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1. INTRODUCTION

In 2017, as a further generalization of ideals in semigroups, Murali Krishna Rao [16] intro-
duced the concept of a bi-interior ideal for a semigroup as a generalization of ideal,left(right)
ideal, bi-ideal, interior ideal and quasi ideal. Semigroup, as the basic algebraic structure was
used in the areas of theoretical computer science as well as in the solutions of graph the-
ory, optimization theory and in particular for studying automata, coding theory and formal
languages. Ideals play an important role in advance studies of algebraic structures. General-
ization of ideals in algebraic structures is necessary for further study of algebraic structures.
Many mathematicians proved important results and charecterization of algebraic structures
by using the concept and the properties of generalization of ideals in algebraic structures.
The notion of ideals was introduced by Dedekind for the theory of algebraic numbers, was
generalized by Noether for associative rings. The one and two sided ideals introduced by her,
are still central concepts in ring theory and the notion of an one sided ideal of any algebraic
structure is a generalization of notion of an ideal.

In 1952, the concept of bi-ideals was introduced by Good and Hughes [1] for semigroups.
The notion of bi-ideals in rings and semirings were introduced by Lajos and Szasz [6,7].Quasi
ideals are generalization of right ideals and left ideals whereas bi-ideals are generalization of
quasi ideals. In 1956,Steinfeld[25] first introduced the notion of quasi ideals for semigroups
and then for rings. Iseki [2, 3] introduced the concept of quasi ideal for a semiring. Quasi

ideals in I"'—semirings were studied by Jagtap and Pawar [4]. Shabir et al. [24] studied ideals
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in semirings.In 1995 Murali Krishna Rao [13,14,15] introduced the notion of I'—semiring as a
generalization of semiring.In 2016,Murali Krishna Rao [11,12,17] introduced the notion of left
(right) bi-quasi ideal of semiring, I'—semiring,I'—semigroup and studied the properties of left
bi-quasi ideals. We characterize the left bi-quasi simple I'—semiring and regular I'—semiring
using left bi-quasi ideals of ['—semiring.

The fuzzy set theory was developed by Zadeh [26] in 1965.The fuzzification of algebraic
structure was introduced by Rosenfeld [17] and he introduced the notion of fuzzy subgroups
in 1971. Many papers on fuzzy sets appeared showing the importance of the concept and its
applications to logic, set theory, group theory, ring theory, real analysis, topology, measure
theory etc. In 1982, Liu [8] defined and studied fuzzy subrings as well as fuzzy ideals in
rings. Mandal [9] studied fuzzy ideals and fuzzy interior ideals in an ordered semiring.
Murali Krishna Rao [10, 19, 21]studied fuzzy soft I'—semiring, T-fuzzy ideals,fuzzy soft bi-
ideal,fuzzy soft quasi-ideal and fuzzy soft interior ideal over ordered I'— semirings and fuzzy
soft k—ideal over ['—semiring.

In this paper,we introduce the notion of a fuzzy bi-interior ideal of semigroup and we

characterize the regular semigroup in terms of fuzzy bi-quasi ideals of semigroup.

2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions, which are

necessary for this paper.

Definition 2.1. A semigroup is an algebraic system (M, .) consisting of a non-empty set M

together with an associative binary operation ” - .

Definition 2.2. A subsemigroup T of a semigroup M is a non-empty subset 17" of M such
that TT C T.

Definition 2.3. A non-empty subset 7" of a semigroup M is called a left (right) ideal of M
if MT CT(TM CT).

Definition 2.4. A non-empty subset T of a semigroup M is called an ideal of M if it is
both a left ideal and a right ideal ofS.

Definition 2.5. A non-empty @) of a semigroup M is called a quasi ideal of M if QMNMQ C
Q.

Definition 2.6. A subsemigroup 7" of a semigroup M is called a bi-ideal of M if TMT C T.

Definition 2.7. A subsemigroup 7' of a semigroup M is called an interior ideal of M if
MTM CT.
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Definition 2.8. An element a of a semigroup M is called a regular element if there exists
an element b of M such that a = aba. A semigroup M is called a regular semigroup if every

element of M is a regular element.

Definition 2.9. Let M be a non-empty set. A mapping p : M — [0,1] is called a fuzzy
subset of M.

Definition 2.10. If 1 is a fuzzy subset of M, for ¢ € [0, 1], then the set u; = {z € M | u(z) >
t} is called a level subset of M with respect to a fuzzy subset p.

Definition 2.11. Let M be a non-empty set. A fuzzy subset p: M — [0, 1] is a non-empty

fuzzy subset if p is not a constant function.

Definition 2.12. Let M be a non-empty set. For any two fuzzy subsets A and p of M,
A C pmeans A(z) < p(z) for all x € M.

Definition 2.13. Let M be a non-empty set and A be a non-empty subset of M. The
1, ifzeA;

characteristic function of A is a fuzzy subset of M is defined by x (z) =
4 0, ifxé¢ A

Definition 2.14. Let M be a non-empty set, f and g be fuzzy subsets of M. Then fUg, fNg
are fuzzy subsets of S defined by f U g(x) = max{f(z),g(z)}, fNg(z)=min{f(x),g(x)}
for all x € S. And f o g is defined by

sup  {min{f(z), 9(y)}},

fog(z) = Q #=zy, ©wyes , for all z € M.
0 otherwise
Definition 2.15. A fuzzy subset u of a semigroup M is called
(i) a fuzzy subsemigroup of M if pu(zy) > min {u(x), u(y)}, for all x,y € M.

(i) a fuzzy left (right) ideal of M if u(xy) > p(y) (u(x)), for all z,y € M.
iii) a fuzzy ideal of M if p(zy) > maz {u(z), u(y)}, for all z,y € M.

)
)
iv) a fuzzy left (right)ideal if xp o C p(p o xamr C p),
iv) a fuzzy bi-ideal of M if po xp o p C p,

)

(
(
(
(vi) a fuzzy quasi -ideal of M if g o xp N xarop C p,

Definition 2.16. Let M be a semigroup. A non-empty subset L of M is said to be left
(righti) bi-quasi ideal of M if L is a subsemigroup of M and MLNLML C L(LMNLML C
L).

Definition 2.17. Let M be a semigroup. A non-empty subset L of M is said to be bi-quasi
ideal of M if L is a subsemigroup of M MLNLML C L and LM NLML C L.
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Theorem 2.18. [16] Let M be a reqular semigroup. Then B is a bi—interior ideal of M if
and only if MBM N BM B = B, for all bi—interior ideals B of M.

Definition 2.19. [16] Let M be a semigroup. A non-empty subset L of M is said to be
bi-interior ideal of M if L is a subsemigroup of M and MLM N LML C L

Theorem 2.20. [16] Let M be a semigroup. Then the following are hold.

1
2

(1) Ewvery left ideal is a bi-interior ideal of M.
(2)
(3) Every quasi ideal is bi-interior ideal of M.
(4)
(5)
(6)

Fvery right ideal is a bi-interior ideal of M.

4) Arbitrary intersection of bi-interior of M is also bi-interior ideal of M.
5) Every ideal is a bi-interior ideal of M.
6) If B is a bi-interior ideal of M then BM and M B are bi-interior ideals of M.

3. Fuzzy BI-INTERIOR IDEALS OF SEMIGROUPS

In this section, we introduce the notion of a fuzzy bi-interior ideal as a generalization of
a fuzzy bi-ideal of semigroup M and a fuzzy interior ideal of a semigroup. We study the

properties of fuzzy bi-interior ideals of semigroups

Definition 3.1. A fuzzy subset p of a semigroup M is called a fuzzy bi-interior ideal if
XM O @O X MV poxmoms p

b
Example 3.2. Let () be the set of all rational numbers, M = g ) | a,b,c e Q}
c
Binary operation is defined on M as the usual matrix multiplication and
0
A= g , | a,0#4b€ Q ;. Then M is a semigroup and A is a bi-interior ideal but

not a bi-ideal and an interior ideal of a semigroup M.

1 ifxeA,
Define o : M — [0, 1] such that p(z) ==
0, otherwise.

Then p is a fuzzy bi-interior ideal of M.

Theorem 3.3. Fvery fuzzy left ideal of a semigroup M is a fuzzy bi-interior ideal of M.
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Proof. Let 1 be a fuzzy left ideal of the semigroup M and z € M.

X o pu(x) = sup{min{xu(a), u(b)}}

r=ab

= sup{min{1, u(b)}}

r=ab

= sup{u(b)}

r=ab

< sup {p(ab)}

r=ab

= sup{p(z)}

= )
= Xm0 p(z) < p(@).
o xar o p(x) = sup {min{s(u), xar © p(vs)}}

T=Uvs

< sup {min{p(u), u(vs)}}

= p(z).

Now xpr 0o xy Npoxaop(zr)=min{xy opmoxn(x), o xaou(z)}
< min{xas o o xar(x), p(x)}
< ul(x)

Therefore xp o ppoxpr Npoxaop C p.
Hence p is a fuzzy bi-interior ideal of the semigroup M. 0

Theorem 3.4. FEvery fuzzy right ideal of a semigroup M is a fuzzy bi-interior ideal of M.

Proof. Let i be a fuzzy right ideal of the semigroup M and x € M.

o xa(x) = sup{min{pu(a), xa(b)}}

r=ab

— sup{u(a)}

r=ab

< sup{p(ab)}

r=ab

= ().
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Therefore p o xu(x) < p(x)

Now g0 xa o pu(z) = sup {min{p o xar(uv), pu(s)}}

T=Uvs

< sup {min{pu(uv), u(s)}}

= p().

Now xar 0 poxar Mo xa o p(x) =min{xar o 10 xar(x), o xm o p(x)}
< min{x o p o xum(x), p(z)}
< w(x).

Therefore xar 0 poxm NpoxmopC p.
Hence p is a fuzzy bi-interior ideal of the semigroup M. O

Corollary 3.5. Every fuzzy ideal of a semigroup M is a fuzzy bi-interior ideal of M.

Theorem 3.6. Let M be a semigroup and i be a non-empty fuzzy subset of M. A fuzzy
subset p is a fuzzy bi-interior ideal of a semigroup if and only if the level subset p, of v is a

bi-interior ideal of a semigroup M for every t € [0, 1], where pu, # ¢.

Proof. Let M be a semigroup and p be a non-empty fuzzy subset of M. Suppose u is a fuzzy
bi-interior ideal of the semigroup M, p;, # ¢,t € [0,1]
Let © € Mu,M N py M piy. Then z = bau = cde, where b,u,d € M, a,c,e € p;. Then
Xy opoxu(x)>tand poyy op(x) >t
= p(x) >t
Therefore x € py.
Hence yi; is a bi-interior ideal of the semigroup M.
Conversely suppose that p; is a bi-interior ideal of the semigroup M, for all t € Im(u).
Let z,y € M, pu(x) = t1, u(y) = to and t; > to. Then z,y € piy,.
We have My M N pyMpy C py, for all I € Im(p).
Suppose t = min{Im(pu)}. Then M pu M 0 pg Mg < puy.
Therefore xp o ppoxy Npo xyop < p.

Hence p is a fuzzy bi-interior ideal of the semigroup M. ([l

Theorem 3.7. Let [ be a non-empty subset of a semigroup M and x; be the characteristic
function of I. Then I is a bi-interior ideal of a semigroup M if and only if x; is a fuzzy

bi-interior ideal of a semigroup M.

Proof. Let I be a non-empty subset of the semigroup M and x; be the characteristic function

of I. Suppose I is a bi-interior ideal of the semigroup M. Obviously y; is a fuzzy subsemigroup
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of M. We have MIM NIMI C I. Then

XM OXrOXm MXroXmoXr = Xmim (N XiMmI
= XMIMNIMI

C xr-

Therefore x; is a fuzzy bi-interior ideal of the semigroup M.
Conversely suppose that x; is a fuzzy bi-interior ideal of the semigroup M.

Then [ is a subsemigroup of M. We have

XM OXrOoXmMXroxmoxr < Xxr
=xXwmim VX1 € X1

= XmimnimI S X1

Therefore MIM NIMI C I.

Hence I is a bi-interior ideal of the semigroup M. 0

Theorem 3.8. If u and X\ are fuzzy bi-quasi ideals of a semigroup M, then N X is a fuzzy

bi-interior ideal of a semigroup M.

Proof. Let 1 and A be fuzzy bi-interior ideals of the semigroup M. Then

Xu o pNA(z) = sup{min{xas(a), p N A(b)}}

= sup {min{x(a), min{y(b), A(®)}}
= jgg{mm{mm{x]\/[(a), /«L(b)}7 mln{XM(a)a )‘(b)}}
= min{jilfb{min{XM(a), M(b)}, jlzlfb{min{XM(a)a )‘(b)}}

= min{xas o pu().xnm © A(x)}
= Xwm o 1N Xm0 A(w)
Therefore xpr o N = xar 0 N Xar 0 A
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pNAXoxyopNAz) = sup {min{x N Aa), xpr o pNA(be)}}

r=abc

= sup {min{u N A(a), xar o N xar 0 A(be)}}

r=abc

= sup {min{min{u(a), \(a)}, min{xns o u(bc), xar o A(bc)}}

r=abc

= sup {min{min{u(a), xar o u(bc)}, min{\(a), xas o A(bc)}}

r=abc
=min{puo xar o (), N o xar o A(x)}
=poxyopunNAoyxoz).

Therefore pNAXoxyopuNA=poxyounNAoyxyoA
Similarly xa ot MA© Xar = Xar © 40 Xar N X © A0 Xs-

Hence xaropNAoxu NpnAoxayopNA=(xaopoxn) N (toxuopu) N (xuodo
Xum) N (Aoxm o) CpunA

Hence N A is a fuzzy bi-interior ideal of the semigroup M. 0J

Theorem 3.9. Let p and X be a fuzzy right ideal and a fuzzy left ideal of a semigroup M
respectively. Then p N X is a fuzzy bi-interior ideal of the semigroup M.

Proofs of the following theorems are similar to theorems in [11 ]. So we omit the proofs.

Theorem 3.10. If i is a fuzzy quasi-ideal of a reqular semigroup M, then u is a fuzzy ideal
of the semigroupM.

Theorem 3.11. M is a reqular semigroup if and only AB = AN B, for any right ideal A
and left ideal B of semigroup M.

Theorem 3.12. A semigroup M is a regular if and only if Ao = AN p, for any fuzzy right
tdeal X and fuzzy left ideal p of M.

Theorem 3.13. [12] Let M be a semigroup. M is a reqular semigroup if and only if B =
MBM N BMB for every bi-interior ideal of M.

Theorem 3.14. Let M be a semigroup. Then M is a reqular if and only if i = xpr 0 p o
Xnm N o xar o p, for any fuzzy bi-interior ideal v of a semigroup M.
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Proof. Let i be a fuzzy bi-interior ideal of the regular semigroup M.
Then xn 0 poxm NpoxmopC p.

Xar o poxy(z) = sup {min{xn(zy), u(r)}} = p(z)

T=xYr

poxn o p(z) = sup {min{u(z), xar o p(yr)}}

T=TYT

= sup {min{p(z), sup {min{xn(r), u(s)}}}}

- xszlgm{mm{u(:c), yililfs{mm{ L p(s)}}}
> xszlirzx{min{u(:v), ()t}
= ().

Similarly, xas o o xar C p. Therefore xpr o pu Mo xar 0 p = .
Conversely suppose that =y 0 o xar N o xar o i, for any fuzzy bi-interior ideal u of
the semigroup M. Let B be a bi-interior ideal of the semigroup M.
Then by Theorem 3.7, xp be a fuzzy bi-interior ideal of the semigroup M.
Therefore xp = xpm o XB O XM N XBO XM OXB
= XmBM (N XBMB

B =MBMnNBMB.

By Theorem 3.13, M is a regular semigroup. ([

Theorem 3.15. Let M be a reqular semigroup. Then p is a fuzzy bi-interior ideal of M if
and only if p is a fuzzy quasi ideal of M.

Proof. Let u be a fuzzy bi-interior ideal of the semigroup M and x € M. Then
X O po X M ppoxnoms p
Suppose X o p(x) > p(x).
Since M is a regular, there exists y € M such that x = zyz.

Then po xa 0 pu(x) = sup {min{u(zy), xar o ()} )

T=TYyT

> sup {min{u(x), u(x)}}

T=TYx
= p(x)

Which is a contradiction.Therefore o xa N xar o p C p.

By Theorem [3.10], converse is true O

216



Theorem 3.16. Let M be a semigroup. Then M is a regqular if and only if w N~ C
yopoyNuoyou, for every fuzzy bi-interior ideal p and every fuzzy ideal v of a semigroup
M.

Proof. Let M be a regular semigroup and z € M. Then there exists y € M such that
T = zyr.

poyou(x)= sup {min{uovy(zy), u(zx)}}

T=xYT

=min{ sup {min{u(z),y(yzy)}, u(z)}}

> min{min{u(z),v(x)}, p(z}
= min{u(z),v(2)} = pNy(w).
yopu(z) = sup {min{y(zy), u(z)}}

> min{y(x), ju(x)} = pNy(a).

Therefore uNvy C poyop.Similarly we can prove uNy C youo~y. Hence uNvy C ~yopoyNuoyopu,
Conversely suppose that the condition holds. Let u be a fuzzy bi-interior ideal of the semi-
group M.

POV XM S X O f 0 X M 0 Xar o p

S Xm0 Lo X M O X O fi.

By Theorem 3.14, M is a regular semigroup. 0

4. CONCLUSION

In this paper, we introduced the notion of a fuzzy bi-interior ideal in a semigroup. We
studied some of their properties and characterized the regular semigroup in terms of fuzzy
bi-interior ideal. In continuation of this paper, we propose to introduce the notion of a fuzzy
bi-interior ideal of an ordered semiring and study the characterization of an ordered semiring

in terms of a fuzzy bi-interior ideal.
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