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ABSTRACT. Using a generalized dual translation operator, we obtain an analog of Theorem
5.2 in Younis (1986) for the Dunkl transform for functions satisfying the (4, ~)-generalized
Dunkl Lipschitz condition in the space L%.
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1. INTRODUCTION AND PRELIMINARIES

Younis Theorem 5.2 [5] characterized the set of functions in L?(R) satisfying the Cauchy
Lipschitz condition by means of an asymptotic estimate growth of the norm of their Fourier

transforms, namely, we have the following

Theorem 1.1. [5] Let f € L2(R). Then the following are equivalents
(1) I1f(@+h) = F@)l = O (2555) as h—0, 0<a <1,8>0,

log
2

2) figor PN @) = O (s ) as 7 — +oc,

where F stands for the Fourier transform of f.

In this paper, we prove an analog of this theorem 1.1 for the generalized Dunkl transform

: 2
in the space L7).

Consider the first-order singular differential-difference operator on the real line

_da 1 f(x) = f(=x)

Df(a) = 2+ (a+3) +q(a)f (@)

where o > —% and ¢ is a C'* real-valued odd function on R. For ¢ = 0, we obtain the

classical Dunkl operator

+ (o +
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Put

1) Q) = exp (— / zq@dt) |

with @ is a even function.

We denote by:

(1) L2(R) the class of measurable functions f on R with the norm

1/2
1o = ([ 15 @P ) < oo

(2) Ly = L3 (R) the class of measurable functions f on R for which

[fll20 = 1Qfll2a < +00,
where @ is given by formula (1).

The following statement is proved in [3]

Lemma 1.2. (1) For each A € C, the differential-difference equation

Du =i\u, u(0)=1

admits a unique C* solution on R, denoted by 1y given by

Un(z) = Q(z)ea(idz),
where e, denotes the Dunkl kernel on R defined by

ea(2) = jaliz) + o T 2ja+1(zz), ze€C

Ja being the normalized spherical Bessel function given by

- - (=1)" Z\2
=T(a+1) )2
Jol2) =Tt D) 2 iy )2 € E
(2) Forallz e R, A€ C andn=0,1,2,...., we have
T (@) < Qe
o O <

244



Lemma 1.3. For z € R the following inequalities are fulfilled.

(1) [a(z)] <1,
(2) |1 = jo(x)| > ¢ with |x| > 1, where ¢ > 0 is a certain constant which depends only on

Q.

Proof. (analog of Lemma 2.9 in [4]). m
In the terms of j,(z), we have (see [1])

(2) L= Ja(x) = 0O(1), z > 1,

(3) 1 —jo(x) =0(2*), 0<z <1

Definition 1.4. The generalized Dunkl transform for a function f € Lb 1s defined by

/ f |$|2a+1dl’

From [2], we have two following theorems

Theorem 1.5. Let f € Ly, such that Fp(f) € L. Then

f(@)(Q / Fo(f M) AN,

where

1
22042(T(a + 1))2

Theorem 1.6. (1) For every f € L, we have the Plancherel formula

mey =

/ @) 2(Q@) 2 de = m, / Folf) V) PIAR A

(2) The generalized Dunkl transform Fp extends uniquely to an isometric isomorphism

from Lg onto L.

From [2], we define the generalized dual translation operators are given by

Tf(0) = 7 (@A) (o)
where the Dunkl translation operators
rtpte) = [ e

245



and pj , is a finite signed measure on R, of total mass 1, with support

[=IAl = {a] |1h] = |=[[F U [I[A] = |2[l, [2] + |2[]

and such that ||uf || < 2.

By [2], we have the formula

n Fo(Tuf)(N) = vr(MFo (NN, f € L3

2. MAIN RESULT

In this section we give the main result of this paper. We need first to define the (9, ~)-

generalized Dunkl Lipschitz class

Definition 2.1. Let 0 < § < 1 and v > 0. A function f € L3, is said to be in the (,7)-
generalized Dunkl Lipschitz class, denoted by Lip(Q,0,7), if

Q(h)h?
(log ;)
Theorem 2.2. Let f € LQQ. Then the following are equivalents

(1) f € Lip(Q,6,7),
2) fiyor [P (PP AP AN = O(bg )QW) as T — 400,

TS0+ T4 () = 20001 Ollag = 0 (0 ) a5 —0.

Proof.
1) = 2) Assume that f € Lip(Q,d,7). Then

Q(h)h°
(log )7

ITwf () + Tonf () — Q)2 = O ( ) as b= 0.

From formula (4), we have

o (Tof +Tonf =2QR) ) (A) = (Vox(h) +-a(=h) = 2Q(h)) Fp(f)(A)
= (Q(h)ea(— Mh)+@( h)ea(iAh) = 2Q(h)) Fo(f)(A)
= ((Q(h)(eal(=iAh) + ea(irh)) = 2Q(h)) Fo(f)(A)
= 2Q(h)(Ja(Ah) = 1) Fp(f) (V)

Plancherel identity gives

246



ITaf () + Tonf () = 20 Ollz.q = ma / (2Q(h)I1 = Ja Ao (£) ) PIAP A

If || € [, 2], then [AR| > 1 and (2) of Lemma 1.3 implies that

1 .
1< c_2|1 — ja(AR)[?

Then
1
/ [Fo(HYNPAPH AN < = 11— o (AR) 2| Fp () (NP dA
RSAI<R ¢ JE<ins
< 5 [ = RO FIF DA
< ST+ Tof() — 20 FO)
= dma Q)2 MY B e
h26
_ O T
(log )*
We obtain
20\ [2a+1 rm2
F MNP dA =0 —— ) asr — +o0
/r<|>\<2r| D(f)( )| | | <(10g7’)27>
Thus these exists C' > 0 such that
204|201 P2
F MM AN < C—m—
/r<|)\|<27“| p()NFIA ~ (logr)*

So that

| IFOMEAREay = {/ o R ] Fo(HPIAPdA
A= r<|A<2r 2r<|A[<4r 4r<|A[<8r

7’_25 (27")_25 (47a)—26
(log r)?v (log 2r)2v (log 4r)?v
—26

< C

(1+272 4 (272)2 4 (272)3 4 ...)

<
S Cllogry

7”_26

S CColiog

where Cs = (1 — 272)~! since 272 < 1.

This proves that
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—26

Fo(F)O\ 2)\2a+1d>\:0<r—> as  — 4o00.
[ e TBE
2) = 1) Suppose now that
2\ 120+1 0 =2
Fi MNP AN = — | asr — +o0.
/|A|>r| oW <(10g7”)27>
We write
[ 1= ORISR A = + 1o
R
where
L= [ = G OWPIZ (AP A
Al<f
and

I = / 11— Ju (AR Fo ()N PIARdA
N>+

Estimate the summands I; and I,.

From inequality (1) of Lemma 1.3, we have

o= [ G PF ARy
A=

S=

< 4 BN
[A|>

1
h

Then

Quiy,

HQ(M))l, = O ( (log 1Y%

To estimate I;, we use the inequality (3). Set

+oo
v@) = [ 1PN
An integration by parts, we obtain

248



[ Enmeaeti = [

0

— —a)+2 [ Ay

0

< G / M2 (log A\) ™2 dA
0
= O(a® *(logx)™?),

We use the formula (3)

[ 1= O PIF WA= = 00 [ REPWENE) +0 (h—)
R A<t (log 3)*
1 h25
= O h?h**(log —27) 0<—1 >
( ( g}1> * (log 7 )%

Therefore

M /R(2@(h))2\1 — Ja(AR) I Fp ()N PAF A = O (

and this ends the proof. m

Q(h)2h26)
(log)* /)’
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