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1. Introduction

Let A denote the class of functions of the form:
(1.1) g(z) = z—l—anzn,
n=2

which are analytic in the open unit disc U = {2z : 2 € C and |z| < 1} and satisfy the
normalization condition ¢(0) = ¢’(0) = 1.
Let f(z) and g(z) be analytic functions in U , we say that f(z) is subordinate to g(z),

written as

f(z) < 9(2)
if there exist a Schwarz functions w(z) in U, such that f(z) = g(w(z)) with w(0) = 0 and
lw(z)] <1 (z€U) [6]
In particular, if the function g(z) is univalent in U, then the above subordination is equivalent
to

1(0) = 9(0)
and

fU) € g(U)
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Let S be the class of A consisting of the functions of the form (1.1) which are also univalent
in U. According to Koebe one quarter theorem [6], it is well known fact that every function

g € S has an inverse ¢!, which is defined by

9 (9(2)) = 2(z € U)

and |
997" (w)) = w(lw| < ro(g);rolg) = 7).
where
(1.2) g Hw) = w — ayw® + (2a3 — az)w® — (5a3 — 5asaz + a)w* + ...

A function f(z) € A is said to be bi-univalent in U if both g(z) and g~'(z) are univalent
in U. Let X denote the class of all bi-univalent functions in U given by the Taylor-Maclaurin
series expansion (1.1). Several recent researchers [2],[7],[5],[8],[9],[3] used Chebyshev poly-
nomial expansions for finding the estimates on the coefficient bounds for the subclasses of
biunivalent functions.Hence motivated by their work, we also use Chebyshev polynomial
expansion to find the coefficient estimate of our new subclass of biunivalent functions. The
significance of Chebyshev polynomial in numerical analysis is increased in both theoretical
and practical points of view. Out of four kinds of Chebyshev polynomials, many researchers
dealing with orthogonal polynomials of Chebyshev.For a brief history of Chebyshev polyno-
mials of first kind 7},(¢), the second kind U,,(¢) and their applications one can refer[1],[4]. The
Chebyshev polynomials of the first and second kinds are well known and they are defined by

T, (t) = cosnd
and
sin(n +1)0

sinf
where n denotes the polynomial degree and t = cosf.

We define for g(z) in the form(1.1), the following:

Un(t) = (—1<t<1)

and

FRg(z) = FA[Fag(2)] = 2+ Y _((1+ (n— 1)A)’b,2"
n=2
1
(0 <A< —— keN, :0,1,2,...)
1—n
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Hence, it can be easily seen that
(1.3) Ffg(z) = 24> (14 (n—1)A)*b,2"
n=2

In the present paper, we introduce the subclass Hyx(k, A, t) of bi-univalent functions associ-
ated with the linear operator Frg(z). Also estimates on the coefficients of functions in this

class are obtained using Chebyshev polynomial expansions.

1
Definition 1.1. Fort € (1/2,1] ,0 < A < 1

class Hx(k, \,t) ,if the following condition are satisfied:

a function g(z) € ¥ is said to be in the

2(Frg(2))' 1
1.4 H(zt) = —— U)(k=0,1,2,..2€U
- Fig(s) (t) =15 7 EU)(k=012.2€0)
and

w(Fyh(w)) 1
I i S Hwt) = —0,1,2,...
= Fih(w) W) = TG g WEU) (k=012 wel)
where h = g~1.

We note that if ¢t = cosa, where a € (—7/3,7/3), then

1 Ny 1
H(zt) = :1+§:ﬁﬂﬁilﬂf/ (z € U).
n=1

1 — 2cosaz + 22 sino

Thus
H(z,t) = 1+ 2cosaz + (3cos’a — sin*a)2® + ...(z € U)

From [10], we can write

(1.6) H(z,t) =1+ U )z + Uy(t)2* +...  (z€Ute(~1,1))
where n( .
Un_1(t) = Vi (n € N)

are the Chebyshev polynomials of the second kind and we have
Un(t) = 2tU,—1(t) — U,—2(1),
and
(1.7) Ur(t) =2t, Us(t) =4t> — 1, Us(t) =8> —4t, Uy(t) = 16t" — 12> + 1, ...

The generating function of the first kind of Chebyshev polynomial 7,,(¢),t € [—1, 1], is given
by
> 1—tz
T, = ———m— el).
nz% (1) 1—2tz+ 22 (2 )
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The first kind of Chebyshev polynomial T},(¢) and the second kind of Chebyshev polynomial
U, (t) are connected by:

dT,(t)
d

In this present paper, we use the Chebyshev polynomials expansions to provide the initial

= nUp_1(); Tp(t) = Un(t) — tUn_1(t);  2T(t) = Un(t) — Un_s(2).

coefficients of bi-univalent functions in Hyx(k, A, t).

2. Coefficient bounds for the class Hy(k, A, t)

Theorem 2.1. For0 < \ < 1 !

be in the class Hx(k, \,t). Then

and t € (1/2,1], let the function g(z) € ¥ given by (1.1)

(2.1) by < 2tv2
V21 4+ 20)F — 2(1 + A\)2k)4t2 + (1 + \)2*
4t2 t
(2.2) |b3| < N + N

and for some i € R,

2t
2(1+2N)F

for|p—
8(1—p)t3
[(1+2)\)k—(1+>\)l;k}8t2+(1+>‘)2k7 b 2k142 2k
120K —(14+X)2F]8t2 4 (14X
forlu = 1] > =Gl et

[(14+20)F — (14+1)2F]8t2 4+ (141)2F
1| < 8t2(1+2X)F

(2.3) b3 — pb] <

Proof. Let g(z) € ¥ given by (1.1) be in the class Hx(k, A\,t). From (1.3) and (1.4), we

have
2(FRg(2) 2
(2.4) W =1+ Ui(t)p(z) + Us(t)p(2) + ...
and for its inverse map, h = g~ !,
w(FEh(w))’
(2.5) % =1+ Ui(t)q(w) + Us(t)¢*(w) + ...

for some analytic function

(2.6) p(2) = c1z 4+ o2 + 32 + . (ze€U)
and
(2.7) q(w) = dyw + dow* + dzw® + ... (wel),
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such that p(0) = ¢(0) = 0,[p(2)| < 1(z € U) and |g(w)| < 1(w € U).It is well- known that if
Ip(z)] < 1 and |q(w)| < 1, then

(2.8) le;] <1 and |d;| <1 forall j €N.

From (2.4),(2.5),(2.6)and (2.7), we have

2(FYg(2)) _ 212

(29) W =1 + Ul(t)01<2) + [Ul(t)CQ + Ug(t)cl]z + ...
w(Fh(w)) _ 21,2

Equating the coefficients in (2.9) and (2.10), we get
(2.11) (1+ M)y = Uy (t)e
(2.12) 2(1 4+ 20 b3 — (1 + N\)*b3 = Uy (t)eg + Us(t) 3
(2.13) —(14 N fby = Uy (t)d,
(2.14) (463 — 203) (1 4+ 20)** — (1 + \)%b2 = Uy (t)dy + Uy(t)d3

From (2.11) and (2.13), we obtain

(215) C1 = —dl
and
(2.16) 2(1 4+ N)2Fb2 = UE(t)(? + d?)

Also, by using (2.12) and (2.14) we obtain

(2.17) 2[2(1 + 20)% — (1 4+ N)?¥]b2 = Uy (t) (e + do) + Us(t)(S3 + d3)

By using (2.16)in (2.17), we get

~ Ua(1)
UR(t)

From (1.6),(2.8) and (2.18), we have the desired in equality (2.1). Next, by subtracting

(2.14) from (2.12), we have

(2.18) (2(1 +20)F — (1 + \)* (1+ /\)2’“) 263 = Uy (t)(cy + da).

(219)  2as[(1 = A)gs + Mhs] — 2a3[(1 — N)gs + Mrs] = Us (1) (c2 — do) + Ua(#)(c? — 2.

Further, in view of (2.15), we obtain

Up(t)(ca — da)

2.2 by = b2
(2:20) 3 =0+ 4(1 + 2\
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Hence using (2.16)and applying (1.6), we get desired inequality (2.2). Now, by using (2.18)
and (2.20) for some p € R, we get

2 UP(t)(c2 + do) Uir(t)(co — dy)
by — by = (1= p) {2([2(1 FINF = (L VMU — Da(0) (1 + A)%J 41+ 2V

- 4 [(h(u) i m) e+ (h(u) - 2(T1M)k> dQ} ,

_ UP(t)(1 — p)
M) = BT aNF (11 VPO — a1+

where

So,we conclude that

2t 1
—— 0< |h < —
sar e VS Ihls 5755

2AhGle). W) > g

b — pb3| <

This completes the proof.

Taking © = 1 in Theorem (2.1), we get the following consequence.

Corollary 2.2. For0 < A < ﬁ and t € (1/2,1] , let the function f € ¥ given by (1.1) be
in the class Hy(k,\,t) .Then

2t
by — 2| < ——
b — 03] < 2(1 + 2A)F

Taking A = 1 and k=1 in Theorem (2.1), we get the following consequence.

Corollary 2.3. Fort € (1/2,1], let the function f € ¥ given by (1.1) be in the class Hx(t)
Then

/2t
V1 — 22

|b2| <

t
|bs| < 4t2+§

and for some i € R,

t | 1| < 1 — 2t2
Py m = =
Y — b2 2
bs = 1b3 < 91 — ) s 122
1_9p @ BT H="%p

Taking 1 = 1 in Corollary(2.3) , we get the following consequence
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Corollary 2.4. Fort € (1/2,1], let the function f € ¥ given by(1.1) be in the class Hx(t)
. Then

[1]

2]

3]

t
|bs — b3| < 3
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