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AssTrACT. Let R be aring, (S, <) a strictly ordered monoid and w : S —End(R) a monoid homomorphism. This paper
is devoted to the study of (S, w)-nil-Armendariz under some additional conditions. Let R be a completely S-compatible
ring. We show that, if I is semicommutative and R/I is (S, w)-nil-Armendariz, then R is (S, w)-nil-Armendariz. As a
consequence, we deduce that for an S-compatible ring R, the skew generalized power series ring [[R%'<, w]] is weak
symmetric (weakly reversible, weakly zip, nil-semicommutative) ring if and only if R is weak symmetric (weakly
reversible, weakly zip, nil-semicommutative, respectively). Moreover, some results of skew generalized power series
[[RS=,w]] are given.
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1. INTRODUCTION

Allrings considered here are associative with identity. We will write monoids multiplicatively unless otherwise
indicated. If Ris a ring and X is a nonempty subset of R, then the left (right) annihilator of X in R is denoted by
lr(X)(rr(X)). We will denote by End(R) the monoid of ring endomorphisms of R, and by Aut(R) the group of
ring automorphisms of R.

Let R be a ring, (S, <) a strictly ordered monoid, and w : S —End(R) a monoid homomorphism. For s € S,
let w, denote the image of s under w, that is, ws = w(s). Let A be the set of all functions f : S — R such that the
support supp(f) = {s € S : f(s) # 0} is artinian and narrow. Then for any s € S and f, g € A the set

Xo(f,9) = {(u,v) € supp(f) x supp(g) : s = uv}

is finite. Thus one can define the product fg : S — R of f,g € A as follows:

) = Y fwwalg))

(u,v)eX:(f,9)
(by convention, a sum over the empty set is 0). With pointwise addition and multiplication as defined above,
A becomes a ring, called the ring of skew generalized power series with coefficients in R and exponents in S,

see [35] and denoted by [[R=, w]] (or by R[[S,w]] when there is no ambiguity concerning the order <).
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We will use the symbol 1 to denote the identity elements of the monoid S, the ring R, and the ring [[R%<, w]]

as well as the trivial monoid homomorphism 1 : S —End(R) that sends every element of S to the identity
endomorphism. A subset P C R will be called S-invariant if for every s € S it is ws-invariant (that is, ws(P) C P).

To each r € Rand s € S, we associate elements c,, e; € [[R*=,w]] defined by

’ 1, T =Ss,

0. v e S\(1), 0, z € S\{s}.

It is clear that r — ¢, is a ring embedding of R into [[R%'<,w]] and s + e, is a monoid embedding of S into the
multiplicative monoid of the ring [[R*<,w]], and esc, = ¢y, (1) €s.

Rege and Chhawchharia [25] introduced the notion of an Armendariz ring. They defined a ring R to be an
Armendariz ring if whenever polynomials f(z) = ap + a1z + - - - + anz™, g(z) = by + b1z + - - - + bpx™ € Rlx]
satisfy f(z)g(x) = 0, then a;b; = 0 for each 4, j. (The converse is always true.) The name “Armendariz ring” was
chosen because Armendariz [13, Lemma 1] had noted that a reduced ring satisfies this condition. Reduced rings
(i.e., rings with no nonzero nilpotent elements). Some properties of Armendariz rings have been studied in Rege
and Chhawchharia [13], Anderson and Camillo [11], Kim and Lee [26], Huh, Lee and Smoktunowicz [18], and
Lee and Wong [41].

Given a ring R and a ring endomorphism ¢ : R — R, the skew polynomial ring R|[x; o] consists of polynomials

in the indeterminate = with coefficients from R, written on the left, where multiplication in R[x; o] is defined by

(Z ) (Z bjxj) = 2w’ (by)at.

Following Hong et al. [9], we say that a ring R with an endomorphism o is o-skew Armendariz if whenever
polynomials f(z) = ap + a1 + - - + apz™ and g(z) = by + bix + - - - + by z™ in R[x; 0] satisfy f(z)g(z) =0
then a;0°(b;) = 0 for all i, j. A stronger condition than Armendariz was studied by Kim et al. in [27]. A ring
R is said to be power-serieswise Armendariz if whenever power series f(z) = ap + a12 + --- + apz™ and
g(x) = by + b1z + - - - + bypa™ in R[[z]] satisfy f(z)g(x) = 0 then a;b; = 0 for all ¢, 5.

If Ris aring and S is a strictly ordered monoid, then the ring R is called a generalized Armendariz ring if for
each f,g € [[R®=]] such that fg = 0 implies that f(u;)g(v;) = 0 for each u; € supp(f) and v; € supp(g). In [45]
Liu called such ring S-Armendariz ring. He proved by [45, Lemma 3.1] a reduced rings are S-Armendariz for
any torsion free and cancellative monoid S.

This paper is devoted to continue to study some results of (.S, w)-nil-Armendariz ring under some additional
conditions, which is a common generalization of S-Armendariz, (S, w)-Armendariz, nil power serieswise Ar-
mendariz rings and nil generalized power serieswise Armendariz rings. For a ring R, (5, <) a strictly ordered
monoid and w : S —+End(R) a monoid homomorphism and R be a completely S-compatible ring. We show that,
if I is semicommutative and R/I is (S,w)-nil-Armendariz, then R is (S, w)-nil-Armendariz. As a consequence,
we deduce that for an S-compatible ring R, the skew generalized power series ring [[R*<, w]] is weak symmetric

(weakly reversible, weakly zip, nil-semicommutative) ring if and only if R is weak symmetric (weakly reversible,
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weakly zip, nil-semicommutative, respectively). Moreover, several known results relating to skew generalized

power series [[R*'<,w]] can be obtained as corollaries of our results.

2. (S, w)-nil-Armendariz rings

The Wedderburn radical (i.e., the largest nilpotent ideal in R), the lower nil radical (i.e., the intersection of all
the prime ideals in R), the Levitzky radical (i.e., sum of all locally nilpotent ideals), the upper nil radical (i.e.,
sum of all nil ideals), the set of all nilpotent elements of R and the sum of all nil left ideals of R (which coincides
with the sum of all nil right ideals of R) is denoted by Ny(R), Nil.(R), L — rad(R), Nil*(R), Nil(R) and A(R),
respectively.

One can find the next definitions in [16, Definition 2.1] and our PhD [14] and [23] respectively.

Definition 2.1. Let R be a ring, (S, <) be a strictly ordered monoid, and w : S —End(R) a monoid homomorphism. The
ring R is called (S, w)-Armendariz, if whenever fg = 0 for f, g € [[RS=,w]], then f(u)w,(g(v)) = 0 for each u,v € S.

Definition 2.2. Let Rbearing, (S, <) be a strictly ordered monoid, and w : S —End(R) a monoid homomorphism. We say
that Ris (S, w)-nil-Armendariz, if whenever f, g € [[R<,w]] satisfy fg € [[nil(R)><,w]], then f(u)w,(g(v)) € nil(R)
foreach u,v € S.

Let S = (NU {0}, +) and < is the usual order. Then, [[R=,w]] = R[[x]]. Let w be the trivial order. Then the
ring R is (S, w)-nil-Armendariz, if and only if, R is nil power series Armendariz. Hence (S, w)-nil-Armendariz
ring is a common generalization of above. If T is a subring of R and w,(T)) C T for any u € S, then T is
(S, w)-nil-Armendariz, when R is (S, w)-nil-Armendariz. A ring R is called an NI ring if nil(R) forms an ideal.

According to Krempa [19], an endomorphism « of a ring R is said to be rigid if ac(a) = 0 implies a = 0 for
a € R. Aring R is said to be a-rigid if there exists a rigid endomorphism « of R. And «-rigid rings are reduced
rings by [10, Proposition 5]. In [12], the authors introduced a-compatible rings and studied their properties. A
ring R is a-compatible if for each a,b € R, ab = 0 if and only if aa(b) = 0.

Basic properties of rigid and compatible endomorphisms, proved by Hashemi and Moussavi are summarized

in what follows:

Lemma 2.3. Let o be an endomorphism of a ring R.

1) If o is compatible, then o is injective.

2) « is compatible if and only if for all a,b € R, a(a)b =0 < ab = 0.
3) The following conditions are equivalent:
)

(
(
(
(a) « is rigid;
(b) a is compatible and R is reduced;
(

)
¢) For every a € R, a(a)a = 0 implies that a = 0.

Definition 2.4. [16] Let R be a ring, (S, <) a strictly ordered monoid and w : S —End(R) a monoid homomorphism.
The ring R is said to be S-compatible (resp. S-rigid) if w, is compatible (resp. rigid) for every s € S; to indicate the

homomorphism w, we will sometimes say that R is (S, w)-compatible (resp. (S, w)-rigid).
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Lemma 2.5. Let w : S —End(R) a monoid homomorphism. For each a,b € R, each s € S, the followings holds:
(1) ab € nil(R) & aws(b) € nil(R).
(2) ab € nil(R) & ws(a)b € nil(R).
Proof. It is enough to proof (1) and the proof of (2) is similar. Suppose that ab € nil(R) for each a,b € R. Then
there exists some positive integer k such that (ab)* = 0. Using the condition that w is compatible, we have
0 = (ab)* = abab - - - ab
< abab - - - ababaws(b) = 0
< abab- - aws((b)aws(b)) =0
< abab - - - awg (b)ws(aws (b)) =0
< ababab - - - aws(b)aws(b) =0
- aws(b)aws(b) - - - aws(b)aws(b) = 0
Therefore aws(b) € nil(R). O

The following result appeared in [16].

Lemma 2.6. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism. Then
[[R%=,w]] is reduced if and only if R is reduced.

Let Rbe aring, (S1,<1), (S2,<2), ..., (Sn, <) be strictly ordered monoid, and w': S; — End(R) be a monoid

homomorphism for every i. Define w : S — End(R) as

W(S1,82,...,8n) = Ws,Ws, * * Wy

[

That is,
W(s1,82,..0,8n) — Ws1Wsy """ Ws,, -«

Then w is well-defined.
Lemma 2.7. If R is S;-compatible for each i, then R is S-compatible.

Proof. Leta,b € R. Then forany s; € S,
ab=0< aws, (b)) =0

& aws, _ ws, (b)) =0

& aws,ws, - ws, () =0
= aw(31752,.~~,sn)(b) = 0.
Thus, R is S-compatible. -

Proposition 2.8. Let R be a ring, (S, <) a strictly ordered monoid, and w : S — End(R) a monoid homomorphism such
that R is S-compatible. Then the following conditions are equivalent:

(1) Ris (S, w)-nil-Armendariz.

(2) Risan NI ring.
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Proof. (1) = (2) Since R is S-compatible the proof is similar to the proof of [29, Proposition 2.2(1)].

(2) = (1) Assume that R is an NI ring and f,g € [[R%=,w]] are such that fg € [[nil(R)%<,w]]. Then
fg =0, where f, 7 are the corresponding skew generalized power series of f, g in [[(R/nil(R))%<,w]]. Observe
that R/nil(R) is reduced and hence (S, w)-Armendariz by [16]. Thus, f(u)w,(g(v)) = 0, where @, (g(v)) =

wy(g9(v) + nil(R)). Note that the S-compatibility implies w,, is well-defined. So, f(u)g(v) = 0 for all u,v € S.
Hence f(u)g(v) € nil(R) for any u,v € S. Therefore R is (S, w)-nil-Armendariz by Lemma 2.5. O

Corollary 2.9. Let R be aring, (S1,<1),(S2,<2),...,(Sn, <y) be a strictly ordered monoids, and w is defined as above.
Denote by (lex <) and (revlex <) the lexicographic order, the reverse lexicographic order, respectively, on the monoid
Sy X Sz X -+ x Sy. Then the following conditions are equivalent:

(1) Risan NI ring.

(2) Ris (S1 X S2 X -+ x Sy, w)-nil-Armendariz for any ordered monoid (S;, <;).

(3) Ris (S x S2 X -+ x Sy, w)-nil-Armendariz for ordered monoid (S x Sg X - -+ x Sp, (lex <)).

(4)

4) Ris (S1 X S X -+ X Sy, w)-nil-Armendariz for ordered monoid (S1 x Sy X -+ x Sy, (reviex <)).

Proof. 1t is easy to see that (51 x Sy X - -+ x Sy, (lex <)) and (S X S2 X -+ x Sy, (reviex <)) are strictly ordered

monoids. Therefore we complete the proofs of (2) < (1), (2) < (3) and (2) < (4) by Proposition 2.8. O

In [29]. A ring R is called n nil power serieswise Armendariz if f = Xa;, ;,,... i, 21" T3

coepin g = Ebjlyj%___jmx{lxéé coemdn € R[x1, 29, ..., 2] satisfy fg € nil(R)[[z1, 22, -
,Tp]], then a;, 4, 4. bj, 4s.. 5, € nil(R) for all for all iy, 4, ..., %, and j1, j2, .. ., Jn-

Corollary 2.10. [29, Corollary 2.4] Let R be a ring. Then the following conditions are equivalent.
(1) The ring R is an NI ring.
(2) The ring R is nil power series Armendariz.

(3) The ring R is n nil power series Armendariz.

Lemma 2.11. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism. If R is
S-compatible (S, w)-Armendariz, then for any f1, fa, ..., fn

€ [[RS’S7CUH with f1f2 s fn =0, fl(ul)fQ(UQ) s fn(un) = OfOT any uy, ug, ..., U, € S.
Proof. Using Lemma 2.5, the proof is similar to that of [45, Proposition 3.2]. O

Corollary 2.12. Let R be a ring, (S, <) a ordered commutative torsion-free and cancellative monoid. Assume that R is
S-rigid and w : S — End(R) a monoid homomorphism. Then for each fi, fa,..., fn € [RS=,W]), fifo- fn =0,
implies f1 (ul)fg (Ug) U fn(un)

= 0for any uy,ug, ..., u, € S.
Proof. Immediately from [16, Theorem 4.12] and Lemma 2.11. O

Proposition 2.13. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism. If
R is S-compatible and (S, w)-nil-Armendariz, then for any f1,..., fn € [[R¥<,w]] with fifs--- fa € [nil(R)%<,w]],
Sr(ur) fa(ug) - -

fn(up) € nil(R) for any uy, ug, ..., u, € S.



Acia Pac. J. Math. 2019 6:1 6of 17

Proof. Using Lemma 2.5 freely. The proof is by induction on n. The case n = 2 is clear by the definition of
(S, w)-nil-Armendariz ring. Suppose that f1, fa, ..., fn € [[R%<,w]] are such that fifs--- f, € [[nil(R)%<,w]]
forn > 2. Then from f1(fafs - fn)

€ [[nil(R)%<,w]] it follows that fi(u1)(fafs--- fa)(v) € nil(R) for any u;,v € S since R is S-compatible.
Thus (Cy, (u,)f2f3 - fn)(v) € nil(R) for any v € S, and s0 Cy,(u))f2f3  fu € [[nil(R)%=,w]]. Now from
(Cryunf2)(f3 - fn) € [nil(R)%=,w]], it follows that (C, (uy) f2) (u2)

(f3++- fn)(2) € nil(R) for all ug, z € S. Since

(Cfy(ur) f2)(u2) = fi(ur) fa(uz)

for any wu;, us € S, we have
fi(ur) fa(uz)(fafa--- fn)(2) € nil(R)

for all uy,us, 2z € S. Hence

5%, 4.

Clpr () fo(un)y f3fa -+ fn € [nil(R)
Continuing this manner, we see that f1(u1)f2)(u2) - - - fn(un) € nil(R) for all uq, ug,

ce Uy €S O

Corollary 2.14. Let R be aring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism and R
is S-compatible. Then the following conditions are equivalents:

(W) If frs fas- ooy fu € [[RO=, 0] satisfy f1fo--- fn € [[nil(R)S=, W], then fi(u1)

fa(ua) - -+ frnlun) € nil(R), for any uy,ua, ..., u, € S.

(2) Ris NI ring.

Proposition 2.15. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a compatible monoid
homomorphism such that nil(R) < R. Then if fg € [[nil(R)>=,w]], f(u)g(v) € nil(R) for all u,v € S.

Proof. Sinse nil(R) is an ideal of R, then R is NI ring. Thus the proof is similar to the proof of Proposition
2.8. O

Hashemi and Esmaili [19], shows that there exists a ring R and an endomorphism « on R such that nil(R) is

an a-compatible ideal of R. Here we have corollary.

Corollary 2.16. Let R be a ring such that nil(R) is an S-compatible ideal of R, (S, <) a strictly ordered monoid and
w : S — End(R) monoid homomorphism. Then if fg € [[nil(R)><,w]], f(u)g(v) € nil(R) for each u,v € S.

Observe that if nil(R) < R, then by Proposition 2.15, R is (.S, w)-nil-Armendariz. More generally we obtain
the following.

Lemma 2.17. Let R be a ring, (S, <) a strictly ordered monoid, and w : S — End(R) a monoid homomorphism. Assume

that R is S-compatible and (S, w)-Armendariz, then nil([[R=,w]]) C [[nil(R)%<,w]].

Proof. Let f € nil([[R®=,w]]) and assume that f* = 0 where k € Z. Then by Proposition 2.13, f(u) € nil(R) for
any u € S. Hence nil([[R%<,w]]) C [[nil(R)>=, w]]. O



Acia Pac. J. Math. 2019 6:1 7 of 17

In [16], aring R is called linearly (S, w)-Armendariz if for all s € S\{1} and ay, a1, bo, b1
€ R, whenever (c,, + ca,€s)(ch, + cp,e5) = 0in [RSS, w]], then aghy = agby = ajws(by) = a1ws(b1) = 0in R.

The following result appeared in [2].

Corollary 2.18. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism. If R is
linearly (S, w)-Armendariz and ws is compatible for some s € S\{1}, then:

(1) Nil(R) is a (nonunital) subring of R;

(2) No(R) = Nil.(R) = L — rad(R) = Nil*(R) = A(R). In particular, the Kéthe problem has a positive solution in the

class of S-compatible linearly (S, w)-Armendariz rings.

Concerning the question of whether nil(R[x]) = nil(R)[z], Amitsur [4], proved that this is true for K -algebras
over uncountable fields. But recently, Smoktunowicz, in [1], has proved that the result is not true for algebras

over countable fields.

Proposition 2.19. Let R be NI ring, (S, <) a strictly ordered monoid, and w : S — End(R) a monoid homomorphism.
If R is S-compatible (S, w)-nil-Armendariz and nil(R) is an ideal of R, then

[nil(R)>=, w]] = nil([[R=, w]]).

Proof. Let a € nil(R), then by Corollary 2.18, RaR is a nilpotent in R. Since R is S-compatible, for each s € S,
Rw(a)R is a nilpotent ideal of R and so ws(a) € nil(R). Thus nil(R) is S-invariant and so [[nil(R)%<,w]] is
an ideal of [[R*'=,w]]. By Lemma 2.17, we have nil([[R*<,w]]) C [[nil(R)S<,w]]. So it is suffices to show that
([nil(R)=, w]] € nil([[RS=, w]]).

Assume that f € [[nil(R)'<,w]] then for any u € S, f(u) € nil(R). By Corollary 2.18 there exists some
positive integer k such that for each u € S, (Rf(u)R)* = 0. Since R is S-compatible, then for each g,h €
[[R%=,w]], (9fh)* = 0. By Lemma 2.17, we know that if g € nil([[R®=,w]]), then f(u) € nil(R), for each u € S.
So f € nil([[R=,w]]). Hence [[nil(R)>=, w]] C nil ([[RS=,w]]). Thus, [[nil(R)%S, w]] = nil([[R<, w]]). a

Corollary 2.20. Let R be a ring, (S, <) a strictly ordered monoid, and w : S — End(R) a monoid homomorphism. If R

is S-compatible and (S, w)-nil-Armendariz right noetherian ring, then [[nil(R)%<, w]] = nil ([R*=,w]]).

Proof. Since R is (S, w)-nil-Armendariz, by Proposition 2.8, R is an N1 ring, nil(R) is nilpotent. Hence the result

follows from Proposition 2.19. O

From Lemma 2.17 and Proposition 2.19, we have the following corollary.

Corollary 2.21. Let R be a ring, (S, <) a strictly ordered monoid, w : S — End(R) a monoid homomorphism and R is
S-compatible (S,w)-Armendariz. Then f is a nilpotent element of [[R*<, w]] if and only if f(u) € nil(R) for each u € S.

A ring R is called semicommutative if for all a,b € R,ab = 0 implies aRb = 0. This is equivalent to the
usual definition by Shin [40, Lemma 1.2] or Huh et al. [18, Lemma 1]. By Huh et al. [18], reduced rings are
semicommutative, and semicommutative rings are Abelian (i.e., rings in which every idempotent is central). N. K.
Kim et al. have shown in [27, Proposition 3.1] that a ring R is power serieswise Armendariz if and only if R[z] is

power serieswise Armendariz. For nil power serieswise Armendariz rings, S. Hizem have shown in [38, Corollary
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7] that if R is a semicommutative ring, then R[] is a nil power serieswise Armendariz ring. Ouyang and Liu [29]
it was shown that if nil(R) is nilpotent and R is nil generalized power serieswise Armendariz rings, then [[R%<]]

is nil generalized power serieswise Armendariz rings. As to (.S, w)-nil-Armendariz rings, we have the following.

Proposition 2.22. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism
and R is (S, w)-nil-Armendariz. If R is S-compatible and nil(R) is nilpotent, then [[R*'<,w]| is nil-Armendariz for any

strictly ordered monoid (T, <r).

Proof. Since R is (S,w)-nil-Armendariz, by Proposition 2.8, R is an NI ring. Since nil(R) is nilpotent, by
Proposition 2.19, we have [[nil(R)%<,w]] = nil([[R%=,w]]), and so [[R*'<,w]] is an N ring. Then by Proposition

2.8, [[R%'=,w]] is nil-Armendariz for any strictly ordered monoid (T, <r). O

Corollary 2.23. Let (5, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism and R is (S, w)-nil-
Armendariz right noetherian ring. If R is S-compatible, then [[R%<, w]] is nil-Armendariz for any strictly ordered monoid

(T, <7).

Following [39], we say that a module My is completely o-compatible if, for every Np C Mp, we have that

(M/N)p is o-compatible. Here we have.

Definition 2.24. Let R be a ring, (S, <) a strictly ordered monoid and w : S —End(R) a monoid homomorphism. We say
that a ring R is completely S-compatible if, for any ideal I of R, R/1 is S-compatible, to indicate the homomorphism w, we

will sometimes say that R is completely (.S, w)-compatible.

Clearly, every completely S-compatible ring is S-compatible. Another description of complete S-compatibility
of R that we shall often use is that forall I C R, a,b € R, we have ab € I < aw(b) € I.

Qun and Wang in [29, Proposition 2.12] it was shown that, if I is semicommutative such that R/I is nil
generalized power series Armendariz, then R is nil generalized power series Armendariz. Here we have the

following result.

Theorem 2.25. Let R be a ring, (S, <) a strictly ordered monoid, w : S — End(R) a monoid homomorphism and I an
ideal of R. Assume that R is a completely S-compatible ring. If I is semicommutative and R/I is (S,w)-nil-Armendariz,

wherew : S — End(R/I) is the induced monoid homomorphism, then R is (S,w)-nil-Armendariz.

Proof. Let f,g € [[R®<,w]] be such that fg € [[nil(R)><,w]]. By Ribenbiom [32], there exists a compatible strict
total order <’ on S, which is finer than < (that is, for all ug,vo € S,uy < vy implies ug <" vp). We will use
transfinite induction on the strictly totally ordered set (.S, <’) to show that f(u)g(v) € nil(R) for any u,v € S. Let
up and vg denote the minimum elements of supp(f) and supp(g) in the <’ order, respectively. If u € supp(f) and
v € supp(g) are such that u + v = ug + vo, then vy <" wand vy <" v. I uy <’ u, then ug + vy <’ u+v = ug +vo, a

contradiction. Thus u = ug. Similarly, v = vy. Hence

(f9)(uo + o) = > f(w)wu(g(v)) = f(uo)wu,(9(vo)) € nil(R)

(4,0)EX (ug,vg) (F,9)
because fg € [[nil(R)><, w]).
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Now, suppose that s € S is such that for any u,v € S withu+ v <’ s, f(u)g(v) € nil(R). We will show that
f(u)g(v) € nil(R) for any u,v € S with u + v = s. We write

Xo(f,9) ={(u,v) € S xS |u+v=suesupp(f),v € supp(g)}

as {(u;,v;) | ¢ =1,...,n} such that

up < ug < oo < .

Since S is cancellative, u1 = ug and w1 + v1 = up + v2 = s, implies v; = v,. Since <’ is a strictly order, u1 <’ ug

and u; + v1 = ug + vo = s implies vy <’ v;. Thus we have
/ i A li
Up < Up_1 < -+ < Vg < V1.

Now,
n

) = D f@walg®) =D fluwu(g(vi) € nil(R).

(u,0)€X:(f,9) i=1
For any ¢ > 2, u1 + v; <’ u; + v; = s, and thus, by induction hypothesis, we have f(u1)g(v;) € nil(R).

On the other hand, if we denote by f,g the corresponding skew generalized power series of f and g in
[[(R/D)%=,w]], fg € [[(nil(R/I))%=,w]]. Using the definition 2.24 and Lemma 2.5, there exists n;; € N such that
(f(ui)g(v;))™ € I since R/I is (S,w)-nil-Armendariz. Then by analogy with the proof of Liu and Zhao [44],
Theorem 3.6, we can show that f(u)g(v) € nil(R) for any u,v € S with u + v = s. Hence by transfinite induction,

f(u)g(v) € nil(R) for any u,v € S. Therefore R is (.9, w)-nil-Armendariz. O

Definition 2.26. [?7] Let R be a ring. We say that R has nil-semicommutative, if ab = 0 implies arb = 0, for each
r € nil(R) and arb € R, where nil(R) is the set of nilpotent elements of R.

Clearly, the class of rings with nil-semicommutative contains rings with semicommutative. But the following

example shows that the converse is not true.

Example 2.27. Clearly, Armendariz rings have nil-semicommutative. This is because, if ab = 0 for some a,b € R and
r € nil(R) such that r™ = 0 and v* # 0 for k < m, then we have (a — arz)(b+rbx + r?bx? + -+ + 7™ pa™m~1) = 0.
So arb = 0 and hence R has nil-semicommutative. In [18, Example 14], Huh, Lee, and Smoktunowicz found a ring which

is Armendariz but does not have semicommutative.
One can find the next result in [16, Proposition 4.5(@)].

Proposition 2.28. Let R be a ring, (S, <) a strictly ordered monoid, and w : S — End(R) a monoid homomorphism.

Assume that R is (S,w)-Armendariz and w is compatible for some s € S\{1}. Then R has nil-semicommutative.

Proposition 2.29. Let R be a ring, (S, <) a strictly ordered monoid, and w : S — End(R) a monoid homomorphism. If
R is S-compatible (S, w)-nil-Armendariz with nil(R) nilpotent, then for all f, g € [[R*=,w]] and h € nil([[R®=,w]]),
fg =0, implies fhg = 0.
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Proof. Let f, g € [[R*<,w]] are such that fg = 0 and h* = 0 for some positive integer k. We show that fhg = 0.
Since h* = 0 by Lemma 2.11, (h(u1))® = 0 for each u; € S. Since fg = 0 and R is S-compatible (S,w)-nil-
Armendariz, for every us, us € S, we have f(uz)g(us) = 0. Hence by Proposition 2.28 and h € nil([[R%=, w]]) for

each uy,us, us, s € S, we have

(fhg)(s) = > F(u2)h(u)g(ug) = 0.

(u2,u1,u3)€Xs(f,h,g)

Thus fhg = 0. g

Proposition 2.30. Let R be a ring, (S, <) a strictly ordered monoid, and w : S — End(R) a monoid homomorphism.
Assume that R is S-compatible (S, w)-nil-Armendariz with nil(R) nilpotent. Then R is nil-semicommutative if and only

if [[R%=,w]] is nil-semicommutative.

Proof. Suppose that R is nil-semicommutative and f, g € [[R®'<,w]] are such that fg = 0. Since R is (S, w)-nil-
Armendariz and nil-semicommutative, we have f(u)Rg(v)

= 0 for any u € supp(f) and v € supp(g). Now for any h € [[R®=,w]] and any s € S,

(fhg)(s) = > F(uz)h(u)g(uz) = 0.

(u2,u1,u3)€Xs(f h,9)
Thus fhg = 0. This show that f[[R%=,w]]g = 0. This means that [[R*'<,w]] is nil-semicommutative.
If [[R®'=,w]] is nil-semicommutative, then R is nil-semicommutative since subrings of nil-semicommutative

rings are also nil-semicommutative. O

Corollary 2.31. [45, Proposition 2.7] Let (S, <) be a strictly ordered monoid and R be an S-Armendariz ring. Then R is

semicommutative if and only if [[RS<]] is semicommutative.

Proposition 2.32. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism, and
I an ideal of R (that is, I C nil(R)). Assume that R is a completely S-compatible ring. Then R is (S, w)-nil-Armendariz
ifand only if R/I is (S,w)-nil-Armendariz.

Proof. By analogy with the proof of [38, Proposition 5], we complete the proof. O

Let I be an index set and R; be a ring for each i € I. Let (S, <) be a strictly ordered monoid and w’ : S —

End(R;) a monoid homomorphism. Then the mapping w : S — End([] R;) is a monoid homomorphism given

icl
by ws({ri}ticr) = {(w)s(ri) }ier } forall s € S.

Theorem 2.33. Let R; be a ring, (S, <) a strictly ordered monoid, w* : S — End(R;) a monoid homomorphism, for
each i in a finite index set I. If R; is (S, w")-nil-Armendariz for each i, then R = [[ R; is (S, w)-nil-Armendariz, where

icl
w=[]w"
i€l

Proof. Let R = [] R;be the direct product of rings (R;)ic; and R; is (S, w?)-nil-Armendariz for each i € I. Denote
iel
the projection R — R; as I1;. Suppose that f, g € [[R®<,w]] are such that fg € [[nil(R)*<,w]], where w = [] w’.
i€l
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Set f; = [I, f, 9i =11;9- Then f;,9; € [[Rf’g,wi]}. For any u,v € S, assume f(u) = (a}")ier, g(v) = (bY)icr. Now,

K2

forany s € S,

(f9)(s) = > fuwwa(g(v))

(w,v)€Xs(f.9)

= > (@)ier(IT w)u(b)ics

(u,v)EX(f,9) iel
= > (ai)ier(IT wi) (b} )ier
(u,v)€X5(f,9) i€l

= > (afwi(b)))ier
(u,v)€Xs(f,9)

= > (filwwi(gi(v))ier

(u,v)eXs(f,9)

= (= hwelso)

(u,v)€X(f.9)

_ (( S flwwl(ie)

u,v)EXs(fi,9i)

= ((fig:)(8))ier-

iel

icl

Since (fg)(s) € nil(R), we have
(figi)(s) € nil(Ry).
Thus, fig; € [[nil(R;)%<,w']]. Now it follows f;(u)wi (gi(v)) € nil(R;) for any u,v € S and any i € I, since R; is

(S, w')-nil-Armendariz. Hence, for any u,v € S,

F@wa(g(v)) = (fitw)w,, (9i(v))ier € nil(R)

since I is finite. This means that R is (S, w)-nil-Armendariz. O

Proposition 2.34. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism.
Assume that R is S-compatible and e an idempotent of R. If e is central in R, then the following statements are equivalent:
(1) Ris (S, w)-nil-Armendariz;

(2) eRand (1 — e)R are (S, w)-nil-Armendariz.

Proof. (1) = (2). Is obvious since eR and (1 — e) R are subrings of R.

(2) = (1). Let f, g € [[R®=,w]] be such that fg € [[nil(R)%<,w]]. Let fi = Ccf, fo = Ca1—e)f, 91 = Ceg, g2 =
Cli-oyg, where fi, fo € [[(eR)*<,u]] and g1,g € [[(1 = )R <,u]]. So figs = C.fCug = Cofg € nil(eR)
and fags = C1—e)fCi—e)9 = Ci—e)fg € nil((1 — e)R). Since eR and (1 — e)R are (S, w)-nil-Armendariz,
for each u,v € S, implies that f(u)w,(g(v))e € nil(eR) and f(u)w,(g(v))(1 —€) € nil((1 — e)R). Therefore
(f(wwn(g(v))"e
= (f(u)wu(g(v)))™(1 — ) = 0, for some positive integers n and m and for each u,v € S. So (f (v)w.(g(v)))* =0,
for some positive max integer k for n and m. Thus, f(u)w,(g(v)) € nil(R). This means that R is (S, w)-nil-

Armendariz. O

3. Weak annihilator of (S, w)-nil-Armendariz rings

Let R be a ring. For two subsets U and V of R. We use U : V to represent the set {x € R | Va C U}. Then for
any U C R, we have
nil(R) : U ={x € R|Ux C nil(R)}
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={z € R| 2U C nil(R)}.

If nil(R) is an ideal, then nil(R) : U is an ideal of R for any subset U C R, and [[nil(R)*<,w]] : V is also an ideal
of [[RS'=,w]] for any subset V of [[R%=, w]]. Given a skew generalized power series f € [[R*'<,w]], let C; denote
the set {f(s) | s € supp(f)}, and for a subset V C [[R%=,w]], let Cy denote the set U;cyCy. Given a ring R, we
define

NAnng(28) = {nil(R) : U | U C R}
and

s.< .
NAnngs.< U ) = {[nil(R)>=,w]] : V | V C [[R®=,w]]}.

Proposition 3.1. Let R be an NI ring and nil(R) nilpotent, (S, <) a strictly ordered monoid. Assume that R is S-

compatible and (S, w)-nil-Armendariz ring. Then

¢: NAnng(2%) — NAnnHRS,SMH(2[[5:5’%11)

defined by ¢(I) = [[I%=,w]] for every I € N Anng(2%) is bijective.

Proof. We first prove that [[(nil(R) : U)%<,w]] = [[nil(R)><,w]] : U for any subset U C R. Suppose that
f € [[(nil(R) : U)>=,w]]. Then for any s € S, f(s) € nil(R) : U, and so for any u € U, by compatibility,
f(8)ws(u) = (fCu)(s) € nil(R). Hence fC, € [[nil(R)*<,w]],and so f € [[nil(R)>=,w]] : U. Thus [[(nil(R) :
U)S=,w]] C [[nal(R)%=,w]] : U.

5,<

Conversely, we claim that [[nil(R)%<,w]] : U C [[(nil(R) : U)%<=,w]]. For any skew generalized power

series f € [[nil(R)>=,w]] : U, and each u € U, we have fu = fC, € [[nil(R)*<,w]]. Then for any s € S,
and by compatibility, (fC,)(s) = f(s)ws(u) = f(s)u € nil(R), and so for each s € S, f(s) € nil(R) : U.
Hence f € [[(nil(R) : U)S<,w]]. Thus, [[nil(R)%<,w]] : U C [[(nil(R) : U)%<,w]]. Hence [[nil(R)><,w]] : U =
[[(nil(R) : U)%=,w]] is proved, and so ¢ is well defined.

We next claim that ¢ is injective. Let
I, = nil(R) : U; € NAnng(2"),
I, = nil(R) : Uy € N Anng(2%),
and
nil(R) : Uy # nil(R) : Us.

Then [[(nil(R) : Up)%=,w]] # [[(nil(R) : Us)%<,w]] is clear. Hence ¢(I1) # ¢(I2). So ¢ is injective.

Finally, we show that ¢ is surjective. Let
[l (R)*=,w]] : V € NAnnygrs.< o (207 0),
where V' € [[R%=,w]]. We wish to claim that

[nil(R)%=,w]] : V = [[(nil(R) : Cv)*=,w]] = ¢(nil(R) : Cy).
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Let f € [[nil(R)®=,w]] : V. Then fg € [[nil(R)®<,w]] for any g € V. Since R is (S,w)-nil-Armendariz,
fuw)wy(g(v)) € nil(R) for any u,v € S. Thus by compatibility for any v € S, f(u)Cy C nil(R) and so for any
u € S, f(u) € nil(R) : Cy. Then f € [[(nil(R) : Cv)%<,w]] and so [[nil(R)><,w]] : V C [[(nil(R) : Cy)5<, w]].

Conversely, assume that f € [[(nil(R) : Cy)®=,w]]. Then for any u € S, f(u)Cy C nil(R). Hence for any
g €V, it is easy to see that fg € [[nil(R)%<,w]]. So f € [[nil(R)*=,w]] : V. Hence [[(nil(R) : Cy)%=,w]] C
[[nil(R)S<,w]] : V. Thus

[nil(R)%=,w]] : V = [[(nil(R) : Cv)*=,w]] = ¢(nil(R) : Cy).
Hence ¢ is surjective. Therefore ¢ is a bijection. O

A ring R is called right zip provided that if the right annihilator rz(X) of a subset X of R is zero, then there
exists a finite subset Y C X such that rz(Y") = 0; equivalently, for a left ideal J of R with rg(.J) = 0, there exists
a finitely generated left ideal J; C J such that rr(J;) = 0. R is zip if it is right and left zip. The concept of zip
rings initiated by Zelmanowitz [21]. Zelmanowitz stated that any ring satisfying the descending chain condition
on right annihilators is a right zip ring. Extensions of zip rings were studied by several authors. Faith in [0]
proved that if R is a commutative zip ring and G is a finite abelian group, then the group ring R[G] of G over R
is zip. Ced’o in [15] gave an example of a zip ring R for which R[] is not zip. He also showed that there exists a
right zip ring R and finite group G such that the group ring R[G] is not right zip. Faith in [6] raised the following
questions:

(1) When does R being a right zip ring imply R[z] being right zip?
(2) When does R being a right zip ring imply R[G] being right zip when G is a finite group?

Hong et al. in [7] proved that R is a right zip ring if and only if R[] is a right zip ring when R is an Armendariz
ring. In [42], Cortes studied the relationship between right zip property of R and skew polynomial extensions
over R by using the skew versions of Armendariz rings and generalized some results of Hong et al. In [28] O.
Qun, introduced the notion of weak zip rings. A ring R is a weak zip ring provided that for any subset X of
R, if nil(R) : X C nil(R), then there exists a finite subset Y C X such that nil(R) : Y C nil(R). Isfahani [2]
show that for a ring R, strictly ordered monoid (.5, <) and monoid homomorphism w : § — End(R), if R is
S-compatible (S, w)-Armendariz, then [[RS<,w]| is right zip if and only if R is right zip. In the following we
investigate the weak zip property of the skew generalized power series ring [[R*'<,w]] under the condition that

R is (S, w)-nil-Armendariz. The following we prove right weak zip and the left is similar.

Proposition 3.2. Let R be an NI ring and nil(R) nilpotent, (S, <) a strictly ordered monoid and w : S — End(R) a
monoid homomorphism. If [[R%<, w|] is a right (left) weak zip ring and either of the following conditions holds:

(1) wy is compatible; or

(2) wy is automorphism.

Then R is a right (left) weak zip ring.

Proof. Suppose that A = [[R*'=,w]] is a right weak zip ring and w; is compatible. Let U C R with rg(U) € nil(R)
and U’ = {c, |u € U}.If f € r4(U’), then ¢, f € nil(A) for each u € U. Thus for each s € S and each u € U,
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by Proposition 2.13, ¢, (1)w1(f(s)) € nil(R). Since wy is compatible, uf(s) € nil(R) for each s € supp(f). Hence
f(s) € rr(U) C nil(R) for each s € supp(f). Then using Proposition 2.19, f € nil(A). Therefore, r4(U’) C nil(A).
Since [[R¥<,w]] is right weak zip, then it follows that there exists a finite set V/ C U’ such that 74 (V") C nil(A),
where V' ={¢,, |i=1,2,...,n}and U’ ={r; |i=1,2,...,n}.Nowlet V = {r | r € U,c, € V'}. Vis a finite
subset of U. Now we show that (V') € nil(R). Letr € rg(V). Since wy is compatible then ¢,, € 74 (V') € nil(A)
for each ¢,, € V' it follows that (¢, f)(u) = riwo(f(v)) = 7 f(u) € nil(R) for each u € supp(f) and r; € U' C U.
So, T = User, ()i f(u) | u € supp(f) C nil(R)} and R is a right weak zip ring.

Now assume that A = [[R%<,w]] is a right weak zip ring and w; is automorphism. Let U C R such that
rr(U) C nil(R) and let U’ = {¢, € A | r € U}. If f € ra(U’), then ¢, f € nil(A) for each v € U. Thus, by
Proposition 2.13 for each s € S and each u € U, wy (u)w1(f(s)) € nil(R). Since w; is automorphism, for each
s €8, f(s) € rr(U) = 0and so r4(U’) € nil(A). Since A is right weak zip, there exists a finite set V' C U’
such that r4(V') € nil(A). Now let V = {r | r € U,¢, € V'}. V is a finite subset of U. Now we show that
rr(V) € nil(R). Let r € rg(V) then for each v € V,ur = 0. Thus c,¢, € nil(A), for each v € V and so
¢r € ra(V') € nil(A). Hence rr(V) € nil(R). This means that R is a right weak zip ring. O

Theorem 3.3. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism. If R is a
right (left) weak zip S-compatible and (S, w)-nil-Armendariz with nil(R) nilpotent, then [[R%<, w]] is a right (left) weak

zip ring.

Proof. Suppose that R is a right weak zip ring and put A = [[R%=,w]]. Let U C [[R%<,w]] such that 74 (U) C
nil(A). We first show that nil(U) C nil(R). Now let V.= {f(s) | f € U,s € S}.If r € rg(V), then f(s)r € nil(R)
forany f € U and s € S. Since nil(R) nilpotent and R is S-compatible, f(s)ws(r) = (fe,r)(s) € nil(R) for any
s € S. Then by using Proposition 2.19, fc, € nil(A). Hence ¢, € r4(U) C nil(A). Therefore by Proposition
2.13, r € nil(R). Thus, nil(U) C nil(R). Since R is right weak zip, there exists a finite set V/ C V such that
rr(V') C nil(R). Without loss of generality, we may assume that V' = {v;,vs,...,v,} C Cy.Foreachv; € V',
there exists some g,, € U such that v; = g,,(s;), for some s; € S. Let U’ be a minimal subset of U such that
gy, € U’ foreach v; € V/;1 < i < n. Then U’ is a nonempty finite subset of U and V' C V. Now we show
that nil(U’) C nil(A). Let V" = {f(s) | f € U',s € S}. Then V' C V" and so rg(V") C rr(V’') C nil(R).
Suppose that f € nil(U’), then fg € nil(A) for each f € U’. Using Proposition 2.13, (fg)(s) € nil(R) for each
s € supp(fg). Tracing the same procedure used in Proposition 3.1, we can show that g(v) f(u) € nil(R) for each
u,v € S since R is (S, w)-nil-Armendariz and S-compatible, and so for any u € 5, f(u) € nil(R). Hence by
Proposition 2.19, f € nil(A). Therefore nil(U’") C nil(A), as desired. O

Theorem 3.4. Let R be a ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid homomorphism. If R
is a right (left) weak zip and (S, w)-nil-Armendariz with nil(R) nilpotent and ws is automorphism for each s € S, then

[[R%=,w]] is a right (left) weak zip ring.

Proof. Suppose that R is a right weak zip ring and put A = [[R%=,w]]. Let U C [[R%<,w]] with 74 (U) C nil(A).
Now let V. = {w;1(f(s)) | f € Uys € S} Ifr € rr(V), then w1 (f(s))r = 0foreach f € U and s € S.
Thus, for each f € U and s € S, f(s)ws(r) € nil(R) and so (fc,)(s) € nil(R) since nil(R) nilpotent. Then
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¢ € r4(U) C nil(A) and hence rg(V) C nil(R). Since R is right weak zip, there exists a finite set 1 C V
such that rz(Vy) = 0. For each v € Vj, there exists g, € U such that v = w; (g, (s)), for some s € S. Let Uy
be a minimal subset of U such that g, € Uy for each v € V. Then Uy is a nonempty finite subset of U. Let
Vi ={w;(f(s)) | f € Up,s € S}. Then Vo C V; and so rg(Vi) C rr(Vo) C nil(R). If f € 74(Up) C nil(A) then
gf € nil(A) for any g € Uy. Since R is (S, w)-nil-Armendariz, then g(s)ws(f(t)) € nil(R) for each s,t € S. Thus
w5 (g(s))f(t) € nil(R) for each s,t € S and so for each t € S, f(t) € rr(V1) C nil(R). Then r4(Up) C nil(A).
This means that [[R%<, w]] is a right weak zip ring. O

Proposition 3.5. Let R be a right Noetherian NI ring, (S, <) a strictly ordered monoid and w : S — End(R) a monoid
homomorphism. Assume that R is S-compatible (S, w)-nil-Armendariz with nil(R) nilpotent, then the following conditions
are equivalent:

(1) R is a weak zip ring.

(2) [[R%=,w]] is a weak zip ring.

Proof. The proof follows from Proposition 2.13, 2.19 and 3.1. O

Corollary 3.6. [29, Proposition 3.12] Let (S, <) be a cancellative torsion-free strictly ordered monoid and R a nil
generalized power serieswise Armendariz ring with nil(R) nilpotent. Then the following conditions are equivalent:

(1) R is a weak zip ring.

(2) [[R*=]] is a weak zip ring.

Corollary 3.7. [29, Corollary 3.13] We have the following results.

(1) If R is a nil power serieswise Armendariz with nil(R) nilpotent. Then R is a weak zip ring if and only if the power
series ring R[[x]] is weak zip.

(2) If R is an n nil power serieswise Armendariz with nil(R) nilpotent. Then R is a weak zip ring if and only if the power

series ring R[[z1, ..., xy]] in n indeterminates is weak zip.

Cohn in [31] calls reversible rings, those rings R with the property that for all a,b € R, ab = 0 implies ba = 0.
A stronger condition than “reversible” was defined by Lambaek in [21]. A ring R is called symmetric if, for
all a,b,c € R,abc = 0 implies acb = 0. Cohn in [31] shows that the Kothe’s conjecture is true for the class of
reversible rings. In the following, we investigate the weak symmetric property of the rings of skew generalized

power series.
Definition 3.8. [30] A ring R is called a weak symmetric ring if abc € nil(R), acb € nil(R) for all a,b,c € R.

Definition 3.9. [43] A ring R is called weakly reversible, if for all a,b,r € R such that ab = 0, Rbra is nil left ideal of R
(equivalently, braR is nil right of R).

Theorem 3.10. Let R be an NI ring with nil(R) nilpotent, (S, <) a strictly ordered monoid, and w : S — End(R) a
monoid homomorphism. Assume that R is (S, w)-nil-Armendariz and S-compatible. Then R is a weak symmetric if and

only if [[RS=, w]] is a weak symmetric.
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Proof. Since any subring of a weak symmetric ring is again a weak symmetric ring, it suffices to show that if R
is a weak symmetric ring, then so is [[R%'<,w]]. Let f, g, h € [[R%=,w]] be such that fgh € nil([[R%=,w]]). By
Proposition 2.13, we have f(u)g(v)h(t) € nil(R) for all u,v,t € S, and so f(u)h(t)g(v) € nil(R) for all u,t,v € S
since R is weak symmetric. Hence fhg € nil([[R®<,w]]) by Proposition 2.19. Therefore [[R*<,w]] is a weak

symmetric ring. O

Proposition 3.11. Let R be an NI ring with nil(R) nilpotent, (S, <) a strictly ordered monoid, and w : S — End(R) a
monoid homomorphism. Assume that R is (S, w)-nil-Armendariz and S-compatible. Then R is weakly reversible if and

only if [[RS=, w]] is weakly reversible.

Proof. The proof is similar to that of Proposition 3.10. O

The following corollary will give more examples of weak zip rings, weak symmetric rings and weakly reversible

rings.

Corollary 3.12. Let R be an NI ring and nil(R) nilpotent, (S1,<1), (S2,<2),- -+, (Sn,

<,,) be a strictly ordered monoids, and w* : S; — End(R) a monoid homomorphisms. Assume that R is S;-compatible (i =
1,...,n) and (S,w)-nil-Armendariz. Denote by (lex <)and(revlex <) the lexicographic order, the reverse lexicographic
order, respectively, on the monoid S1 x Sa % --- x Sy,. Then we have the following:

1) R is a weak zip < [R5 *S2xxSn.(lex<) ",)1] js g weak zip.

2) R is a weak zip < [R5 *S2> > Sn.(reviex<) ",)1] js g weak zip.

3) R is a weak symmetric < [[R51*S2>xSn.(ex<) ")) js q weak symmetric.

5) R is a weakly reversible < [[RS1 52X xSn,(lex<) )] is g weakly reversible.

(
(
(
(
(
(

)
) [
4) R is a weak symmetric <> [R5 * 52X Sn,(reviex<) ] js g weak symmetric.
) [
) [

6) R is a weakly reversible < [[R51 %52 xSn(revlex<) 11 is g weakly reversible.

Proof. Tt is easy to see that (51 X Sa X - -+ x Sy, (lex <)) and (S1 x S2 X -+ xSy, (reviex <)) are strictly ordered
monoids. Therefore we complete the proofs of (1), (2) by Proposition 3.5, and (3),(4), (5), (6) by Proposition
3.10. -
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