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ABSTRACT. In this paper, the analytical and numerical evaluation of a generalized K(n, 2n,
-1n) equation is studied by the qualitative theory of bifurcations method. The result shows
the existence of the different kinds of traveling wave solutions of the generalized K(n, 2n, -n)
equation, including solitary waves, kink and anti-kink waves, periodic wave and compacton
wave, which depend on different parametric ranges. These results completely improve the
study of traveling wave solutions for the mentioned model stated in Wazwaz (App. Math.
& Compu. 173 (2006) 213-230).
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1. INTRODUCTION

The study of traveling wave solutions in particular, solitons, of partial deferential equa-
tions (PDEs), for various nonlinear evolution equations in mathematical physics plays an
important role. To obtain the traveling wave solutions for PDEs, a lot of systematic methods
have been developed, such as the inverse scattering method, the Backlund and the Darboux
transformations, the tanh-function method, the homogeneous balance method, the extended
tanh-function method and others [1, 2, 3, 4].

It is well known that solitons appear as a result of a balance between the nonlinear

convection uu, and the linear dispersion u,,, in the integrable nonlinear KdV equation
Uy + autiy + bugy, = 0; (1)

gives rise to solitons: waves with infinite support. Unlike the standard KdV soliton which
narrows as the amplitude increases [5], the compactons width is independent of the ampli-

tude. In other words, the compacton is a soliton characterized by the absence of infinite
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wings or tails. The soliton concept appeared for the first time in the context of nonlinear
lattices, then became a reality in many branches of science.

In nonlinear fiber optics, the long range interaction of solitons imposes a strict limitation
on the performance of long-haul fiber transformation [6]. The famous article of Rosenau
and Hyman was one of the first to call broad attention to the compactons phenomenon.
The concept of compactons: solitons with compact support, or strict localization of solitary
waves, appeared in [7, 8] where a genuinely nonlinear dispersive equation K(n,n) a special

type of the KdV equation defined by
w + a(u)y + (U )gze =0, n>1, (2)

that is a delicate interaction between a nonlinear convection (u"), with the genuine nonlinear
dispersion (u"),,, that generates solitary waves with exact compact support.

In this paper we consider the generalized K(n,2n, -n) equation,
U + a(u")x + [buQ"(U_n)mL - 07 n > 17 (3>

where a and b are two non-zero real number. Recently, by using the sine-cosine method and

the tanh method, Wazwaz [9] found for § > 0 a family of compact solutions:

.9 (nel /E 1
{apasysin® (%5 /F (@ —ct)) }o 1, |ugl <,

uy(x,t) =
0, otherwise
1 s 1 .
{a(;?il) cos? (”Q—Tf\/g(l" - Ct))}’“% gl < 3,
uy(z, t) =
0, otherwise

for other exact explicit solutions the reader may see [10]. However, the bifurcation behavior
of the traveling wave solutions for corresponding traveling wave equations haven’t studied in
its parameter space. It is very important to understand the dynamical behavior of solutions
for the traveling wave equation (3) in its parameter space.

To study the traveling wave solutions of equation (3), we substitute

u(ac, t) = u(§) - ¢(§)7 f =T — Ct7 (4>

with wave speed c. Substituting equation (4) in to equation (3) and integrating once we

obtain the following auxiliary ordinary differential equation:

bng" dee — bn(n + l)gb”_ngg —ag” +cp —c; =0, (5)
where, ¢; is an integral constant, equation (4) is equivalent to the planner dynamical
system:
do _ dy _nlnt D0 +a(g" = 9+ ) “
3 ng"! ’
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which has the first integral

1
H0.0) = gt + g (5,0

—_ C J—
where, o = 7, B=%andy=2

B

’y e
3n¢+%) — —h. (7)

Clearly, system (6) is a singular traveling wave system of the first class defined by [11, 12]
with one singular straight line ¢ = 0. Because the phase orbits defined by the vector fields of
system (6) determine types of traveling wave solutions of equation (3), we are going to find
all period annuluses and their boundary curves for system (6) and to describe all bifurcations
of phase portraits on the (¢, y)-phase plane and the bifurcation set on the parameter space
(cv, B, 7y) for system (6). We focus on the bounded traveling wave solutions and we give all
possible exact explicit parametric representations for the traveling wave solutions of system
(6).

This paper is organized as follows. In Sect. 2, we study the dynamical behavior of system
(6) when n = 2m and n = 2m + 1, m > 1 in the (¢,y) - plane. In Sects. 3 and 4, we

investigate the exact solutions of equation (3) when n = 2 and n = 3 respectively.

2. BIFURCATIONS OF PHASE PORTRAITS OF SYSTEM (6)

In this section, we study all possible phase portraits defined by system (6) when
the parameter (c, 3, v)are varied. Let d§ = n¢" 'd(. Then except on the straight line
¢ = 0, system (6) has the same topological phase portraits as the following associated
regular system:

e = (a4 16"+ al” - o +). 8

The dynamics of system (8) and (6) are different in the neighborhood of the straight line

¢ = 0. Specially, under some parameter conditions, the variable ( is a fast variable while

the variable ¢ is a slow variable in the sense of the geometric singular perturbation theory.

For n =2, ary > 0 and 8% —4v > 0, system (6) has two equilibrium points A; 5 = (¢1.2,0),

where ¢; = o \/m, Do = B+m . On the straight line ¢ = 0, there are two equilibrium

points Q12(0, £3v/Y;) with Y, = —6ay, if Y, > 0. Note that as H(¢;,y;) = h; changes,

system (6) defines different families of orbits of system (7) with different dynamical behavior.
For the function defined by (7) we have hy = H(0,0),

= H(¢1,0) = ag) ™" ( oY + 6 ¢1 + 37 )

= H(2,0) = a(g) ™" ( oy + 6 ¢2 + 3771)
0

Specially, for v = 252, and n = 2 we have H(¢;,0) = H(O, :I:YS) =
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Let M(¢;,y,) be the coefficient matrix of the linearized system of (8) at an equilibrium
point E;(¢;,y;) and J(¢;,y;) is the corresponding Jacobian determinant of the M (¢;, y;).

J(61,0) = detM(¢;,0) = —nadi ™ (ndi ™" — B),
J(¢2,0) = detM(¢, 0) = —nagy ™ (ngy ™ — ), (9)
J(65,;) = detM(g;,3;) = n?(n? — 1)g;" Dy2 — nag!~} (ng? ™" — B).

By the theory of planar dynamical systems [13, 14, 15], for an equilibrium point of a planar
integrable system, (i) If J < 0, then the equilibrium point is a saddle point. (ii) If J = 0
and the Poincaré index of the equilibrium point is zero, then the equilibrium point is a cusp
point. (iii) If J > 0 and trace(M) = 0, then the equilibrium point is a center point. (iv) if
J >0 and (trace(M))? — 4.J > 0, then the equilibrium point is a node point.

Corresponding to the phase curves we need to consider two different cases. For n > 2,
the straight lines ¢ = 0 is an integral invariant straight line of system (8). Denote that,
f(¢) = ¢"—Bod+7. So, f(¢) = ng"! — . Here we consider two sub-folds, for odd and even
positive integers, we choose respectively n = 2m+1 and n = 2m. Let ¢g = (g) = , forn # 0.
Here f/(460) = 0. We have frnoam(60) = 7+ (1= n77) (2)™ and fuzamsy(~do) =
= (17T (2)7

Thus, we have four level curves that partitioned the (5, v)-parameter plane into subregions

for fromy and fom+1y as shown in Fig. 1 (a) and Fig. 1 (b) respectively ;

)-
(b)
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FIGURE 1. Regions partitioned by bifurcation curves in the (3, 7)-plane for
m e Z*
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By using the above information to do qualitative analysis for & > 0 and a < 0, we have

the following bifurcations of the phase portraits of system (6) shown in Fig.2 - Fig.5.

<06 <04 -02 0y 02 0. 0.6 -04 -0.2 0 02 0 0.6

(a‘)(677) € Hfahl <0 (b>(ﬁa’7) € Blah5<hl <0

02 04 0.6
x

-03-

(d)(B;7) € Bg,ha <hg <hs| (e)(B,7) € Iy ,hs <0 | ()(B,7) € Bahg <hi <0

L5 2
N j %
-15 -2

(8)(8,7) € By, B=0 (h)(B,7) € B4,0<hs <hg | (i)(B,7) € Ba,hs <0 <hy

1

FIGURE 2. Bifurcations of phase portraits of system (6) in the (¢, y)-phase

plane when o > 0 and n = 2m
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(8)(B,7) € Ba,Ys <0,h1 <0

FIGURE 3. Bifurcations of phase portraits of system (6) in the (¢, y)-phase

plane when o < 0 and n = 2m
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1)(B,y) € Ty hi <0 | (e)(B,7) € C1,Ys <0< My
(d)(B,7) € Ci,h < ho (e)(B,7) € T,0<hy | (F)(B,7) € Co,A<0<

|
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(8)(8,7) € Co,Ys <hi<ha| (h)(B,7) € Ty,0<8

(1)(677) € 0477 <0< B

FIGURE 4. Bifurcations of phase portraits of system (6) in the (¢,y)-phase

plane when o > 0 and n = 2m + 1
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i

()(B,7) € T;,Ys=ho < h1 | (c)(B,7) € C1,ha < ho<hy

2

(e)(B,v) € Ca,ha=h1 < hg

(8)(B,v) € Cs,hg < hy < hy (h)(B,7) € Ty ,ho <~ (i)(B,7) € Cuhg <hy < hy

FIGURE 5. Bifurcations of phase portraits of system (6) in the (¢,y)-phase

plane when o < 0 and n =2m + 1
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3. PARAMETRIC REPRESENTATION OF EXACT WAVE SOLUTIONS OF EQUATION (3)
WHEN n = 2.

In this section, we shall consider all possible exact explicit parametric representations
for all bounded functions ¢(£) = 1/p(€) determined by system (6). Then, we obtain cor-
responding traveling wave solutions of equation (3) in different parameter regions of the
(e, B,7)- parameter space for n = 2.

We see from equation (7) and the first equation of system (6) in calculating the exact

explicit parametric representation of the solutions one has:

A 2d¢ ¥ d
e e L

3
—1o? + 21 — 2p) — gt

Then from equation (10), we may obtain the parametric representations of solutions of

system (6) and equation (3).

3.1. Parametric representation of exract wave solutions of equation (3) when
a < 0.. 1. The case of (3,7) € I, h; < hg. (see Fig.2 (a)).

(i) In this case, ¢, = hg. Corresponding to the homoclinic orbits to the saddle point
As(¢9,0), enclosing the equilibrium point A;(¢q,0) given by Hs(¢,y) = hy. Using the first

equation of system (6), we have

0 d
/o (02— ) s0(90 —oe <2\/§> ¢

where, ¢; < 01 < o < . It follows the exact solutions of equation (6):

o 2(2 — 1) 2
@(5) = P2 (SOZ _ 2¢2) — Yy COSh((«dog)7 <11>
where wy = 24/2¢2(p2 — ¢1).

Thus, we obtain the exact solitary wave solution of equation (3) as follows (see Fig. 6(a)):

_ _ 2(p2 — 1) 2 :
ula 1) = (“”2 (o —2p) — cosh(woa) ‘ 12

(ii) Corresponding to the level curve defined by Hs(¢,y) = h where h € (hy, hg) there

exists a periodic orbit to the singular straight line ¢ = 0, enclosing the equilibrium point

Ai(¢1,0). Using the first equation of system (6), we have

© dy B
/0 Vie—a)elr—o)per —¢) <2\/§> ¢

where ¢; < 0 < 1y < ¢r. It follows the exact solutions of equation (6):

p(&) = ¢ (1 -1 a%sni(wlf, k1)> , (13)
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where w1 = \/20r(r1 — @), of = g, kY = %, sn(-, k1), en(-, k), and dn(-, k) are
Jacobin elliptic functions and II(-, -, k1) is the normal elliptic integral of the third kind (see

[16]).

Thus, we obtain the exact periodic wave solution of equation (3) as follows(see Fig. 6(b)):

1 3
(@, t) = /e (1 11— a?sn?(wy(z — ct), /{:1)) ’ (14)

(a) solitary wave. (b) Periodic wave.

FIGURE 6. Profile of solitary waves, periodic waves and compacton of system
(6) when (8,7) € IIf and a >0

Corresponding to open curves passing through (¢;,0) and (¢r,0) we have the following
compacton solution of equation (3), respectively(see Fig. 7(a) and 7(b)):

2

w(w,t) = i . (15)
1-— <%> sn?(wy(z — ct), ky)
>
UL([L’, t) =|r+ LT . (16)

1-— <ff:$’> sn?(wy(z — ct), k)

(iii) Corresponding to the level curve defined by Hs(¢,y) = h where h € (—o00,hy) and
h € (hg,+00) has a family of uncountably infinite many open curve tending to the singular
straight line ¢ = 0, passing through FEy(0, 0).

2. The case of (5,7) € By, A =0, hy < hy < +00. (see Fig.2 (b)).

(i) For h € (hy, he,) the level curve defined by Ha(¢,y) = h, there exists a family of
periodic orbits enclosing the equilibrium point A;(¢1,0). Thus, from equation (10) we have

’ do - (2v2) ¢

r V(@ = 1) (9 = 13)(r2 — ) (11 — )

where, 71 > ry > rg > ry.
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(a) Compacton wave (left family) (b) Compacton wave (right family).

FIGURE 7. Profile of compacton wave of system (6) when (3,v) € IIf and
a>0

It follows the exact solutions of equation (6):

s — T4

e(§) =74+ 1 — a2sn?(wq&, ko)’

(17)

where wy = /2(r1 — 13)(r2 — 1a), 0§ = =, J3 = (mallnon)

Thus, we obtain the exact periodic solution of equation (3) as follows:

u(z,t) = (7"4 + ik ); . (18)

1 — a2sn?(wo(z — ct), ks)

(ii) In this case ¢; < 0 < ¢, < P1 < P < P

For the level curve defined by Hy(¢,y) = he, there exists a homoclinic orbit to the saddle
point As(¢9,0) enclosing the equilibrium point A;(¢1,0) to the right of the singular line
¢ = 0. Using the first equation of (6) we have:

@ dy B
/som (02— )/ (0 — e)ele — om) (2\/5) S

It follows the exact solutions of equation (6):

2(¢2 — 1) (92 — Pm)
©m — 1) cosh(ws&) + (m + @1)

P(€) = 2 — ( (19)

where wg = 2\/2(<,02 — 1) (Y2 — Pm)-
Thus, we obtain the exact solitary wave solution of equation (3) as follows:

B - 2(p2 — 1) (P2 — Pm) :
u(z,t) = (902 (©m — 1) cosh(ws€) + (@ + 905)) ' 20

3. The case of (§8,7) € II;, hs < hg. (see Fig.2 (c)).
In this case ¢y = —¢1. For h = hy, the level curve defined by Hs(¢,y) = h, there exists

a cusp at the point Aj(¢1,0) and Ay(¢po,0). Thus, we obtain the exact solution of equation
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(6) as follows:
(€)= 5 — exp(waf), (21)
where wy = 44/2¢5.
Hence, we obtain the exact solution of equation (3) as follows:
1
u(xz,t) = [p3 — exp(wa(z — ct))] 2. (22)

4. The case of (5,7) € Bs, hy < hy < hs. (see Fig.2 (d)).
(i) For h = hy the level curve defined by Hy(¢,y) = h, there exists a homoclinic orbit at
Aq(¢1,0) enclosing As(¢o,0). Using the first equation of (6) we have:

YM d(p B
/sa (o — 1)/ (oar — @) (L — ) N <2\/§) 3

where, ¢; < 1 < 2 < @ It follows the exact solutions of equation (6):

2(pm + 1) (oL + ¢1)
o1 — ¢ur) cosh(wsE) — (oar +¢r) — 21"

where ws = 21/2(¢on + 1) (o1 + 1)
Thus, we obtain the exact solitary wave solution of equation (3) as follows:

- 2(par + 1) (o1 + 1) g
uet) = (“‘” " (1 — o) cosh(ws(z — b)) — (our + 1) — 2@1) -

p(€) = 1+ ( (23)

(ii) Specially, taking ¢y = 0, of Fig. 2(e), we have the exact solitary wave solution of

equation (3) as follows:

utet) = (1 + 20 = (25)

(oL = 2¢1) — (1) cosh(ws(z — Ct))> ’
5. The case of (8,7) € By, B =hy, 7 <0. (see Fig.2 (g)).

For h € (ho, h1), system (6) has four heteroclinic orbits connecting to the saddle points
A1 (¢1,0) and Ay(¢o, 0) passing through Q1(0, —Y;) and Q2(0, Y;). Then, from equation (10),

we have
@ d
/@0 (v — 901)9(0902 —9) <2\/§> )

where, o9 € (p1,p2). It follows the exact solutions of equation (6):
P2 — P1
(&) =2 — : 26
O = T (e — o)) 26)

Thus, we obtain kink and anti-kink wave solution of equation (3) as follows:

_ _ Y2 — ¥1 :
ule ) = (9"2 T exp((p2 — mo) ‘ @)

6. The case of (8,7) € By, hs < hg < ha. (see Fig.2 (i)).
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In Fig. 2(i), the level curves defined by Hs(¢,y) = h for h € (hy, hg), contain two stable
manifolds and two unstable manifolds of the saddle point at A;(¢1,0), where ¢, = —% The
function ¢(&) in the left two manifolds tends asymptotically to the singular straight line
¢ = 0 as |y| — oo. So, corresponding to the left stable manifold and unstable manifold
about the saddle point A;(¢1,0), one has the following two parametric representations of

the solutions of system (6):

41 — i) (oL — 1) P

= + , 28
A8 =0t P @and) + (or — o Pexp () 2+ o —2o) )
where ¢ <1 <0<¢r, P=pr— ¢, we= \/8(901 — @) (e — ¢1),
€ € (—00,00).
Thus, we obtain the exact compacton wave solution of equation (3) as follows:
1
4(p1 — — )P 2
o= (e (01~ = 1) )
exp(Ews(z — ct)) + (o1 — p1)?exp(Fuws(z — ct)) — 2(pr + @1 — 2¢1) (29)
29

3.2. Parametric representation of eract wave solutions of equation (3) when
a < 0.. In this section, we give some exact explicit parametric representations of the traveling
wave solutions such as solitary solutions, compacton solutions, periodic cusp wave solutions
and periodic traveling wave solutions.

1. The case of (3,7) € IIf, hy < h;. (see Fig. 3(a)).

For the level curves defined by Hs(¢,y) = 0, there exists a family of a periodic orbits to
the right and left of the singular straight line ¢ = 0. Thus, corresponding to the left family
of periodic orbit equation (10) becomes:

’ de - (2\/5) .
s V(9 = 13)p(r2 — ) (11 — )

where, r3 < 0 < ry < ry. It follows the exact solutions of equation (6):

r3s—n
1 — agsn?(wrg, k3)’

_ 2 __r3 2 _ r3(ra—r1)
where, w; = /8r1(ry — 13), a3 = o kg = re=rs)

Thus, we obtain a periodic wave solution of equation (3) as follows (see Fig.8(a)):

pi(§) =i+ (30)

w(e,t) = (rl + B ; k3)>é . (31)

1 — a3sn?(wq(x — ct
Corresponding to the right family of periodic orbit we have an exact solutions of equation
(3) as follows (see Fig.8(b)):

wn(z,t) = ( ik ) (32)

1 — adsn?(wq(x — ct), k3)
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r1—T2
ry

where a? =

2 1 0 1 2

(a)Periodic wave (left-family) (b)Periodic wave (right-family)  (c)Solitary Wave

FIGURE 8. Profile of periodic wave families and solitary wave of system (6)

when oo < 0

2. The case of (3,7) € By, A=0, hy < hy < +00. (see Fig. 3(b) & 3(e)).
Corresponding to the right homoclinic orbit and left homoclinic orbit to the equilibrium
point Ay(0,0), we see from equation (10) that we have the exact solutions of equation (6),

respectively, as follows:

o 200 |Pm|
() = o = o) cosh(wsE) — (oar T o) (33)

and

o(6) = —2P2|onl (34)

(s = pm) cosh(wsE) + (om + om)’
where ws = \/8¢ar|©m|.
Equation (33) and (34) give rise to the exact solitary wave solutions of equation (3) as

follows (see Fig.8(c)): for n > 1,

N

B 201 ]0m|
url,1) = ((SOM — om) cosh(ws(z — ct)) — (pum + gom)) | .

and for n is a odd number,
—2pu|Pm| >
w(x,t) = . 36
) = (Tt T G T 0
3. The case of (8,7) € II;, hy < hy. (see Fig. 3(c), 3(d), 3(f), 3(g) & 3(i)).
Corresponding to the curves defined by Ha(¢,y) = h, h € (he,hy) in (7), equation (6)
has two families of periodic solutions. Now, (10) can be written as

’ do = (2v2)¢.
ea V(0 — ©a) (e — 0) (e — ©) (P — @) ( >€

N|=
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where, pg < @ < @p < @q. for the family of periodic orbits shown on the left-hand side of
Figure 3(c), and

2 dgp
_ (2v5) ¢
BV e e e e R GOL

for the family of periodic orbits shown on the right-hand side of Figure 3(c). Thus, we

have parametric representations for the two families of periodic solutions of equation (6),

respectively as follows:

(04 — Pa)isn®(wof, ka)
B 37
@i(§) = pa + 1 — afsn?(wol, ky) 0
and ( )aZsn?
_ Vb — Pe)azsn®(wol, ky)
er(§) =¢p + 1 — aZsn?(wol, ky) w
where wy = \/8(¢a — c) (b — pa), ka = %’

Thus, we have the following exact periodic traveling wave solution corresponding to (37)

and (38) of equation (3) respectively:

(pd — a)afsn? (wol, ky) \ ?
)) . (39)

t) =
Uy (f, ) (Spd + 1— a%sn2 (CL)g (.CE — Ct), k4

and

— po)azsn?(woé, k :

u(z,t) = (%—I— (%1 _Z;SH2 (w:&gli) 4)> . (40)
Theorem 1

Depending on the changes of system parameters «, (3, v, the bifurcations of phase por-
traits of system (6) for n = 2, when a € R are shown in Fig. 1 (a), Fig.2 and Fig.3.
(i) Equation (3) has exact periodic wave solutions given by (12), (14), (18), (31), (32), (39)
and (40).
(ii) Equation (3) has exact kink and anti-kink solutions given by (27).
(iii) Equation (3) has exact compacton solutions given by (15), (16), (22) and (29).

(

(iv) Equation (3) has exact solitary wave solutions given by (20), (24), (25), (35) and (36).

Theorem 2: Suppose that n = 2m, m € Z* and see figure 2 and figure 3.

(1) For (8,v) € II;. When a > 0, equation (3) has a smooth solitary wave solutions
with valley form for h = hy, and has a family of uncountably infinite many smooth periodic
solutions for h € (hy, hg). Corresponding to the level curve defined by Hs(¢,y) = h where
h € (—oo0,hy) and h € (hg,+0o0) has a family of uncountably infinite many open curve
tending to the singular straight line ¢ = 0, passing through Ey(0,0). And when o < 0,

equation (3) has a family of uncountably infinite many periodic solutions for h = hg, and
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their amplitudes tend to oo for h — 0.

(2) For (B,7) € B;. When a > 0, equation (3) has a smooth solitary wave solutions
with valley form for h = hy, at A;(¢1,0) and has a family of uncountably infinite many
smooth periodic solutions for h € (hy, h2). And when o < 0, equation (3) has a family of
uncountably infinite many smooth periodic solutions for h € (hy,0) and if H(¢1,0) = h
(here As(¢9,0) is the saddle point) defined by (6) has a zero ¢* satisfying 0 < ¢ < ¢*,
equation (3) has a smooth solitary wave solutions with peak form for h = hy and a family
of uncountably infinite many smooth periodic solutions for h € (hg, hq).

(3) For (8,7v) € II;. When a > 0, equation (3) has a cusp solitary wave solutions with peak
form for h = hg, and has a family of uncountably infinite many smooth periodic solutions
for h € (ha, hy).

(4) For (B,7) € Bs. When a < 0, equation (3) has two families of uncountably infinite many
smooth periodic solutions for o € (hy,0). And, when o > 0, equation (3) has two stable
manifolds and two unstable manifolds of the saddle point at A;(¢1,0) tending asymptotically
to the singular straight line ¢ = 0 as |y| — oo for h € (hy, hy).

4. PARAMETRIC REPRESENTATION OF EXACT WAVE SOLUTIONS OF EQUATION (3)
WHEN n = 3.

We see from equation (7) and the first equation of system (6) and system (8) in calculating

the exact explicit parametric representation of the solutions one has:

2d¢ de

/d)o\/ 6¢2 i 9¢ / \/ 5 _%‘p%>_h¢5’
(41)

Then from equation (10), we may obtain the parametric representations of solutions of

CT:I»—l

system (6).

4.1. Parametric representation of exact wave solutions of equation (3) when
a > 0.. In this section, we give some exact explicit parametric representations of the traveling
wave solutions of equation (3).

1. The case of (5,7) = (0,0), A =0, h; < ho. (see Fig. 4(a)).

Corresponding to the curves defined by Hs(¢,y) = h, h € (hy, ho) (see Fig. 4(a)), we have
from equation (7) that y* = 8(p — @)@ (vL — ), where ¢, < 0 < . Equation (6) has a
homoclinic orbit to the cusp point Ay(0,0). Then from equation (41) we have

® dp B
/% oV (0 — om)olor —¢) <2\/§> ¢
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It follows the exact solutions of equation (6):
P(&) = pmen® (&, ks), (42)

-1
where, Q1 = \/2(pL — o), ki = (1 - %) :

Thus, we obtain a solitary wave solution of equation (3) as follows (see Fig 9(a)):
u(z,t) = \/omen(Qy (z — ct), k;). (43)

Corresponding to the open arch curve to the right of the singular straight line ¢ = 0, we

have from equation (41) that:

® dop B
/m oV (0 — om)ole — 1) <2\/§) 8

It follows the exact solutions of equation (6):

(&) = prnc® (g, ko), (44)

where, kf = £=.

Thus, we obtain a compacton solution of equation (3) as follows (see Fig 9(b)):

u(z,t) = /ornc(y(z — ct), ke). (45)

5 10 15
-0.50

(a) Solitary wave. (b) Compacton wave.

FIGURE 9. Profile of solitary waves and compacton waves of system (6) when
(B,7) € Ty when a <0

2. The case of (8,7) € T, hi < hg. (see Fig. 4(b)).
In this case, p; < 0 < s < . Corresponding to the level curve defined by Hs(¢,y) = hy,
there exists a heteroclinic orbit connecting the equilibrium points A;(¢1,0) and Ay(¢ps, 0).

Moreover we see from (7) that the two arch curve connecting the equilibrium points ¢ (0, —Y5)
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and Q2(0,Y;) in the left and right side of the straight line ¢ = 0 enclosing the origin have

the exact solution of equation (6):

1+ exp(:€) ) 2 | (46)

o~
ol6) = o~ (Tt
where, Wy = ¢r, — 1, o = 4pa/2W;.

Hence, we obtain a kink and anti-kink wave solution of equation (3) as follows:

B 1+ exp(Qa(z — ct)) 2
unt = [*OL sl Gz ] ' o

[SIES

3. The case of (5,7) € Ci, hy < hi. (see Fig. 4(c), 4(d) & 4(i)).
(i) Corresponding to the curves defined by Hs(¢,y) = ho in (7), equation (6) has a periodic
orbit enclosing the equilibrium point As(¢9,0). We obtain from equation (41) that:
¥ dSO
= (2v2) ¢
/rs (e =)V (e —13)(ra — @) (r — ) (2v?)

where, 73 < 0 < ry < 1. We obtain a parametric representation of system (6) for the periodic

orbit as follows:
%0(5) =713+ (7"2 — Tz)SHQ(Q?)fa k?)a (48>

2 __ ro—r _
where, k7 = 2= Q3 = \/2(r1 —13).

Thus, we obtain a periodic wave solution of equation (3) as follows:
1
w(z,t) = [rs + (ro — r3)sn®(Q(z — ct), k)] 2. (49)

(ii) Corresponding to the two stable manifolds and two unstable manifolds at A;(¢1,0),
that tends asymptotically to the singular straight line to ¢ = 0 as |y| — oo, and an open curve
passing through the point P(ry,0), we have, the exact solutions of system (6) respectively:

s — T2

1 —sn2(Qs8, kr)’

p(§) =r2+ (50)

and
rn—r

1 —sn?(€23¢€, k8>’

e(§) =r2+ (51)

where, k§ = 11="2.

Thus from equation (50) and (51) respectively, we obtain a compacton solution of equation
(3) as follows:

rs —Te %
o 2
uga} (e, ) (rg Tz sn?(Qs(z — ct), k7)) o

and

=

ugpy(,t) = (7“2 1 snz(ggzxri ct), ks)) ' >
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4.2. Parametric representation of exact wave solutions of equation (3) when
a < 0.. In this section, we give some exact explicit parametric representations of the
traveling wave solutions such as solitary solutions, compacton solutions, periodic cusp wave
solutions and periodic traveling wave solutions.

1. The case of (5,7) = (0,0), A = hy. (see Fig. 5(a)).

In this case, hgy < hy < ho, p < 0 < @p. For h < 0, the level curve defined by
Hs(¢,y) = h (see Fig. 5(a)), there exists a homoclinic orbit to the cusp point Ay(0,0). Then

from equation (41) we have

ou d
[P o/ (on — 5)@(@ —a) <2\/§) 2

It follows the exact solutions of equation (6):
@(5) = SDMCHQ(Q4£> k9)> (54>

-1
where, €0y = \/mv ]{33 = (1 o %) )

Thus, we obtain a solitary wave solution of equation (3) as follows:

u(z,t) = /onmen(Qq(x — ct), ko). (55)

Corresponding to the open arch curve to the left of the singular straight line ¢ = 0, we

have from equation (41) that:

@ d
/901 o/ (onr — sf)w(w —a) <2\/§) 8

It follows the exact solutions of equation (6):

0(&) = pren® (€, ko), (56)

P1
Thus, we obtain a compacton solution of equation (3) as follows:

-1
where, ki, = (1 - w) .

_ Ve
U(flf7 t) n HC(Q4([L’ - Ct), klO) ' <57>

2. The case of (5,7) € Cy, hy = hy < hy. (see Fig. 5(e)). In this case, r3 < ry <
r1 < ou (1) For h < 0, the level curve defined by Hs3(¢,y) = h, there exists a family of
homoclinic orbit to the equilibrium point P(ry,0) enclosing the equilibrium point As. Then

from equation (41) we have

oM do .
[D (- Tl)\/(SOM — @) —12)(0 —13) a <2\/§> 3

It follows the exact solutions of equation (6):
(&) = 1o+ puen®(Qs€, k), (58)
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where, Q5 = \/2(pum —73), k) = 22

Thus, we obtain a solitary wave solution of equation (3) as follows:

N

u(z,t) = (ro + ouen®(Qs(z — ct), k1)) (59)

(ii) Corresponding to the periodic orbit which encloses the equilibrium point A; (¢4, 0), we

have from equation (41) that:

@ dy B
QA<m—m¢wM—¢ma—@W—m>_@¢®§

It follows the exact solutions of equation (6):

©(€) = rosn® (s, k1z) + raen®(QsE, kia), (60)

T2—T3
pmM—T3’
Thus, we obtain a periodic wave solution of equation (3) as follows:

where, k%, =

N

u(z,t) = [rosn®(Qs(x — ct), ki2) + rsen®(Qs(x — ct), kio)] (61)

3. The case of (8,7) € Ty, ho < ha. (see Fig. 5(f)).

For h = hy, we have a family of periodic orbits of equation (6) shown in Fig. 5(f). We
see from (7) that two arch curve connecting the equilibrium points @1 (0, —Y5) and Q2(0, Ys)
in the left and right side of the straight line ¢ = 0 enclosing the origin. Thus from (41) we

have:

©p

dy _ (2v2) ¢
v Cer e e RS

It follows the exact solutions of equation (6):
_ Bt roA1 — (1B — reA1)en(Q6€, i3)
A1+ Bi — (A = By)en(Q66, ki)

/ r1—72)2—(A1—B1)?
Where, Q6 =2 2A1B1, k%:} = (1 2)4‘41%411 B1) s A% = (7’1 - ﬁl)Q + ﬁ%, B% = (7”2 - 51)2 + ﬂ;
Thus, we obtain a periodic wave solution of equation (3) as follows:

(€ (62)

7"1B1 + T’QAl — (TlB — TQAl)CIl<QG(JZ — Ct)7 kli’:))é (63)

we.1) = < AL+ B1 — (A~ Byen(Q(z — cf), us)
4. The case of (8,7) € Cs, hy < hg < ha. (see Fig. 5(g)).
In this case we have r3 < 0 < 1o < 1. For h = hy, the level curve defined H3(¢,y) = h
there exists a family of periodic orbits and a homoclinic orbits.
(i) Corresponding to a homoclinic orbit at an equilibrium point P(r3,0) enclosing the

equilibrium point A;(¢1,0). Thus from (41) we have:
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oM d(p B
/<p (¢ —r3)V/ (o — @)@ =)0 —11) (2\@) &

It follows the exact solutions of equation (6):
(&) = oamc® (€, ka) — ratn®(U, kua), (64)

— 2 _ m-r
where, Q7 = \/(r1 — oun), kiy = .

Thus, we obtain a solitary wave solution of equation (3) as follows:

u(z, t) = [pamc(Q(x — ct), k) — ratn(Q(x — ct), k)] ? (65)

(ii) Corresponding to a family of periodic orbits of system (6), enclosing the equilibrium

point As(¢2,0), we have from equation (41):

¢ dy )
/7"2 (0 = 73)V/ (¢ — pa) (@ — 72)(r1 — ) B (2\/§> &

It follows the exact solutions of equation (6):
(&) = ar + (r2 — oar)nd® (€, kus), (66)

Where, Qg = 2(7"1 - me)> k%B = rzl—_g:fn

Thus, we obtain a periodic wave solution of equation (3) as follows:

N[

u(z,t) = [om + (r2 — oar)nd®(Qs(z — ct), ki) (67)

5. The case of (3,7) € Cy, hy < hg < hy. (see Fig. 5(i)). In this case, ¢, <13 <19 < 717.
(i) For h — 0, the level curve defined by H3(¢,y) = h (see Fig. 5(i)), there exists a homoclinic
orbit to the equilibrium point A;(¢;,0). Then from equation (41) we have

¢ do -
/som (rs — )/ (¢ — em)(r2 — ) (11 — @) (2\@) &

It follows the exact solutions of equation (6):

P(&) = pm + (r2 — r1)sn*(Qs€, kag), (68)

where, k%, = 2=¢m

r1—Pm

Thus, we obtain a solitary wave solution of equation (3) as follows (see Fig. 10(a)):

N|—=

u(z,t) = [pm + (ra — r1)sn*(Qs(z — ct), kig) ] (69)

(ii) Corresponding to a family of periodic orbits of system (6), enclosing the equilibrium

point As(¢2,0). Then from equation (41) we have

® dy B
/rz (¢ =713V (@ —om)p—r2)ri—¢) <2\/§> 2
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It follows the exact solutions of equation (6):

@(&) = @m + (r2 — Pm)nd?(QsE, ki6), (70)

Thus, we obtain a periodic wave solution of equation (3) as follows (see Fig. 10(b)):

u(z,t) = [pm + (r2 — Om)nd?(QsE, k16)]

[V

(71)

(a) Solitary wave. (b) Periodic wave.

FIGURE 10. Profile of solitary waves and periodic waves of system (6) when
(B,7) € Cy when o <0

Theorem 3: Depending on the changes of system parameters o, (3, 7, the bifurcations of

phase portraits of system (6) for n = 3 when @ € R are shown in Fig. 1 (b), Fig. 4 and

) Equation (3) has exact solitary wave solutions given by (43), (55), (65) and (69).
ii) Equation (3) has exact compacton solutions given by (45), (52), (53) and (57).

iv) Equation (3) has exact periodic wave solutions given by (49), (59), (61), (63), (67) and
1).

Theorem 4: Suppose that n = 2m + 1, m € Z* and see figure 4 and figure 5.

(1) For (B,v) = (0,0), A = hy When a € R, equation (3) has a family of solitary wave

solution at to the cusp point Ay(0,0) for h < 0.

(2) For (8,7) € Ti". When a > 0, equation (3) has a couple of kink and anti-kink wave

(i

(

(iii) Equation (3) has exact kink and anti-kink wave solutions given by (47).
( (

(7

solutions for h = hy (or hs), and has a family of uncountably infinite many periodic wave
solutions for h € (hy,+00). (3) For (8,7) € Ci. When a > 0, equation (3) has two
families of uncountably infinite many smooth periodic solutions for h = hg, and has two
stable manifolds and two unstable manifolds at A;(¢1,0), that tends asymptotically to the
singular straight line to ¢ = 0 as |y| — oo.
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(4) For (B,v) € T, . When a < 0, equation (3) has a family of uncountably infinite many
smooth periodic solutions for h = hg, and their amplitudes tend to |y| — oo for h — 0.

(5) For (B,7) € C4. When a < 0, equation (3) has two families of uncountably infinite
many smooth periodic solutions enclosing the equilibrium point As(¢s,0) for h — 0, and
ly| = oo. And, also equation (3) has a family of smooth solitary wave solutions with peak

(or valley) form for h = hy
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