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1. INTRODUCTION

It is a well-known fact that the mathematical results regarding fixed points of con-
traction type mappings are very useful for determining the existence and uniqueness
of solutions to various mathematical models.Over the last 40 years,the theory of fixed
points has been developed regarding the results that are related to finding the fixed
points of self and nonself nonlinear mappings in a metric space.

The study of fixed points for multi-valued contraction mappings was initiated by
Nadler[18] and Markin[8].Several authors proved fixed point results in different types
of generalized metric spaces|1, 3, 5, 7, 10, 11, 12, 13, 14, 15, 16, 17, 19].

Azam et al.[1] introduced the concept of a complex valued metric space and obtained
sufficient conditions for the existence of common fixed points of a pair of mappings sat-
isfying a contractive type condition.Subsequently,Rouzkard and Imdad [6] established
some common fixed point theorems for maps satisfying certain rational expressions in
complex valued metric spaces to generalize the results of [1].In the same way, Sintu-
navarat et al. [21, 22] obtained common fixed point results by replacing the constant of
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contractive condition to control functions.Recently ,Sitthikul and Saejung [9] and Klin-
eam and Suanoom [4] established some fixed point results by generalizing the contrac-
tive conditions in the context of complex valued metric spaces.Very recently,Ahmad et
al.[7] obtained some new fixed point results for multi-valued mappings in the setting
of complex valued metric spaces.

Throughout this paper,N and C denote the set of all positive integers and the set of
all complex numbers respectively.

A complex number z € (' is an ordered pair of real numbers, whose first co-ordinate
is called Re(z) and second co-ordinate is called Im(z). Let zi, 2o € C. Define apartial
order 3 on C as follows:

21 2 29 if and only if Re(z1) < Re(zz), Im(z1) < Im(zs).

Thus z; 3 2, if one of the following holds:

(DRe(z1) = Re(z2) and Im(z) = Im(zq),

(2)Re(z1) < Re(z2) and Im(z1) = Im(z2),

(3)Re(z1) = Re(z2) and Im(z) < Im(zq),

(4)Re(z1) < Re(z2) and Im(z1) < Im(zz).

We will write 2, 3 2, if 21 # 2z» and one of (2), (3) and (4) is satisfed;also we will write
21 < 2o if only (4) is satisfed.

Definition 1.1. ([1]) Let X be a non empty set. A function d : X x X — C is called a
complex valued metric on X if for all x,y, 2 € X the following conditions are satisfied:
(1) 0 2 d(z,y) and d(x,y) = 0 if and only if = = y;

(i) d(z, y) = d(y, z);

(iii) d(z,y) 2 d(z, z) + d(z,y).

The pair (X, d)is called a complex valued metric space.

Let {x,} be a sequence in X and x € X.If for every c € C with 0 < c thereisng € N
such that for all n > ng, d(z,,z) < ¢,then {z,} is said to be convergent to = and z is
called the limit point of {x, }.We denote this by lim,, .z, = x or z, — z as n — oco.If
for every ¢ € C with 0 < ¢ there is ng € N such that for all n > ng, d(z,, Tpim) < ¢,
where m € N,then {z,} is called Cauchy sequence in(X, d).If every Cauchy sequence
is convergent in (X, d) then (X, d) is called a complete complexvalued metric space.
We require the follwing lemmas.

The following lemmas are very useful for further discussion.

Lemma 1.2. ([1]) Let (X, d) be a complex valued metric space and let {x,} be a sequence
in X.Then {x,} converges to x if and only if |d(z,,x)| — 0 as n — oc.
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Lemma 1.3. ([1] Let (X, d) be a complex valued metric space and let {x,} be a sequence
in X.Then {x,} is a Cauchy sequence if and only if |d(z,, xnim)| = 0 as n,m — oc.

Now we follow the notations and definitions given in [7].
Let (X, d) be a complex valued metric space. We denote
s(z,) ={22€C:2z 3 z}forz € Cand
s(a,B) = U s(d(a,b)) = | {z € C :d(a,b) 3z} fora € X and B € C(X).

beB beB

For A, B € C(X), we denote
s(A, B) = ( N s(a,B)) N (m s(b, A)).

acA beB

Remark 1.4. ([7]) Let (X, d) be a complex valued metric space and let CB(X) be a col-
lection of nonempty closed subsets of X. Let 7' : X — C'B(X) be a multivaluedmap.For
r € X and A € CB(X),

define W, (A) = {d(z,a) : a € A}.

Thus , for z,y € X. W,(Ty) = {d(z,u) : u € Ty}.

Definition 1.5. ([7]) Let (X, d) be a complex valued metric space.A nonempty subset
A of X is called bounded from below if there exists some z € C such that z < a for all
a € A.

Definition 1.6. ([7]) Let (X, d) be a complex valued metric space. A multivalued map-
ping F' : X — 2% is called bounded from below if for each v € X there exists 2z, € C
such that z, S u for all u € Fx.

Definition 1.7. ([7]) Let (X,d) be a complex valued metric space.The multivalued
mapping 7' : X — CB(X) is said to have the lower bound proerty (1.b.Property) on
(X, d) if the for any z € X, the multi-valued mapping F, : X — 2¢ defined by F,(y) =
W, (Ty) is bounded from below.That is for =,y € X there exists an element [, (Ty) € C
such that [,(Ty) = u, for all u € W,(Ty), where [,.(Ty) is called a lower bound of T
associated with (z,y).

Definition 1.8. ([7]) Let (X,d) be a complex valued metric space.The multivalued
mapping 7' : X — CB(X) is said to have the gretest lower bound proerty
(g.1.b.Property) on (X, d) if the gretest lower bound of W, (T'y) existsin C for all z, y € X.
We denote d(x,T'y) by the g.l.b.Property of W, (Ty). That is d(z, Ty) = inf{d(z,u) : u €
Ty}.

Definition 1.9. ([20]) Let f : X — X, 5 : X — CB(X).f is said to be S-weakly com-
muting at z € X if f?z € Sfx.
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2. MaiNy REsuLts

Theorem 2.1. Let (X, d) be a complex valued metric space.
Let S,T : X — CB(X) be multi valued mappings f,qg: X — X satisfying
(2.1.1)Sz C g(X), Tz C f(X),Vx € X

(2.1.2)ad(fz, Ty) + bd(gy, Sz)+ %W € s(Sxz, Ty)

forall x,y € X and a, b, c are non negative reals such that 2a + 2b < 1,
(2.1.3) f is S weakly commuting and g is T weakly commuting,

(2.1.4)f(X) is complete.

Then (f,S) and (g,T) have the same coincidence point.

Proof. Let x; be an arbitrary point in X. Write y; = fz,.Since Sz; C g(X), there exists
9 € X such that y, = gxy € Sx;.
From (2.1.2) ,we have

ad(fz,,Txs) + bd(gz,, Sx1)+- fﬁ;ﬁ?ﬁifj(ggx)sﬂcl € s(Swxy, Txs).

ad(fz,,Txs) + bd(gz,, Sx1)+- difey Trg)dlory,571) ( N s(x,Txg)).

L+d(fr;.m2) et

z,,Txs)d(gx,,ST
ad(fx,,Txs) + bd(gzy, Sx1)+- flid(]?;l(gx; ) ¢ s(x,Txy),Vz € Sxy.

ad(fxy, Tre) + bd(gz,, le)—l—Cd(fﬁigfjfiffggx)’sml) € s(gra, Txs).

cd(fxq,Txy)d(gz,,Sx
ad(fxy, Txe) + bd(gz,, Sx1)+ (flﬂrd(;ilfggx; de U s (d(gz,, x)).
x€Txo

Since Tzy C f(X),there exists some x5 € X with y; = fz3 € Ty suchthat ad(fz,, Tx2) + bd(gx,, Sz1)+

s (d(gzy, f3))-

Hence

cd(fx,,Txy)d(gzs,ST
d(gzy, frs) 3 ad(fay, Tws) + bd(ga,, Say)+ I prderasn),

cd(yq,y3)d(y,,
d(yga y3) r'-\<./ ad<y17 y3) + bd<y27 92)4—%

|d(y2, y3)| < a|d(yr,y2)| + ald(y2, y3)|.

|d(ys, y3)| < % |d(y1, yo)]. ‘o1
Now,

ad(fxy, Txo) + bd(ga,, Sts)+= fﬁiﬁf;ij(ggjj)’s%) € s(Sxg, Txs).

za,Txs)d(gx,,ST
ad(f, Twa) + bi(gey, Swg)+ A Tra)dletz5t) e( N s(Sx3?y>>.

y€Txo
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ad(fay, Ts) + bd(gz,, Sws)+ A IGdlMn) ¢ 5(Suy,y),Vy € Tiry

ad(fxy, Txa) + bd(gz,, Sacg)—l-Cd(fﬁigchii(ggjjjs%) € s(Sxs, fxs).

cd(fxq,Txs)d(gx,,ST
ad(fy, Twz) + bi(gy, Swo)+ppiBia=st € U s (d(y. fr3)).
YyeEST3

Since Sz3 C g(X),there exists some z, € X withy, = gz4 € Sxssuchthat ad(fz,, Txs) + bd(gz,, Sw3)+

s (d(gzy, f3))-

Hence

Tq,Txs)d(gx,,ST
d(gz,, frs) 3 ad(fry, Txs) + bd(gz,, Sig)+- A 11d(;3»‘3(§x22) 2,

d
d(y?n y4) N ad<y3’ y3) + bd(yQ’ y4)+ (Ziizle)/:),(;/j)w) )

|d<y37 y4)| < b ‘d(y% y3)‘ +b |d(y37 y4)|
’d(y37y4) < ‘d(yzyg) e (2)
putting i = maz {%, % } and we continuing in this way, we get

(Y, Ysr)| < Ay, 10 y)]
S h2 |d<yn—27 yn71)|

< ht |d(y1, ?Jz)’
Now for m > n consider

‘d(yn,ym)’ < ’d(yn,ynﬂ) + d(Y 1 Ynr2) + e + Yy Ym)
<hvle 4 R ’d(yl’yg)
< [’l"

1

— |1
Thus {y,} is a Cauchy sequence in X.

]—) 0asm,n — oo.

Since f(X) is complete , {211} = {fs,,,} is Cauchy,it follows that {y,.1} converges

to u € f(X).Hence there exists v € X such that u = fv.

Since {y,} is a Cauchy sequence and {ys,+1} — u it follow that {ys,} — w.

ad(fv, Txay,) + bd(gx,,, Sv)+- fﬁfﬁf}%jﬁj;’sv) € s(Sv, Txay,).

v,Tx,,,)d(gz,, ,Sv
ad(fv, Txay,) + bd(gx,,, Sv)+- fHd(fZ g(in) ) e ( N S(Sv,y)>.

yETan

ad(fv, Txay,) + bd(gx,,, Sv)+- fﬂfﬁf}iﬁgjy’sv) € s(Sv,y),Vy € Txg,.

ad(fv, Txay,) + bd(gx,,, Sv)+- fﬁf;f;gﬁg::;’sv) € s(Sv, yant1)-
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v, Tx Ty, SV
ad(fv, Txe,) + bd(gzx,,, Sv)+- fHd(QJ?v)’;ij)” ) e 1U s (d(u', y2n11))-
uleSv

There exists v,, € Sv such that

cd(fv,Txy,)d(gz,,, ,Sv
ad(fv Tx2n) + bd(gx2n7 SU) f1+d(2;3 g(zij)n ) €s (d(vna y2n+1))'

Therefore d(v,, Yo,41) 2 ad(fv, Txa,) + bd(gx,,, Sv)+° A ifgf}bgcggj:; 5v)

Using g.l.b.property, we get

cd(fv,y9, d(Yop, Vn
A(Vn, Yons1) = ad(F0,Yans1) + by, v)+ g zntn)

Using triangular inequality, we obtain

cd(fv,ya, d noUn
A(Vn; Yans1) 3 ad(f, Yons1) + (Y, Yonr1) + by 1, V) + Y 1?fd(t‘t)),y212) g
V,Y2n d nUn
U0 011) 3 2500 U011) + 25 ) + 55 L)
Now consider
d(fv7 Un) ,.—5 d(f/U, y2n+]_) + d(y2n+17 Un)_

a ¢ Ad(fv,y2n+1)d(Ya,,,vn
2 d(fv,yani1) + 1500, Yania) + %d(y%, Yons1) + 75 U fﬁd(?g,;jj) :

[d(fv,v.)| < Jd(fv, yons1)| + 7% 1d(fV, Y2ni1)| + 1%17 |d(Ysy,» Yon+1)]
o 140020 0)l|d(ya000)|

+15 [ d(om,) . Letting n — oo,

we obtain

|d(fv,v,)] — 0 as n — co.By Lemma 1.2,we have v,, — fv as n — oc.
Since Swv is closed and {v,} C Swv, it follows that fv € Sv.
Now u = fv € Sv and Sv C g(X) it follows that u = fv = gw for some w € X.

ad(fwa,_1, Tw) + bd(gw, ngn_1)+Cd(fmf;;gﬁjfglg’jfz"’1) € s(Swo,_1, Tw).

cd(fron—1,Tw)d(gw,Sxon— 1)
14+d(fron—1,9w)

€ < N s(yl,Tw)>.

y1€S$2n_1

ad(fro,_1, Tw) + bd(gw, Sxe,_1)+

Cd(f$2n71 7Tw)d(ngsx2nfl)
1+d(fran—1,9w) :

€ s(y', Tw),Vy' € Sxo, 1.

ad(fron_1, Tw) + bd(gw, Sxo,_1)+

cd(fron—1,Tw)d(gw,Sxan—_1)
1+d(f12n7 1 ,g’LU)

ad(fron—1, Tw) + bd(gw, Sxen_1)+ € s(yon, Tw).

d n—1,1w)d(gw,STon—
ad(fl?n—la Tw) + bd(gw7 Sx?n—1>+c (f$21+c1i(fxz)nfglf2wsvz . © ulgw ’ (d(?/?m UI))

There exists some w,, € Tw such that

cd(fxon—1,Tw W,STom—
ad(fro,_1, Tw) + bd(gw, Sxe, 1)+ d(f 21+cll(?m2)j,(gl,gw)2 1) ¢ s(d(Yan, wy))-
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cd(fron—1,Tw)d(gw,Sxon_—
d(yon, wy) 2 ad(fre,—1, Tw) + bd(gw, Sxe,_1)+ ( 21+cll(f12)nf‘(j,gw) 2n-1)

Using g.l.b.property, we obtain

cd(yon—1,wn)d(gw,yan
d(ana wn) ,-5 ad(y2n—la wn) + bd(9w7 y2n)+ (yi—&—dl(ygnzl(,gw)w )

Using triangular inequality, we have

cd(yon—1,wn)d(gw,y2n
d(y2n> wn) j ad(anfla y2n) + ad(yZna wn) + bd(gw> an)+ (yi_i_dl(anzl(,Zw)yQ )

[ d(y2n71 7wn)d(gw7y2n)

d(y2n7 wn) ;5 ﬁd(yZn—la an) + %d(gwa y2n) + 1—a 1+d(y2n—_1,9w)

Now consider d(gw, wy,) T d(gw, y2,) + d(Ys,,, Wn).

a c d n—1,Wn d w,Yan
r—\<./ d(gw7 y2n> + Ed(an—lv y2n> + Tbad(gwa y2n) + 1—a (y21+;(y2n)71(’ggw§/2 )
’d<gwa wn)’ < ’d(gwa y2n)‘ + ﬁ ‘d(y2n717 y2n)’ + 1Tba ’d<gw7 y2n)‘

+ |d(y2n717wn)||d(gw7y2n)|
1—-a [14+-d(y2n—1,9w)| ’

Letting n — oo we get

|d(gw,w,)| — 0 as n — c0.By Lemma 1.2, we have w,, — gw as n — oc.

Since T'w is closed and {w,} C Tw, it follows that gw € Tw.

We have u = fv = gw € Tw.

Since f is S-weakly commuting and g is T-weakly commuting we have

f2v e Sfv= fu € Suand ¢’>w € Tgw = gu € Tu.

Thus the pairs (f, S) and (g,7") have the same coincident point. O
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