1τ1τ0 b2b1 b3b1

α2 τ0 α2τ0 b2 b2

α2τ2τ0 b1b2 b3b1

Table 2. Parity of the chosen same-parity path when t is even

(1st-bundle, parity of P0) (2nd-bundle, parity of P1)
(A0, odd) (A1, even)
(A0, odd) (A2, even)
(A1, even) (A2, odd)

Table 3. Parity of the chosen same-parity path when t is odd

(1st-bundle, parity of P0) (2nd-bundle, parity of P1)
(A0, even) (A1, odd)
(A0, odd) (B(α2,τ0), even)
(A0, even) (B(α2,τ2), odd)
(A1, odd) (B(α2,τ0), even)
(A1, even) (B(α2,τ2), odd)

Theorem 16. For a positive integer t, a graph (G(t), ht) is rainbow connected, and rc(G(t)) = t.

Proof. By Theorem 5, we have rc(G(t)) ≥ t. Next, we show that a graphG(t) with coloring ht is rainbow
connected. This can easily be verified when t = 1, 2. Suppose t ≥ 3. Let u and v be vertices in V (G(t)).

Case 1. u ∈ V (Ai) and v ∈ V (Aj) where 0 ≤ i < j ≤ 2.
If u and v are non-adjacent vertices in V (G2), then we use the rainbow path in Table 1. Consider

u ∈ V (Ai)\V (G2) and v ∈ V (Aj)\V (G2) for some 0 < i < j ≤ 2. By Lemma 14, there exist a same-
parity-colored rainbow (u, u′)-path P0 and a same-parity-colored rainbow (v, v′)-path P1 when u′, v′

are the only vertices in G2. The parities of P0 and P1 depend on the bundles Aj and Aj as appeared in
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Table 4. Minimum even color bi0 and odd color bj0 that can appear in an even-colored
(u, v)-path or an odd-colored (u, v)-path where v is the only vertex in V (G2(t))

v (bundle, bi0 , bj0) (bundle, bi0 , bj0)
when t is even when t is odd

α0 (A0, b4, b3) (A0, b4, b3)

α1 (A1, b4, b3) (A1, b2, b5)

α2 (B(α2,τ0), b4, b3) (B(α2,τ0), b4, b3)

(B(α2,τ2), b4, b3) (B(α2,τ2), b2, b5)

τ0 (A0, b2, b3) (A0, b2, b3)

(A2, b2, b3) (A2, b2, b3)

τ1 (A0, b2, b3) (A0, b2, b3)

(A1, b4, b1) (A1, b2, b3)

τ2 (A1, b4, b1) (A1, b2, b3)

(A2, b4, b1) (A2, b2, b3)

Tables 2 and 3. We note that the parity of colors of P0 and P1 are different. Tables 4 gives the smallest
color that possibly appears in P0 and P1. Since there exists a path in Table 1 with colors less than those
appear in P0 and P1, by combining the results in Tables 1 and 4, we are able to connect P0 and P1 via the
path in Table 1 if u′ and v′ are not adjacent. The combined path is a rainbow path. If either u ∈ V (G2)

or v ∈ V (G2), then we use the same argument in which either P0 or P1 is trivial.
Case 2. u, v ∈ V (Ai) for some i = 0, 1, 2.
Let x, y ∈ V (G(t)) be such that B(x,y) ⊆ Ai is the minimal bundle containing u and v and let z be the

direct descendant of x and y.
Case 2.1. B(x,y) 6= Ai for all 0 ≤ i ≤ 2.
If {x, y} 6= {τi, τj} for some 0 ≤ i < j ≤ 2, then there exists an odd-colored rainbow (u, u′)-path

P0 and an even-colored rainbow (v, v′)-path P1 by Lemma 15. We note that changing the color of xy
does not affect the result in Lemma 15. If P0 and P1 intersect, says at w, then uP0wP 1v is a rainbow
(u, v)-path. Now, we suppose that P0 and P1 do not intersect. Hence u′, v′ ∈ {x, y} and u′ 6= v′. Let
P0 = u1 . . . un and P1 = v1 . . . vs where u1 = u, un = u′, v1 = v, vs = v′ and u′, v′ are the only vertices
in {x, y}. Suppose u′ = x and v′ = y. If ht(u′v′) 6∈ ht(P0) ∪ ht(P1), then we are done. Suppose to
the contrary that ht(u′v′) ∈ ht(P0) ∪ ht(P1). The only possible edge with color ht(xy) = ht(u

′v′) in
E(B(x,y))\{xy} is either xz or yz. Without loss of generality, we suppose that ht(xy) = ht(xz) and
xz ∈ E(P0). It follows that u′ = x. Since P0 and P1 do not intersect, the vertex z is not in P1 and
v′ = y. Hence v ∈ V (B(y,z)) and u ∈ V (B(x,z)). Let P ′0 and P ′1 be an even-colored (u, u′′)-path and an
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odd-colored (v, v′′)-path where u′′ and v′′ are the only vertices in {x, y}. If P ′0 and P ′1 intersect, then we
also have a rainbow (u, v)-path. Suppose that P ′0 and P ′1 do not intersect. So u′′ 6= v′′. If u′ = v′′ and
v′ = u′′, then P ′0 and P ′1 contain z which is not possible. Thus u′′ = u′ and v′′ = v′. Since the parity of
the colors in P ′0 and P ′1 are different, we have that xz 6∈ E(P ′0). Hence P ′0P

′
1 is a rainbow (u, v)-path.

Case 2.2. B(x,y) = Ai for some 0 ≤ i ≤ 2.
If B(x,y) = Ai, then there exists an odd-colored rainbow (u, u′)-path P0 and an even-colored rainbow

(v, v′)-path P1 by where u′, v′ are the only vertices in {x, y, z} by Lemma 14. The similar argument
in the case B(x,y) 6= Ai also leads a rainbow (u, v)-path in case B(x,y) = Ai. Thus, there is a rainbow
(u, v)-path.

Therefore (G(t), ht) is rainbow connected and hence rc(G(t)) = t. �

Corollary 17. For a positive integer t, we have rc(F(t)) = diam(F) = t.

Next, we give a coloring that leads to a rainbow connected Gm,t. Let (H,ht) be a subgraph of Gm,t
where H ∼= G(t). For each e ∈ E(Gm,t), let eH be the copy of e in H . We define an edge-coloring
ct : E(Gm,t)→ {b1, . . . , bt+1} by

ct(e) =



bt+1 if e = τiτj for some 0 ≤ i < j ≤ 2,

b2 if eH = (α0τ1)
H and t is even,

b1 if eH = (α1τ1)
H and t is even,

b1 if eH = (α2τ2)
H and t is odd,

ht(e
H) otherwise,

for each e ∈ E(Gm,t). For a subgraph H ′ ∼= G(t) of Gm,t, we note that ct|H′(e) = ct|H(eH) for all
e ∈ E(H ′) where l(e) ≥ 3.

By Theorem 16, we have rc(G1,t) = t for t ≥ 1. Since Gm,1 is a triangle, it follows that rc(Gm,1) =

diam(Gm,1) = 1. In Theorem 18, we show that rc(Gm,t) = t+ 1 form > 1 and t > 1.

Theorem 18. Form > 1 and t > 1, we have rc(Gm,t) = t+ 1.

Proof. Consider Gm,t with the coloring ct. Let u, v ∈ V (Gm,t). If t = 2, then let α(1)
i and α(2)

i be distinct
direct descendants of τj and τk for some i, j, k ∈ {0, 1, 2}. If {u, v} 6= {α(1)

i , α
(2)
i }, then a rainbow path

between each pair of non-adjacent vertices appears in Table 5. If {u, v} = {α(1)
i , α

(2)
i }, then we consider

u = α
(1)
i and v = α

(2)
i . Finding an (α

(1)
i , α

(2)
i )-path is equivalent to finding a rainbow cycle in G1,2

containing αi. Since the color of the triangle τ0τ1τ2 is bt+1 and ht(αiτj) 6= ht(αiτk) for j 6= k, a triangle
αiτjτk is a rainbow cycle. Thus there exists a rainbow (α

(1)
i , α

(2)
i )-path. It can be easily verified that there

is no coloring of 2 colors giving a rainbow connected Gm,2. Hence rc(Gm,2) = diam(Gm,2) + 1 = 3.
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Figure 6. The coloring of G(2,2)-subgraph of G(2,t)

Suppose that t > 2. Let H1 and H2 be subgraphs of Gm,t containing u and v, respectively, where
H1
∼= G(t) ∼= H2 (H1 = H2 if possible). IfH1 = H2, then there exists a rainbow (u, v)-path by the same

argument in Theorem 16 with an adjusted path in GH1
2 in Table 5. Now, we suppose that there is no

H1, H2 whereH1 = H2. Thus, there exist i1, i2 such that u, v ∈ V (B(τi1 ,τi2 )
) where 0 ≤ i1 < i2 ≤ 2. By

Lemma 15, there exist an odd-colored rainbow (u, u′)-path P1 and an even-colored rainbow (v, v′)-path
P2 where u′ and v′ are the only vertices in V (GH1

2 ) and V (GH2
2 ), respectively. If P1 and P2 intersect,

says at x, then the uP1xP2v is a rainbow (u, v)-path. Suppose P1 and P2 are disjoint. We have that
u′ ∈ {τi1 , τi2 , α

H1
i3
} and v′ ∈ {τi1 , τi2 , αH2

i3
}where αH1

i3
and αH2

i3
are the direct descendants of τi1 and τi2

in H1 and H2, respectively. If u′, v′ ∈ {τ0, τ1, τ2}, then connecting P1 and P2 by u′v′ gives a rainbow
(u, v)-path as the color of the triangle τ0τ1τ2 is bt+1. Consider case u′ = αH1

i3
and v′ = τi for some

i = i1, i2. Without loss of generality, we suppose that v′ = τi1 . If ct(αH1
i3
τi1) 6∈ ct(P1) ∪ ct(P2), then

connecting P1 and P2 by αH1
i3
τi1 gives a rainbow (u, v)-path. If ct(αH1

i3
τi1) ∈ ct(P1) ∪ ct(P2), then we

connect P1 and P2 by αH1
i3
τi2τi1 which gives a rainbow (u, v)-path by Table 4 and Figure 6. If u′ = αH1

i3
,

v′ = αH2
i3

and αH1
i3
6= αH2

i3
, then we connect P1 and P2 by αH1

i3
τi1τi2α

H2
i3

. Thus Gm,t is rainbow-connected
and t ≤ rc(Gm,t) ≤ t+ 1.

Next, we show that rc(Gm,t) 6= t. Let c be an edge-coloring giving a rainbow connectedGm,t. Suppose
|c(Gm,t)| = t. Consider an even t. Let H3, H4 ⊂ Gm,t be such that H3

∼= G(t) ∼= H4 and αH3
k 6= αH4

k for
all k = 0, 1, 2. So V (H3) ∩ V (H4) = {τ0, τ1, τ2}. Let x = α0(01)

t−2
2 and y = α1(10)

t−2
2 . By Lemmas 8

and 12, there are a unique geodesic (xHi , αHi0 )-path PHi1 and a unique geodesic (yHi , αHi1 )-path PHi2

in Gm,t for i = 3, 4. Since B(τ0,τ1) is the minimal bundle containing both xH3 and xH4 , a geodesic
(xH3 , xH4)-path must contain τ0 or τ1, and d(xH3 , xH4) = t by Lemmas 8 and 12. Since PH3

1 and PH4
1 are

the unique geodesic paths of length t
2 − 1, the rainbow (xH3 , xH4)-path is PH3

1 τ0τ1P
H4

1 , or PH3
1 τiP

H4

1

for some i = 0, 1. Hence c(PH3
1 ) ∩ c(PH4

1 ) = ∅. Thus, we need t− 2 colors to color PH3
1 and PH4

1 . Now,
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Table 5. List of a rainbow path in G2(t) where 0 ≤ i < j ≤ 2

u′ v′ (u′, v′)-path list of colors lists of colors
when t is even when t is odd

α0 α1 α0τ1α1 b2b1 b2b3

α0 α2 α0τ0α2 b1b2 b1b2

α0 τ2 α0τ0τ2 b1bt+1 b1bt+1

α0τ1τ2 b2bt+1

α1 α2 α1τ2α2 b2b1

α1τ2τ0α2 b1bt+1b2

α1τ1τ2α2 b3bt+1b1

α1 τ0 α1τ1τ0 b1bt+1 b3bt+1

α2 τ0 α2τ0 b2 b2

α2τ2τ0 b1bt+1 b1bt+1

α0 τ1 α0τ0τ1 b1bt+1 b1bt+1

α2 τ1 α2τ2τ1 b1bt+1 b1bt+1

α2τ0τ1 b2bt+1 b2bt+1

τi τj τiτj bt+1 bt+1

we consider a rainbow (xHi , yH4)-path for i = 3, 4. By Lemmas 8 and 12, a path PHi1 τ1P
H4

2 is a unique
geodesic (xHi , yH4)-path for i = 3, 4 with length t. Hence, we need at least t− 1 colors to color PH3

1 τ1

and PH4
1 τ1, and c(τ1PH4

2 ) ∩ (c(PH3
1 τ1) ∪ c(PH4

1 τ1)) = ∅. For t > 2, it follows that |c(τ1PH4
2 )| ≥ 2. Thus

|c(Gm,t)| ≥ t+ 1, a contradiction. By using a similar argument along with Lemmas 9, 10 and 12, we
have that rc(Gm,t) 6= twhen t is odd. Therefore rc(Gm,t) = t+ 1 form > 1 and t > 1. �

5. Conclusion

In this work, we give a rainbow connection number of a generalized Farey graph Gm,t for allm ≥ 1

and t ≥ 1. In casem = 1, the rainbow connection number of Gm,t achieves the lowest possible value
among the graph with the same diameter. We also show that diam(Gm,t) = t for m ≥ 1 and t ≥ 1.
Several unique geodesic paths in Gm,t are also given.
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