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ABSTRACT. In this paper, we obtain some new transformations relating quadruple hyperge-
ometric function F*) of Srivastava and quadruple hypergeometric functions Ds, K12, K3
of Exton. Two correct forms of an erroneous transformation of Exton are also given.
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1. INTRODUCTION

During 1970-71, Srivastava gave the following quadruple hypergeometric function F'®) [22,
p.70(2.5); 23, p.229(1.1); 24,pp.35-36(1.2), pp.39-40(2.3,2.4); 25,pp.147-148 (36-37), p.232(43-
44)]
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where Ffég is Kampé de Fériet’s double hypergeometric function in the notation of Srivas-
tava and Panda[26,p.423(26); see also 27,p.23(1.2,1.3)].

Now we generalize (1.1) by increasing the number of numerator and denominator parameters.
For the sake of convenience, we write in the following slightly modified notation different
from (1.1)

(aa):: (b); (dp); (er); (9a): (hu); (dp); (mar)s (9a);

F@ w,T,Y, 2
(nwv):z (pr); (4Q); (Tr) 35 (ss): (t1) 5 (4q) 5 (uv) 5 (ss) 3

[ee]

N o (aa) z+J+k+v [(dp)]i+xl(96)]j+0[(0B)il(e));[(hm)]k[(mar)]s wialyF 2"
ZJZZOZ PN 2 N O (8 Y (P N
(1.2)

where the notation (a4) denotes the array of A parameters given by aq,ag,as, -+ ,a4 and

3 v

Pochhammer’s symbol [(a4)],, is defined by

A
= T1{(s),)
n=1
where
F(;(";rm pifa, #0,—1,-2,-3,...
(@n)m = an(a, +1)(a, +2)-- (an +m—1); ifm=1,23,...
1;ifm=0

with similar interpretation for others.

The quadruple hypergeometric function (1.2) of Srivastava is the unification and generaliza-
tion of Exton’s some triple and quadruple hypergeometric functions[5;11], some triple hy-
pergeometric functions of Jain[13] and Saran[20;21], Lauricella’s quadruple hypergeometric
functions F “ ) F gl), Fgl), F 1(74)[16,pp.113—114], Chandel’s quadruple hypergeometric func-
tion %E( )[Q,p.120(2.3); see also 3], Carlson’s function of four variables R[1,p.453(2.1)],
Karlsson’s generalized Kampé de Fériet function of four variables F4'5[12,p.108(3.7.3);
14,p.265(1)], Exton’s quadruple hypergeometric functions %E,(j), %EM) [6; see also 12, p.89
(3.4.1,3.4.2)], K5, Ko, K9, K12, Ki3, Ko, K217 and 8; see also 12,pp.78-79], Karlsson’s
quadruple hypergeometric function (k)Fgll))[lB p.212(1.1) with suitable values of k|, quadru-
ple hypergeometric functions (k)FXg, (k)FIE‘%, *) ) wp of Chandel and Guptal[4,equations(1.4,
1.5, 1.6) with suitable values of k£].
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During 1971-73, Exton[12,p.89(3.3.4.7); see also 9;10] gave the following quadruple hyperge-

ometric function
00 00 00 o0
D5[aabv ¢, daea fa z,y, Zat] =

m=0 n=0 p=0 ¢=0

(@)m (0)n(¢)p(d)g(€)p+g—m—n(f)mtn—p—q z"y" "1
m! n! p! ¢!

(1.3)
which is the generalization of Pandey’s function Gg[17,pp.115-116].

During 1972-73, Exton[12,p.78(3.3.12,3.3.13)] defined the following two quadruple hyperge-

ometric functions

E?;ES)ZK12[Q,CL7(I,(Z; b,C,d,G; f7fagag; mayvzat]

oo o oo

ZZZ m+n+p+q (D)m(e)n(d)p(e)q ™y 2 11 (1.4)
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3

which is the generalization of Saran’s triple hypergeometric function Fg[20;21; see also
25,p.67(28)]. In another notation of Exton[12,pp.90-91], K2 is also denoted by 2)E(A‘)

KlS[a7a7a7a; b7C,d,€; f7f7g7h; xay7z7t]

_ ZZZZ m+n+p+q (0)m(c)n(d)p(e)q ™ y" 2Pt (1.5)

I n! ol gl
=0 =0 p=0 g— Pm+n(g)p(h)g m! nl p! ¢!

which is the generalization of Lauricella’s triple hypergeometric functions Ff’), F3[16,pp.113-
114]. Tn 1954, the notation F was used by Saran|[20;21] for Lauricella’s triple hypergeometric

function Fy in his systematic study of triple hypergeometric functions of Lauricella’s set.

Exton[12,p.117(4.1.25)] gave the following transformation

Y z t
l—a2'1—y 1—2"1—t

Dsla,b,c,d, 1 —d,1—e¢;

= (1—2)*(1—y)’(1—2)°(1—t)! Ki3[d+e—1,d+e—1,d4+e—1,d+e—1; a,b,c, f; e,e,d, f; x,v, 2, ]
(1.6)
Infact above transformation is incorrect and was obtained from Pochhammer’s double loop

type contour integral representation for Kis.

In our investigations, we shall use the following transformation of Pandey[17,p.116(3.11); see
also 18,p.1240(1.9)]

x y z
r—1y—12-1

Ggp|l—a,c,d,e; b;

= (1—2)(1 -yl —2)° Fgla+b—1,a+b—1,a+b—1,c,d,e; a,bb; x,y, 2] (1.7)
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where Pandey’s triple hypergeometric function Gg[17,pp.115-116] is defined by

oo o0 o0 m, n.p
Ggpla,b,c,d; e; x,y, 2] = ZZ n+p m(O)m()n(d)p 2y (1.8)

— €)ntp—m m! n! p!

and Saran’s triple hypergeometric function Fg[12; see also 25,p.67(28)] is defined by

[e'e) oo 00 d mnp
Bo: Fola,a,a,b.ed: e f, fi 2y, 2 zzz m+"+p (Ol )y Y g
=0 n=

m(f)n+p m! n! p!

"@

Euler’s linear hypergeometric transformations[19, p.60, Theorems 20 (4,5); see also 25, p.33
(19,20,21)] are given by

a, b ; a, c—b ;
2F1 z = (1 — Z)_a QFl ﬁ (110)
C ; c )
b, c—a ;
=(1-2)" P = (1.11)
& 7
c—a, c—b ;
=(1—2)""" R 2 (1.12)

(c ¢ {0,—1,—2,...} and |arg(l — 2)| < 7r>
2. MAIN HYPERGEOMETRIC TRANSFORMATIONS

We obtain the following transformations by series rearrangement techniques

Y z t
D b, c,d,
5{(1 ¢ de f; J;l—y 1—2z 1—4
l—e—fucsl—f—dsa;-:
— (1 . I)a(l . y)b(l . Z)c(l . t)d+e+f71 F(4)
—ul—f—d;1—f 51 —e:
Sl—f—dibs-
ﬁvﬁaﬁa% (2]‘)
S 1=fisl—e
l—e—fusl—f—djas;-:
_ (1 _ $)a<1 o y>b<1 - Z)c(l . t)d+e+ffl F(4)
—ugl—fisl—e:
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1_6_f baa, _f_d:
_ (1 _ l‘)a(l _ y)b(l _ Z)C(l _ t>d+e+f—1 F(4)

a5 el —f—d

sl—el—f—d; 1—f;
= (1-2)"(1-y)"(1 - 2)°(1 - )"x
xKpp[l—e—f,1—e—f,1—e—f,1—e—f; a,b,c,d; 1—e,1—e,1—f, 1—f; x,y,2,t] (2.9)
Infact the transformation (2.9) relating Ds and Ko is a known transformation of Ex-

ton[12,p.117(4.1.24)] and was obtained from Pochhammer’s double loop type contour integral

representation for Ki,.
3. DERIVATIONS OF HYPERGEOMETRIC TRANSFORMATIONS (2.1),
(2'2)7 T (2°9)

Suppose left hand side of Exton’s quadruple hypergeometric function Dj of transformation

(2.1) is denoted by S, then its power series form is

g_ i i i i )p(@)q(€)ptrg—m—n(f)min—p—q (ﬁ)m(ﬁ)n(ﬁyp(ﬁ)q
e Sopar o fomr m! n! p! ¢!
z x Y
2—1"z-1y—-1

_ f: (d)q(e)q (5 : 7)4
= (=1 d
Now using the hypergeometrlc transformation (1.7) in G of (3.1), we get

GB{f—q,c,a,b; l—e—g; (3.1)

)g (77)" (1 —2)*(1 —y)°(1 — 2)°
5= Z (1 - f)q q! *
ng[l—e—f,l—e—f,l—e—f,c,a,b; g—f+1,1—e—q1l—e—gq; z,x,y]
. a c g (1 — € f)m—i—n—l—p(d)q(C)m(a)n(b)p menyp(ﬁ)q
= (1-2)"(1=y)"(1=2) (1= f)gtm(l — €)pip_q m! nl p! g!

m=0 n=0 p=0 ¢=0

SR RIS 3 ) Pt LT L UKL

(1= flm(1 = €)pyp m! n! p!
d, e—=n—p ;
eh = (3.2)
I—f+m :
Now using Euler’s first linear transformation (1.10) in 2 F7 of (3.2), we get

S = (- 0P - -2 -t Y Y 3 B el Dl S

Jm(1 — €)pip m! nl pl

m=0 n=0 p=0

m=0 n=0 p=0
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dy1—e—f+m+n+p ;
Xo by "
1—f+m :
d 0O 00 00 00 (1 —€— f)m+n+p+q(d)q(c)m(a)n(b)p Zm-Tnyptq
(1 - f)m—i—q(l - €)n+p m! n! p' q'

= (1-2)"(1-y)"(1—2)°(1~1)

(3.3)
Now interpreting the definition (1.4) of Exton’s function K in (3.3), we get (2.9).

If we use Euler’s second linear transformation (1.12) in o F of (3.2), we obtain
S=1—2)"(1—y)"(1—2)(1 - )
y i - i (1 —e = Pminip(@m(a)nd)y (5)"(5)"(5)"
(1 - f)m(l - e)n—I—p m! n'p'
l-d—f+4+m, 1—e—f4+m+n+p ;
Xo I ﬁ
1—f+m ;
=(1—2)'(1—y)"(1 - 2)°(1 = )

X f: iii (1 — €6 f)m+n+p+Q(1 —d— f)m—l—q(c)m(a)n(b)p (ﬁ)m(%)n(%)q(%)p

(1= Doral = gL —d— ) mlnl plg]

X

=(1-2)"(1 -9’1 —2) Q-

o o o (=€ = Pngnapra(l = d = [linsg(@)n(0)m (D) (75)1(15)" (35)™ (75)"
X220 (1= gl — €)urp(L —d — f)m m! nl pl g

= (1—2)*(1—y)’(1 — 2)°(1 — t)*rer~1x
(1=~ Fmtntpra(l = d = [lmig(@)n(c)m(b)p (155)™(75)P (7)1 (15)"

XZZZZ (L= Dvral = gL — d = [ ml 0l pl ]

= (1= 2)"(1 —y)"(1 = 2)°(1 — )™
(1= ¢ = Pmsnspral = @ = Hea®plOm(0)n ()P (52" (55)"

2220 (1= Pmra(L — ©)mrg(L —d — f)e m! 0l pl g

(3.7)
Now interpreting the definition (1.2) of Srivastava’s quadruple hypergeometric function F(*)
n (3.4), (3.5), (3.6), (3.7), we get (2.1), (2.2), (2.3), (2.4) respectively.

Similarly if we change the order of summation indices in (3.4), (3.5), (3.6) and (3.7), we
obtain (2.5), (2.6), (2.7) and (2.8) respectively.
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4. CORRECT FORMS OF HYPERGEOMETRIC TRANSFORMATION (1.6)
Suppose K13 of (1.6) is denoted by 7', then its quadruple power series form is

N o = = (64 d = Dmtntpig b)n(c)p(f)g x"y" 2Pt
712;2; R 4

i e+ d - 1 Z Z (e+d—1 +p)m+n+q(f)q(a)m(b)n ™y

p=0 p p' m=0 n=0 ¢=0 (e)m-i-n(f)q m! n! q'

o

D
p' p(C)p 2 Fgle+d+p—1,e+d+p—1,e+d+p—1, f,a,b; f,e,e; t,x,y] (4.2)
p

e—l—d »(C)p
pp'

p
: FG[e+d+p_17€+d+p_]-7€+d+p_]-ad+p7a7b7 d+p7€a €; t,l’,y]

“MWM

(4.3)
Since we can not apply Pandey’s transformation (1.7) in (4.2) because parameters are re-

stricted, therefore we shall apply (1.7) in (4.3) with restricted parameter d + p in place of

f
- 6+d—1()p(ZV

T=01-2)(l-y -y Lo
p=0 Dy P!

t T Y
t—1'z-1y—-1

XGB[l—d—p,d—i-p,a,b; e;

=(1—2)"(1—y) 1—td§:e+d b ()

)p D!

t x Yy

= & (1 = Dl DIl ()75 )
220, -

(e)nJrq*m m! n! q!

€T

=(1-2)0-y"a-t

= & & (L= Dty p D@yl + d = Dy(e)y (Z)M ()" (5" ()"
X220

(€)nt+q—m(d), m! n! p! ¢!

(4.4)
which can not be written in terms of Exton’s quadruple hypergeometric functions Dy, Do,
D3, D, and D5[12,pp.88-89; see also 9;10].

Similarly we can express K3 from (4.1) into another form

- d—1),t
T:Z (et ' )a Fgle+d—1+q,e+d—1+q,e+d—1+q,c,a,b; d,e,e; z,x,y] (4.5)
q!

We can not apply the Pandey’s transformation (1.7) in Fg of (4.5) due to parameter e + d —
1+q.
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Now writing again K;3 in the following form

P X > ntptq(@)m(D)n(c)
[

e+d_1m+ m
T=3 333 <)e>m+ (d), mlnl pl g

m=0 n=0 p=0 ¢=0

p TY" 2P
!

oA — e+d—1)mintp(C)p(@)m(b)n ™ nap(] — ¢)(d-d-e-m-n-—p)
:ZZZ( Jm+ntp(€)p(@)m(b)n ™y 2P (1 —¢)

(e)m-‘rn(d)p m! n! p'

=(1-t)DEsle+d—1e+d—1e+d—1,ca,b; d,e,e; 1it’1it’1gt] (4.6)

Now we can apply the transformation (1.7) in Fg of (4.6), we get
Kisle+d—1,e+d—1l,e+d—1,e+d—1; a,b,c, f; e e d, f; x,y,z2,1]

=(l—z—t)"Q—y—1)""1—z—t) (1 —t)edtethtex

z x Yy
Gpll—d b; e; 4.7
X B|: 7C7a77euz+t_17x+t_1ay+t_1:| ( )

which is the correct form of incorrect transformation (1.6) of Exton.

Now making suitable adjustment of parameters in Exton’s transformation (2.9), we can

write easily

x Y z t a b c d
D b,c,d,1—d,1—e; =(1- 1— 1— 1-—1t
5(a,0,Ca, ) €; 1—$,1—y’1—271—t ( $)( y)( Z)( )X

xKple+d—1l,e+d—1l,e+d—1,e+d—1; a,be,d; d,d,e,e; x,y, 2,1 (4.8)

which is another correct form of incorrect transformation (1.6) of Exton.
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