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1. Introduction and preliminaries

Younis Theorem 5.2 [5] characterized the set of functions in L2(R) satisfying the Cauchy

Lipschitz condition by means of an asymptotic estimate growth of the norm of their Fourier

transforms, namely, we have the following

Theorem 1.1. [5] Let f ∈ L2(R). Then the following are equivalents

(1) ‖f(x+ h)− f(x)‖2 = O
(

hα

(log 1
h
)β

)
as h −→ 0, 0 < α < 1, β > 0,

(2)
∫
|x|≥r |F(f)(x)|2dx = O

(
r−2α

(log r)2β

)
as r −→ +∞,

where F stands for the Fourier transform of f .

In this paper, we prove an analog of this theorem 1.1 for the generalized Dunkl transform

in the space L2
Q.

Consider the first-order singular differential-difference operator on the real line

Df(x) =
df

dx
+ (α +

1

2
)
f(x)− f(−x)

x
+ q(x)f(x),

where α > −1
2

and q is a C∞ real-valued odd function on R. For q = 0, we obtain the

classical Dunkl operator
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Dαf(x) =
df

dx
+ (α +

1

2
)
f(x)− f(−x)

x
Put

(1) Q(x) = exp

(
−
∫ x

0

q(t)dt

)
,

with Q is a even function.

We denote by:

(1) L2
α(R) the class of measurable functions f on R with the norm

‖f‖2,α =

(∫
R
|f(x)|2|x|2α+1dx

)1/2

< +∞

(2) L2
Q = L2

Q(R) the class of measurable functions f on R for which

‖f‖2,Q = ‖Qf‖2,α < +∞,

where Q is given by formula (1).

The following statement is proved in [3]

Lemma 1.2. (1) For each λ ∈ C, the differential-difference equation

Du = iλu, u(0) = 1

admits a unique C∞ solution on R, denoted by ψλ given by

ψλ(x) = Q(x)eα(iλx),

where eα denotes the Dunkl kernel on R defined by

eα(z) = jα(iz) +
z

2α + 2
jα+1(iz), z ∈ C

jα being the normalized spherical Bessel function given by

jα(z) = Γ(α + 1)
∞∑
n=0

(−1)n

k!Γ(n+ p+ 1)
(
z

2
)2n, z ∈ C,

(2) For all x ∈ R, λ ∈ C and n = 0, 1, 2, ...., we have∣∣∣∣ ∂n∂λnψλ(x)

∣∣∣∣ ≤ Q(x)|x|ne|Imλ||x
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Lemma 1.3. For x ∈ R the following inequalities are fulfilled.

(1) |jα(x)| ≤ 1,

(2) |1− jα(x)| ≥ c with |x| ≥ 1, where c > 0 is a certain constant which depends only on

α.

Proof. (analog of Lemma 2.9 in [4]).

In the terms of jα(x), we have (see [1])

(2) 1− jα(x) = O(1), x ≥ 1,

(3) 1− jα(x) = O(x2), 0 ≤ x ≤ 1.

Definition 1.4. The generalized Dunkl transform for a function f ∈ L1
Q is defined by

FD(f)(λ) =

∫
R
f(x)ψ−λ(x)|x|2α+1dx.

From [2], we have two following theorems

Theorem 1.5. Let f ∈ L1
Q such that FD(f) ∈ L1

Q. Then

f(x)(Q(x))2 = mα

∫
R
FD(f)(λ)ψλ(x)|λ|2α+1dλ,

where

mα =
1

22α+2(Γ(α + 1))2

Theorem 1.6. (1) For every f ∈ L2
Q we have the Plancherel formula∫

R
|f(x)|2(Q(x))2|x|2α+1dx = mα

∫
R
|FD(f)(λ)|2|λ|2α+1dλ

(2) The generalized Dunkl transform FD extends uniquely to an isometric isomorphism

from L2
Q onto L2

α.

From [2], we define the generalized dual translation operators are given by

Thf(x) =
Q(h)

Q(x)
τ−hα (Qf)(x),

where the Dunkl translation operators

τ−hα f(x) =

∫
R
f(z)dµαh,x(z),

245



and µαh,x is a finite signed measure on R, of total mass 1, with support

[−|h| − |x|, ||h| − |x||] ∪ [||h| − |x||, |h|+ |x|]

and such that ‖µαh,x‖ ≤ 2.

By [2], we have the formula

(4) FD(Thf)(λ) = ψ−λ(h)FD(f)(λ), f ∈ L2
Q

2. Main Result

In this section we give the main result of this paper. We need first to define the (δ, γ)-

generalized Dunkl Lipschitz class

Definition 2.1. Let 0 < δ < 1 and γ > 0. A function f ∈ L2
Q is said to be in the (δ, γ)-

generalized Dunkl Lipschitz class, denoted by Lip(Q, δ, γ), if

‖Thf(.) + T−hf(.)− 2Q(h)f(.)‖2,Q = O

(
Q(h)hδ

(log 1
h
)γ

)
as h −→ 0.

Theorem 2.2. Let f ∈ L2
Q. Then the following are equivalents

(1) f ∈ Lip(Q, δ, γ),

(2)
∫
|λ|≥r |FD(f)(λ)|2|λ|2α+1dλ = O

(
r−2δ

(log r)2γ

)
as r −→ +∞.

Proof.

1) =⇒ 2) Assume that f ∈ Lip(Q, δ, γ). Then

‖Thf(.) + T−hf(.)−Q(h)f(.)‖2,α,n = O

(
Q(h)hδ

(log 1
h
)γ

)
as h→ 0.

From formula (4), we have

FD (Thf + T−hf − 2Q(h)f) (λ) = (ψ−λ(h) + ψ−λ(−h)− 2Q(h))FD(f)(λ)

= (Q(h)eα(−iλh) +Q(−h)eα(iλh)− 2Q(h))FD(f)(λ)

= ((Q(h)(eα(−iλh) + eα(iλh))− 2Q(h))FD(f)(λ)

= 2Q(h)(jα(λh)− 1)FD(f)(λ)

Plancherel identity gives
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‖Thf(.) + T−hf(.)− 2Q(h)f(.)‖22,Q = mα

∫
R
(2Q(h))2|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ

If |λ| ∈ [ 1
h
, 2
h
], then |λh| ≥ 1 and (2) of Lemma 1.3 implies that

1 ≤ 1

c2
|1− jα(λh)|2

Then

∫
1
h
≤|λ|≤ 2

h

|FD(f)(λ)|2|λ|2α+1dλ ≤ 1

c2

∫
1
h
≤|λ|≤ 2

h

|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ

≤ 1

c2

∫
R
|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ

≤ 1

c2
1

4mα(Q(h))2
‖Thf(.) + T−hf(.)− 2Q(h)f(.)‖22,Q

= O

(
h2δ

(log 1
h
)2γ

)
We obtain

∫
r≤|λ|≤2r

|FD(f)(λ)|2|λ|2α+1dλ = O

(
r−2δ

(log r)2γ

)
as r → +∞

Thus these exists C > 0 such that

∫
r≤|λ|≤2r

|FD(f)(λ)|2|λ|2α+1dλ ≤ C
r−2δ

(log r)2γ

So that

∫
|λ|≥r
|FD(f)(λ)|2|λ|2α+1dλ =

[∫
r≤|λ|≤2r

+

∫
2r≤|λ|≤4r

+

∫
4r≤|λ|≤8r

+.....

]
|FD(f)(λ)|2|λ|2α+1dλ

≤ C
r−2δ

(log r)2γ
+ C

(2r)−2δ

(log 2r)2γ
+ C

(4r)−2δ

(log 4r)2γ
+ ......

≤ C
r−2δ

(log r)2γ
(1 + 2−2δ + (2−2δ)2 + (2−2δ)3 + .....)

≤ CCδ
r−2δ

(log r)2γ

where Cδ = (1− 2−2δ)−1 since 2−2δ < 1.

This proves that
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∫
|λ|≥r
|FD(f)(λ)|2|λ|2α+1dλ = O

(
r−2δ

(log r)2γ

)
as r −→ +∞.

2) =⇒ 1) Suppose now that

∫
|λ|≥r
|FD(f)(λ)|2|λ|2α+1dλ = O

(
r−2δ

(log r)2γ

)
as r −→ +∞.

We write

∫
R
|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ = I1 + I2,

where

I1 =

∫
|λ|< 1

h

|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ

and

I2 =

∫
|λ|≥ 1

h

|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ

Estimate the summands I1 and I2.

From inequality (1) of Lemma 1.3, we have

I2 =

∫
|λ|≥ 1

h

|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ

≤ 4

∫
|λ|≥ 1

h

|FD(f)(λ)|2|λ|2α+1dλ

= O

(
h2δ

(log 1
h
)2γ

)
.

Then

4(Q(h))2I2 = O

(
Q(h)2h2δ

(log 1
h
)2γ

)
.

To estimate I1, we use the inequality (3). Set

ψ(x) =

∫ +∞

x

|FD(f)(λ)|2|λ|2α+1dλ.

An integration by parts, we obtain
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∫ x

0

|FD(f)(λ)|2|λ|2α+1dλ =

∫ x

0

−λ2ψ′(x)dx

= −x2ψ(x) + 2

∫ x

0

λψ(λ)dλ

≤ C1

∫ x

0

λλ−2δ(log λ)−2γdλ

= O(x2−2δ(log x)−2γ),

We use the formula (3)

∫
R
|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ = O(h2

∫
|λ|< 1

h

λ2|FD(f)(λ)|2|λ|2α+1dλ) +O

(
h2δ

(log 1
h
)2γ

)
= O

(
h2h2δ−2(log

1

h
)−2γ

)
+O

(
h2δ

(log 1
h
)2γ

)
= O

(
h2δ

(log 1
h
)2γ

)

Therefore

mα

∫
R
(2Q(h))2|1− jα(λh)|2|FD(f)(λ)|2|λ|2α+1dλ = O

(
Q(h)2h2δ

(log 1
h
)2γ

)
,

and this ends the proof.
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