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ABSTRACT. The concept of 2-normed spaces was initially developed by Gahler [10], which
was extend to nm-norm by Misiak [17] for single sequence space. The main objective of this
paper is to study triple sequence spaces over n-norm via the sequence of modulus functions.
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1. INTRODUCTION

A triple sequence (real or complex) is a function z : Nx N x N — R(C), where N,R and C
are the set of natural numbers, real numbers, and complex numbers respectively. We denote
by w” the class of all complex triple sequence (pqr), where p,q, 7 € N. Then under the
coordinate wise addition and scalar multiplication w” is a linear space. A triple sequence
can be represented by a matrix, in case of double sequences we write in the form of a square.

In case of triple sequence it will be in the form of a box in three dimensions.

The different types of notions of triple sequences and their statistical convergence were
introduced and investigated initially by Sahiner et. al [22]. Later Debnath et.al [2, 3], Esi
et.al [4, 5, 6], Tripathy [24] and many others authors have studied it further and obtained
various results.

Statistical convergence was introduced by Fast [7] and later on it was studied by Fridy
8, 9] from the sequence space point of view and linked it with summability theory. The
notion of statistical convergent double sequence was introduced by Mursaleen and Edely

18].
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I-convergence is a generalization of the statistical convergence. Kostyrko et. al. [15]
introduced the notion of I-convergence of real sequence and studied its several properties.
Later Jalal [11, 12, 13|, Salat et. al. [20] and many other researchers contributed in its
study. Sahiner and Tripathy [22] studied I-related properties in triple sequence spaces and
showed some interesting results. Tripathy [24] extended the concept of I-convergent to
double sequence and later Kumar [16] obtained some results on /-convergent double sequence.
Recently Jalal and Malik [14] extended the concept of n-norms to triple sequence spaces and
proved several algebraic and topological properties.

In this paper we define the spaces A[F,||-,...,-[I]5, [F, 1, ColF, |-l
MF, |- ) and M3 [F, |- .., -|]]' by using the concept of n-normed space via the
sequence of modulii functions F' = (f,,-). We study some algebraic and topological properties

of these sequence spaces and some inclusion relations are obtained.

2. DEFINITIONS AND PRELIMINARIES

Definition 2.1. Let X # ¢. A class I C 2% (Power set of X ) is said to be an ideal in X if
the following conditions holds good:

(i) I is additive that is if A, B € I then AUB € I;
(ii) I is hereditary that is if A€ I, and B C A then B € I.

I is called non-trivial ideal if X & I

Definition 2.2. [21, 22] A triple sequence (xp,,) is said to be convergent to L in Pringsheim’s

sense if for every e > 0, there exists N € N such that
|Zpgr — L| < € whenever p>N,q>N,r >N

and write as limy, , o0 Tpgr = L.

Note: A triple sequence is convergent in Pringsheim’s sense may not be bounded [21, 22].

Example Consider the sequence (z,4) defined by

_1
p2qr

p+q forallp=qgandr=1
Lpgr = .
otherwise

Then z,, — 0 in Pringsheim’s sense but is unbounded.

Definition 2.3. A triple sequence (x,,.) is said to be I-convergence to a number L if for

every € > 0,
{(p,q,7) E NX NXN: |2y, — L| > €} €1l

In this case we write I —lim xp,q, = L .
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Definition 2.4. A triple sequence (xpq.) is said to be I-null if L = 0. In this case we write

I —limx,, =0 .

Definition 2.5. [21, 22] A triple sequence (z,q,) is said to be Cauchy sequence if for every
€ > 0, there exists N € N such that

|Tpgr — Timn| < € whenever p>1>N,g>m>N,r >n>N

Definition 2.6. A triple sequence (xpq,) is said to be I—Cauchy sequence if for every e > 0,
there exists N € N such that

{(p,q,7) e NX N XN |2p0r — Q| > €} €1

whenever p>1>N,g>m>N,r>n>N

Definition 2.7. [21, 22] A triple sequence (z,q,) is said to be bounded if there exists M > 0,
such that |xp,.| < M for all p,q,r € N.

Definition 2.8. A triple sequence (x,,.) is said to be I—bounded if there exists M > 0, such
that {(p,q,7) € Nx N XN : |xp,| > M} €1 forallp,q,r € N.

Definition 2.9. A triple sequence space E is said to be solid if (pgrTper) € E whenever

(Xpgr) € E and for all sequences (apg) of scalars with |oape| < 1, for all p,q,r € N .

Definition 2.10. Let E be a triple sequence space and © = (Tpq) € E. Define the set S(z)

as
S(z) = {(Tr(pgr)) : T is a permutations of N}
If S(x) C E for all z € E, then E is said to be symmetric.

Definition 2.11. A triple sequence space E is said to be convergence free if (Ypyr) € E
whenever (Tpq) € E and xp, = 0 implies ypqr = 0 for all p,q,r € N.

Definition 2.12. A triple sequence space E is said to be sequence algebra if x -y € E |
whenever © = (Tpy) € E and y = (ypqr) € E, that is product of any two sequences is also in

the space.

Definition 2.13. (n-Normed Space) Let n € N and X be a linear space over the field R
of reals of dimension d, where 2 < d <mn. A real valued function || -,...,- || on X™ satisfying
the following four conditions:

(1) [|z1, xa, ..., xs|| = 0 if and only if x1, z2, ..., x, are linearly dependent in X ;

(2) ||x1, 22y ..., Tn|| s invariant under permutation;

(3) llawy, g, oy wnll = la 21, @2, . ]| for any o € R;
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(4) |2y + 27, Toy ooy || < |21, Ty ooy || + |27, T2 s 20|
is called an n-norm on X and (X, || -, ..., ||) is called an n—normed space over the field R.
For example (R™,|| -, ..., ||g) where

|x1, 2, ..., xn || = the volume of the n-dimensional parallelopiped spanned by the vectors x1,xa, ..., Ty
Which can also be written as

||.’,C17 T2y eeny .TnHE - | det(m'i]”

where x; = (T, Tig, -+, Tin) € R foreachi =1,2,--- ,n. Let (X, ||, ...,-||) be an n—normed
space of dimension 2 < n < d and {ay,as, -+ ,a,} be linearly independent set in X. Then
the following function ||-, ..., ||ec on X" defined by

lx1, 22, ooy Tp_1]|co = max{||x1, 22, ..oy Tp_1,ai]| : 1 =1,2,...,n}

defines an (n — 1)-norm on X with respect to {ay,as, ..., an}.

The standard n-norm on X, a real inner product space of dimension d < n is as follows:

1

<.T1,SU1> ot <xlaxn>
Hxla Lo, 7anS =
<In,l'1> ° : ° <Inaxn>
where (-,-) denotes the inner product on X. For n = 1 this n-norm is the usual norm
lzll = (1, 21)2.
A sequence () in a n-normed space (X, |-, ...,+||) is said to converge to some L € X if
lim ||xp — L, 21, ..., 21| =0 for every zy,..,z,-1 € X.
k—o0
A sequence (zx) in a n-normed space (X, ||+, ...,-||) is said to be Cauchy if
im |jzg — 2p, 21, .. 21| =0 for every zi,..,z,-1 € X.
k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said to be complete
with respect to the n-norm. Any complete n-complete n-normed space is said to be n-Banach

space. The n-normed space has been studied in stretch [6, 19, 23].

Definition 2.14. (Modulus Function) A function f : [0,00) — [0,00) is called a modulus
function if it satisfies the following conditions

(i) f(x) =0 if and only if x = 0.

(i) flz+y) < f(z)+ fly) for allz >0 and y > 0.
(iii) f is increasing.
)

(iv) f is continuous from the right at 0.
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Since |f(x)— f(y)| < f(lx—yl|), it follows from condition (iv) that f is continuous on [0, c0).
Furthermore, from condition (2) we have f(nx) < nf(z), for alln € N, and so

fl@) = f(na(3) < nf(3).

Hence +f(z) < f(£) for alln €N

Let I be an admissible ideal, F' = (f,,-) be a sequence of modulus functions and (X, [|-, ..., ||)
be a n-normed space. By w” (n — X) we denote the space of all triple sequences defined over

(X, |-+ ,-]l). In the present paper we define the following sequence spaces

’

EF ..., = {x:qur cw ' (n—X):Ve>0, the set {(p,q,r) ENXxNxN:

fogr 1 Zpgr — Ly 21, -+, 2n—1]|) > €, for some L € C and z1,...,2,-1 € X} € I}

!

AIE ..., N = {x:qur cw (n—X):Ve>0, the set {(p,q,?“) eNxNxN:

Foor (Zpars 210+ 2l 3 €5 21, s 2t € X} c I}

"

GIE . = {x:wWEw (n—X):3 K > 0 such that {(p,q,T)ENxNxN:

sup {fpgr (|1Zpgr, 21, 2n—1])} > K, 21,...,2n—1 € X} € I}
p,q,r>1

and
M3[F7 ”a 'a'”]I = 03[F7 ||77|HI mggo[Fv ”a . 'a'”]I
M(:)))[Fa H7 w'H]I = C%[Fv Hvamlmgio[Fa H? . w‘”]l

For F(x) = x we have

Al = {x:qur cw (n—X):Ve>0, the set {(p,q,r) eENxNxN:
|Zpgr — L, 21, -+, 2n—1]| > €, forsomeLe(Candzl,...,zn1€X}EI}

alll-. -]t = {x:qur cw’(n—X):Ve>0, the set {(p,q,r) eENxNxN:
|Zpgrs 21, Zn—1]l = €, 21,. .., 2n—1 EX} EI}

Al = {a:—qur €w (n—X):3 K >0 such that {(p,q,r) eENxNxN:

sup (|zpgr, 21, -+, 2n-1l]) > K, 21,...,2n-1 € X} € I}
p,q,r>1
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3. ALGEBRAIC AND TOPOLOGICAL PROPERTIES OF THE NEW SEQUENCE SPACES

Theorem 3.1. Let F' = (fuqr) be a sequence of modulus functions then the triple sequence
spaces C%[F7 ||a SR 'H]I; Cg[Fv ||7 ceey '||]17 gio[Fa ||7 ceey 'H]If MS[Fa ||7 SR ||]I andMg)[Fa ||7 R |”I

all linear over the field C of complexr numbers.

Proof. We prove the result for the sequence space ¢3[F, ||, ..., ||] .
Let 2 = (2pgr), ¥ = (Ypgr) € SEIF, |-+, -|l]f and «, 8 € C, then there exist positive integers

me and ng such that |a] < m, and |B| < ng, then for 2, 29,...,2,-1 € X
I —lim fp (||xpgr — L1, 21, - - -, 2n—1]|) = 0, for some L, € C
I —lim fp (||xpgr — L2, 21, - -+, 2n—1]|) = 0, for some Ly € C
Now for a given € > 0 we set

€
Cr={(p.0,7) ENXNXN: fp(llzpgr = Ly 21,z > Sp €1 (2)

€
Co = {(1.4,7) € NXNXN: foulllgpr = Los 21, -zl > Sh €T (22)

Since [y, is a modulus function, so it is non-decreasing and convex, hence we get

Joar ([[(@Tpgr + BYpgr)—(Ly + BLa), 21, ... 2n1]])
= fpor([[(pgr — L) + (BYpgr — BL2), 21, - -, 2n1l])
< foar(lall|@pgr = L1, 21, 2nall) 4 foor (181Ypgr — L2, 215 -+, 2na[])
= o fpgr([2pgr — Lal) + 18] fpgr ([Ypgr — L2l)
< Mafpgr([|Tpgr — L1, 215 -5 2ot [|) + g fpar (|Yper — L2, 21, - -+, 20al])

From (2.1) and (2.2) we can write

{(p7 q, T) € N X N X N : qur(||(a$pq7‘ +6ypqr) - (aLl +/BL2)azl7 s 7Zn—1||) > 6} g Cl U CZ

Thus oz + By € S[F, |- .., ||]"
Therefore 3[F,||-,...,-|]]! is a linear space.
In the same way we can show that other spaces are linear as well. ([l
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Theorem 3.2. Let F = (fyqr) be a sequence of modulus functions then the inclusions

QUM T Sl T C L) holds
Proof. The inclusion ¢3[f,||-,...,||]! € &[F,||,...,|]]' is obvious.
We prove 03[157 ||7 SR H]I - ‘ggo[Fv ||7 R H]I

Let = (zp4) € S[F, ||+, .-, -||]' then there exists L € C such that
I —lim fogr(||Tpgr — Ly 21y ooy 2nma]]) =0, 21,00y 2001 € X

Since F = (fpqr) is a sequence of modulus functions so

quT(meT? Rlyeee anlu) < qur(prqT —L,z,..., anlu) + qur(HLa Zly - 7znle>
On taking supremum over p, ¢ and r on both sides gives © = (z,,.) € C[F, |- .,-||]f
Hence the inclusion c3[F, ||, ..., ||]f € S[F, [, -l|]F
c B F,|-..,-|]" holds. O
Theorem 3.3. The triple sequence c3[F, ||-,...,-||]' and MZ[F, |-, ..., |[]' are solid.
Proof. We prove the result for c3[F, ||, ..., |||’
Consider x = (zp4) € [F, ||+,
then I — ].imp7q,7‘ quT(prqr, Zlye-- JZ'IL—IH) =0
Consider a sequence of scalar () such that |a,,| <1 for all p,q,r € N.
Then we have
I— }}?} Soar(|0war (Tpgr) 215+, 2 |) < T — |O‘pqr|;i£ Soar(1Tpgr; 21, - - 201 )
<I- 11H11ﬂ qur(”qur, Rly«-+) zn—1||)
=0
Hence I —limy, ., fogr (||0pgrZpgr, 21, - - - 2n—1]|) = 0 for all p,¢, 7 € N
Which gives (pgrapgr) € GLF [l [l]*
Hence the sequence space c3[F, ||, ..., ||’ is solid.
The result for MZ[F,||,...,]]]' can be similarly proved. O
Theorem 3.4. The triple sequence spaces c3[F , [|-; ..., -I[I", Sl -1 Gl -l
MBI ) and ME[F |-, ..., -]])F are sequence algebras.
Proof. We prove the result for ¢3[F, ||, ..., |||’
Let z = (QZPW)’y = (ypqr) € Cg[Fa ||7 ceey H]I
Then we have I —lim fup (|| Zpgrs 215 - - -, Zn—1|]) = 0 and I — lim fp (|| Zpgr, 215 - - -, 2n1l]) =0
Using definition modulus functions we have I — lim fp, (|[(Zpgr * Ypgr)s 215 - - - 2n—1|]) = 0. It
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implies that z -y € CS[F, | R H]I

The result can be proved for the spaces ¢*[F, || ... <[], € [F, [+ [I1F MPIF (1[I
and M3[F,||-,...,-]|]! in the same way. O
Theorem 3.5. In general the sequence spacesc3[F . ||, ..., |11, S, |- ... [T and EF |- ... []]F

are not convergence free.

Proof. We prove the result for the sequence space c3[F , ||, ..., ||]! using an example.

Example: Let [ = I; define the triple sequence x = (x,,.) as

0 ifp=q=r
Lpgr =

1 otherwise
Then if four (%) = Tpyr ¥V p,q,7 € N, we have x = (z,) € SE[F, |-, |l] -

Now define the sequence y = y,qr as

0 if risodd , and p,g € N
Ypgr =

Imn otherwise
Then for fp,(2) = Tpgr ¥V p,q, 7 € N, it is clear that y = (Ypgr) € AIF |- [
Hence the sequence spaces ¢*[f, |-, .., -||]" is not convergence free.
The space A[F, ||, ..., ||| and £2_[F,],...,-|]]' are not convergence free in general can be
proved in the same fashion. ([l
Theorem 3.6. In general the triple sequences c3[F ,||-,..., ||| and SA[F,]|- ..., |]] are not

symmetric if I is neither maximal nor I = Iy.

I

Proof. We prove the result for the sequence space c3[F, ||, ...,||]]! using an example.

Example: Define the triple sequence © = (x,,.) as

0 ifr=1, forall pg e N
Tpor =
= 1 otherwise

Then if fpu(2) = 2pyr V p,q,7 € N, we have z = (x,4,) € 3[F, |-, ||

Now if Zr(per) be a rearrangement of x = (,,,) defined as

1 for p,q,r even € K
Lr(pgr) =

0 otherwise
Then {Zrpgnt & AlF .|| l)! as Zrpgr =1
Hence the sequence spaces c3[F, ||-,...,-||]' is not symmetric in general.
The space A[F , ||, . .., -||]* is not symmetric in general can be proved in the same fashion. [
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Theorem 3.7. Let F' = (fpyr) and G = (gpqr) be two sequences of modulus functions. Then
Tg[Fa ”7 R H]I N Tg[Ga ”7 SRR H]I c Tg[F + G, H? SRR H]I
where T = ¢, ¢y, or Lo

Proof. We prove the result for T = (. Let . = (zy1) € C[F, |- .., [[ITNEJ]G, |- ..., ]1]"

Then for z1,...,z,_1 € X we have

{(p,q,r)ENxNxN: sup { fogr (|Zpgr, 21, -+ - ,zn_1||)}ZK1} € [ for some K; >0

p,q,r>1

and

{(p,q,r) e NXNXN: sup {gpgr (|1Zpgrs 215 5 2n1ll)} > Kg} € I for some Ky > 0

p,q,r>1
Now since
sup {(qu?" + gpar) (|Zpgr, 21, -+, 2n—1ll) } = sup {qur (lzpgr, 215+ 5 2n—1l]) + gpar (1Tpgr, 21, -+ s 2n—1]) }
p,q,r>1 p,q,r>1
< sup {quv‘ (lzpgrs 21, s zn—1)) } + sup {gpqr (lzpgr, 215+ 5 2n—1l|) }
p,q,r>1 p,q,r>1

Hence for K = max{K;, K3} we have

{<p, &r) ENxNxN: sup {(fw & goar) e 210 2na ) } > K} el

P,q,7>1
Therefore z € 63 [F + G, ||-, ..., []]".
Hence
B o NG s ) S [F A+ Gyl
In the same way the inclusion for 7 = ¢, ¢y can be proved. O
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