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AssTrRACT. In the present investigation, the authors are focusing on new subclasses of bi-univalent functions of Bazilevic

functions of type a defined in the open disk, which are associated with error functions. Furthermore, estimates on

Taylor-Maclaurin coefficients |az| and |a3| for the function in the new subclasses introduced were obtained. Fekete-Szego

functional |a3 — pa3| belong to new subclasses were also established. varying various parameter involved several

known or new results were derived.
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1. INTRODUCTION

Let A be the class of function of the form
(1) fz)= z—|—2akzk

which are analytic in the open unit disk U = {z : |z| < 1} and normalized f(0) =

fr—1=o0.

Recall that Re z}{(g ) > ( refers to as a starlike function while Re (1 + ZJ{,(S)) > 0 refers to as convex function.

Let T'g, denote the class of the form

1 «
) SErf(z)® <z+z %_1 I kzk)

where Er f be a normalized analytic function defined by

_ Jmz B 00 yh—1 k
(3) Erf(z) = S5=erf(Vz) = Z Qk DG
which are analytic and obtain from
_ 2 z 2 2 o0 k 1 2k:+1

k:2
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Form (3) and (4) refer to error functions defined by [2] and [15] respectively. Recently, [15] investigated Hankel
determinant for subclass of analytic functions associated with error functions bounded by conical regions and
obtained interesting results. Also, many researchers have been able to use error function in different direction

for detailed see [3], [6], [8]. Now using Binomial expansion on (2), we obtain

(5) SET’f(Z)a _ Zaf%a22a+1+ |:aa3 + Oé(a; 1):| Za+2+ |:aa4 . OZ(OZ — 1)a2a3 _ Oé(Oé — 1)(0& — 2)a§:| Za+3

10 1 42 30 162
which yields
SErf(z) o o ala—1)] 4 —a ala—1) ala—1D)(a—2) 5] 4
6 T Tlogert et Tag [ S ga T Ty @G @] &

Researchers like [1,10,11,12,13,17] and the likes have used (6) to defined several classes of Bazilevic functions and
their results are well documented and too voluminous to discuss.

It is well-known that every function f € S has an inverse f~! defined by

) @) =2 (z€U)

®) st ) =w. (Jol<n(n. ni)=1).

It is easily seen from above that where

©) FHI@) =2 (z€0)

(10) Fr =, (ul <o), mln)= ).

where

(11) ‘S’E,rzi{é(z)a =1+ ajasAsz + [04214%(13 - a1a3A3]w2 + [20&1@2&3 —oragAy — agAgag}wS + ...

Whereal =, Oy = %7 ag = %

SErg(w)®
(12) % =1— a2 Asw + [za3As + agAgag]z2 + [v1a4 A4 4 2010003 + agAg’ag]zg’ + ...
where a1 =, as = %, o3 = W7 As = _%7 Ag = %7 Ay = _é_

A function f(z) € A is said to be bi-univalent function in U if both f(z) and g(w) are both univalent U. Here we
denote the class of bi-univalent function in U by ) _.

The object of this paper is to introduce new subclass of bi-univalence of Bazilevic functions associated with
error function of type « and to determine the first few coefficient bounds and their relevants connection to
Fekete-Szego estimates []. Our techniques shall depend on the earlier one use by Awolere et al.[5], Oladipo [12],
Strivastava et al.[18,19], Frazin and Aouf [9] and Aouf et al.[4].
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2. LeMMA AND DEFINITIONS

For the purpose of the present investigation, the following Lemmas and definitions were needed.

Lemma 2.1(see [14])If a function p € P is given by
p(z)=1+piz4+p22+.. (z€U)

then |px| < 2, k € N, where p is a family of all function P, analytic in U, for which p(0) = 1 and Rep(z) >
0, zeU.
Lemma 2.2, (see [7, 16])Let the function ¢(z) given by

o(z) = ZCkzk (zeU)
k=1
be convex in U. Suppose also that the function i(z) given by
h(z) = 2" (z€U)
k=1

is holomorphic U, if
h(z) < 6(2)
then |h,| < |C1], (n € N).
Definition 1: A function SEr f® given by (5) is said to be in the class 75~ («, 3) if it satisfies the following

(13) SErf(z)* < B
2% 2

and

(14) SErg(w) - B
we 2

where 0 < 8 < 1and « > 0.

Definition 2: A function SErf® given by (5) is said to be in the class 75~ («, 3) if it satisfies the following

(15) Re (W) >
and
" e (322801

where 0 < 8 < 1and « > 0.

Definition 3: A function SEr f* given by (5) is said to be in the class T5~(a, 3, 0) if it satisfies the following

(17) e’ (SETf(Z)> =< p(2)cosl + isind
Z(X

and

(18) e'? (SErgCEw)) =< q(w)cost + isind
w

where 6§ € (=%, %) and a > 0.

Example 1: If we set

1+ Az

= -1< <
T Bs hagp(z), (-1<A<B<1)
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then we have

1+ Az
Tgr Z(a,@) =Tg, Z (aﬁ, 1—|—Bz> =Tgr Z(a, O;hap)

in which Tgr > (a, 6; ha,g) denotes the class of function f € > satisfying the following conditions

o [ SErf(z)~ 1+ Az .y
0
(19) e ( g ) =< (1 n Bz) cost + isinf
and
(20) et? m =< L+ Aw cost + isind
we 1+ Bw

where § € (=%,%) and a > 0.

Example 2:If in Example 1, we set

A=1-2y (0<y<1) and B=-1

that is if we put
1 1-2
h(z) = h1—2'y,—1 = % = h,y(Z) (0 <7< 1)
then we get
) 1+ (1—29)z )
Tgr Z(a, 0;h) = Tg, Z (a,&, — )= Ter Z(O" 0; h-y)
in which Tgr > (a, 6; h.) denotes the class of function f € > satisfying the following conditions
, E a
(21) Ree®? (S ZJ;(z) ) > ~ycost
and
(22) Ree? (SErg(Ew) ) > ycost
w

where § € (—%,%) and a > 0 isreal, and the function g is given by (12).

3. MAIN RESULTS

Theorem 3.1: Let function SE7r f be given by (5) be in the class 75~ («a, 3), a > 0, then

3 2B
@3) an) < PV2IB
2
(24) las| < 103 | By| " (\/55|B1|> .
o o
Proof:It follows from Definition 1 that
SE @
25) BTN _ ey
SE @
6) B _ [y

where p(z) and g(w) in P having the form

(27) p(2) =14piz+p+.. qw)=1+qw+guw*+ ..
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Now equating the coefficients of (25) and (26) we get

o
(28) - gaz = fBp1,

o afa—1) 2 B(B_l)Q
(29) 0Bt — g %= Bp2 + — 5 P

o

(30) S0 = B
and

ala+1 Q B(B—1
(31) %ag - EGB = B2 + %Qf
From (28) and (30) we have that
(32) P=—q
and that

202
(33) Tag =3[l + ¢.
Now, from (29), (31) and (33) it is evident that
a? —1)a?
(34) jag = B(p2 + q2) + ( 95) as.
Thus
a?

(35) 5% B(p2 + q2)-

Since, by definition, p(z), ¢(w) C h(U), by application of Lemma 2.2 in conjunction with the Taylor-Maclaurin

expression (27) we find that

(36) 1Pl = pn(o)‘—wl, (n e N)
and
) il =| Z2| = 11l (e ).

Thus, by using (36) and (37) for coefficients p, and ¢, we immediately have
38+/2|B
las| < M
a
This gives the bound on |as| as asserted in (23).

Next, in order to find bound for |a3|, we subtract (31) from (29) using (32) we obtain

« « -1
(38) B §a§ = B(p2 — q2) + %[ﬁ - q).
It follows from (38) and (33) that
(39) %a?, = B(p2 — q2) + %a%.
Thus
212 4 g2
(40) %as = B(p2 — q2) + o [p;a ]
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Then

(1) 0y — 56(192;; @) 562[1;%; qi]

Applying Lemma 2.2, (36) and (37) for coefficients p1, p2, ¢1 and ¢z

2
las| < 1083 | B, | n (\/55|Bl|> _
8] @]

Theorem 3.2: Let function SE7r f be given by (5) be in the class 75~ (a, 3), a > 0, then

) o) < BVEIBIO=H)

2
(43) 0] < 200 —aﬁ) Bl <\/5(1 —aﬁ) |Bl|>
Proof:It follows from Definition 2 that
. SETEN _ 54 (1~ B(a)
@) SE9) _ 51 (1~ B)atw)

where p(z) and ¢(w) in P having the form
p(z) =1+piz+p22+... qw)=1+qw+qpuw?+...

Now equating the coefficients of (44) and (45) we obtain

(46) - Ga=(1-B)p.

(47) 1%(13 + a(aligl)ag = (1= B)pa,
(48) a2 = (1= B,

and

(49) 18 2~ TOGS =(1-8)e
Equivalently
(50) - ﬁaz = D1,
51) ot f‘s((ol‘ = 15)) @ = pa,
(52) 3(101 6)02 = a1,
and

ala+1) ! B
©3) 18(1— B) e - 10(1-p) """
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From (50) and (52) we have that

(54) PL=—q
and that
202
(55) 5a5 = [t + dil.

9(1 - B)
Also, from (51) and (53) it is evident that
ala—1)  ala+1)

(56) 18(1= ) + 181+ 5) =p2+qo.
Thus

a? 5
(57) N (P2 + ¢2).
Upon simplification (57) yields
(58) a2 = 9(p2 + Q22)(1 —8)

e
Applying Lemma 2.2, (36) and (37) once again for the coefficients p, and ¢, we obtain

g < 38V2IBI0 =P

(0%

which gives the bound on |as| as asserted in (23).

Next, in order to find bound for |as3|, we subtract (53) from (51) using (51) we obtain

(59)

o e

a3 = 53 = (1= B)(p2 — ).

It follows from (59) that

(60) 5(101 5)(13 = (p2 —q2) + 9(101 5 a%
Thus

2 2 .
" 5(1Oi 5)a3 = B(p2 —qg)+W
which yields
(62) s — 5(p2 — q2)(1 = B) N 52 + ¢2](1 — 5)2

@ 202
Applying Lemma 2.2, (36) and (37) for coefficients p1, p2, ¢1 and ¢z
2
100 -p)|B)| , (ﬁ(l ) B1|>

las| <
@ a

Theorem 3: Let function SEr f* be given by (5) be in the class T5~(«,6), « > 0, then

2|B 0
(63) lag] < 32V 2 Bucost

(0%

108 |B 0 V58 |B 6 ?
(64) las| < 5‘;"”5 +< mal"m)
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Proof:It follows from (17) and (18) that

(65) e’ (SETf(Z)> = p(z)cost + isinb
Za

and

(66) et (W) = q(w)cosh + isind
w

where p(z) and ¢(w) in P having the form
p(z) =1+piz+p22+... qw)=1+qw+quw?+...

respectively. Now equating the coefficients of (65) and (66) we get

e

(67) -3 as = Bpicost
. ~1
(68) e'? Laoag + a(aw)ag} = pocost
i0
(69) ¢ 3a as = qicosf
0 |ala+1 o
(70) e'? [(IS)ag — mag] = qqc0s0.
From (67) and (69) we observe that
(71) p1L=—q1
and that
202 i
(72) m@% = [p% + q%]e 06080.
Also, from (68) and (70) it is evident that Thus
2
« -
(73) jag = (p2 + q2)e " cos.
Upon simplification (73) yields
—i6
(74) a2 = 9(p2 + q2)e P cosh

2
Applying Lemma 2.2 p; and g, we obtain
gl < 36+/2 B cosf
o o}
which gives the bound on |as| as asserted in (63).

Next, in order to find bound for |a3|, we subtract (70) from (68) using (72) we have

i0 2 21,—2i0 29
75) « az = (p2 — q2)cosd + [pi + qi]e” " cos .
5 2a
Equivalently
(76) as = 5(p2 — g2)e” " cosh n 5[pi + q%]e_z“gcosQH.

« 202
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Applying Lemma 2.2 for coefficients p1, p2, g1 and ¢o

(07

2
lag| < 10 | By | cost n (\/5|Bl|0039>
3] <
!

which complete the proof of the theorem.

Corollary 3.1: Let function ¢ € Tx~(a, 0) then we have that

3v/2|B
77) jaz] < 22151
o
and
2
10|B 58 |B
78) as] < 10 1|+<fﬁ 1|>
o o
Corollary 3.2: Let function ¢ € T5~(1,0) then we have that
(79) jaz| < 3v/2[B1]
and
(80) jas| < 10|By| +5 By’

Theorem 4: Let function SEr f* be given by (5) be in the class T5~(«a,0;ha,B), a > 0, then

(81) las] < 3v/2(A — B)cosb

(67

(82) |as| <

10(A — B)cost n <\/5(A - B)cos@) ’

«

Corollary 4.1: Let function f* € Tx~(«, 0) then we have that

(53) ) < VHEZD)

and

- ol < 10(A—B)+<\/5(A—B)>2
a !

Corollary 4.2: Let function f* € 75~(1,0) then we have that

(85) jaz] < 3v/2(A - B)

and

(86) laz| < 10(A — B) + 5(A — B)?

Theorem 5: Let function SEr f* be given by (5) be in the class T5~(«, #; h1-2,), « >0, then

3/4(1 — p)cosb

(87) laz| <
a

(0% «

(88) lag| < 20(1 — ¢)cost 4 (2(1 — gp)cos@ﬁ) 2
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4. CONCLUSIONS

Varying various parameter involved the results presented in this paper would lead to various (new or known)

results.
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