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THA-SURFACES IN 3-DIMENSIONAL EUCLIDEAN SPACE
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Asstract. In this paper, we define THA-surfaces in the 3-dimensional Euclidean space E* and
completely classify minimal or flat THA-surfaces. We study the THA-surfaces in E? under the
condition Ar; = \;7;, where A\; € R and A denotes the Laplace operator. We obtain the complete
classification for those ones.
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1. INTRODUCTION

Let E? be a three-dimensional Euclidean space. We recall some well-known formulas for
the surfaces in E3. Let r = r(u, v) be an isometric immersion of a surface M? in E3. The inner
product on E? is

9(X,Y) = 21y1 + 22y2 + 233,
where X = (x1,72,73),Y = (y1,92,y3) € R3.
The Euclidean vector product X AY of X and Y is defined as follows:

XAY = (fzy3 — T3Y2, T3Y1 — T1Y3, T1Y2 — fz?h)-

The notion of finite type immersion of submanifolds of a Euclidean space has been widely
used in classifying and characterizing well known Riemannian submanifolds [3]. An Euclidean
submanifold is said to be of Chen finite type if its coordinate functions are a finite sum of

eigenfunctions of its Laplacian A [3]. B.-Y. Chen posed the problem of classifying the finite
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type submanifolds in the 3-dimensional Euclidean space E*. These can be regarded as a
generalization of minimal submanifolds.

The notion of finite type immersion has played an important role in classifying and charac-
terizing the submanifolds in Euclidean space.

Since then the theory of submanifolds of finite type has been studied by many geometers.

A well known result due to Takahashi [16] states that minimal surfaces and spheres are the

only surfaces in E* satisfying the condition
Ar=xr, A eR.
In [5] Ferrandez, Garay and Lucas proved that the surfaces of E? satisfying
AH = AH, A€ Mat(3,3)

are either minimal, or an open piece of sphere or of a right circular cylinder.

In [4] F. Dillen, J. Pas and L. Verstraelen proved that the only surfaces in E® satisfying
Ar=Ar+ B, A€ Mat(3,3), B € Mat(3,1),

are the minimal surfaces, the spheres and the circular cylinders.

In [1], the authors classified the factorable surfaces in the three-dimensional Euclidean and
Lorentzian spaces, whose component functions are eigenfunctions of their Laplace operator.
The authors in [?] studied the translation surfaces in the 3-dimensional Euclidean and Lorentz-

Minkowski space under the condition
A"ry = pury, i € R,

where Al denotes the Laplacian of the surface with respect to the third fundamental form
I11.

In this paper, we define THA-surfaces in the 3-dimensional Euclidean space E* and com-
pletely classify minimal or flat THA-surfaces. We study the THA-surfaces in E® under the

condition Ar; = A\;r;, where )\; € R. We obtain the complete classification for those ones.

2. PRELIMINARIES

A submanifold M? of a 3-dimensional Euclidean space E? is said to be of finite type if each

component of its position vector field  can be written as a finite sum of eigenfunctions of the
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Laplacian A of M?, that is, if
k

T‘ZTO‘FE i,

=1

where r; are E* —valued eigenfunctions of the Laplacian of (M?,r) [3]:
Ar; = Airy,

where \; € R, = 1,2, .., k. If \; are different, then M? is said to be of k-type.

The coefficients of the first fundamental form and the second fundamental form are

E = g<ruaru): F:g(rwrv)a G:g(rv:rv)>
= 9(rwu, N), M = g(ruy, N), N = g(ry,, N),

where r, = %,

Ty = % and N is the unit normal vector to M?2.
The Laplace-Beltrami operator of a smooth function ¢ : M? — R, (u,v) — ¢(u,v) with
respect to the first fundamental form of the surface M? is the operator A, defined in [13,15] as

follows:
1 (0 ([ GCeuFe | 9 By Fou
VIEG — F?| | 0u \ \/|EG — F?| ov \ /|EG — F?|

The second differential parameter of Beltrami of a function ¢ : M? — R, (u,v) — ¢(u,v)

(2.1) Ap =

with respect to the second fundamental form of M? is the operator A’! which is defined

by [15,15]

(22) AI] _ —1 g NQPU_MSDU +2 LSOU_MQOU
' v VDN = M2 |Ou \ \/[LN —M?]) Ov \ /[LN —M?[ )|’
where LN — M? # 0 since the surface has no parabolic points.

The mean curvature H and the Gaussian curvature K are, respectively, defined by

_EN+GL-2FM . .. LN M
~ 2(EG - F?) “" EG-F*

3. THA-suRFACEs IN E3

Let M?be a 2-dimensional surface of the Euclidean 3-space E®. Using the standard coordi-

nate system of E* we denote the parametric representation of the surface r(u, v) by

r(u,v) = (r1(u,v), ra(u,v), r3(u,v)).

In [E%, a surface is called a translation surface if it is given by an immersion
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r:QCR? =R (u,v) = (u,v, f(u) + g(v)),

where f and g are smooth functions on opens of R. One of the famous examples of minimal
surfaces in 3-dimensional Euclidean space E? is a Scherk’s minimal translation surface. In fact,
Scherk showed in 1835 that except the planes, the only minimal translation surfaces are the

surfaces given by
1 1
r(u,v) = (u, v, X log cos(Av) — X log cos(Au)),

where ) is a nonzero constant. This surface is called a Scherk’s minimal translation surface.

R. Lopez [8] studied translation surfaces in the 3-dimensional hyperbolic space H* and clas-
sified minimal translation surfaces. R. Lépez and M. I. Munteanu [ 9] constructed translation
surfaces in Sol; and investigated properties of minimal one.

In a different aspect, H. Liu [6] considered the translation surfaces with constant mean
curvature in 3-dimensional Euclidean space and Lorentz-Minkowski space.

Recently, K. Seo [14] gave a classification of the translation hypersurfaces with constant
mean curvature or constant Gauss-Kronecker curvature in space forms.

Related works on minimal translation surfaces of E? are [ [6], [11], [17]].

Theorem 3.1 ( [10]). i) The only translation surfaces with constant Gauss curvature K = 0 are
cylindrical surfaces.
it) There are no translation surfaces with constant Gauss curvature K # 0 if one of the generating

curoves is planar.

Definition 3.1. A homothetical (factorable) surface M?* in 3-dimensional Euclidean space E? is a

sutface that is a graph of a function
2(u, v) = f(u)g(v),
where f: I CR = Rand g:J C R — Rare two smooth functions.

Theorem 3.2 ( [10]). Planes and helicoids are the only minimal homothetical surfaces in Euclidean

space.

Accordingly, we define an extended surface in E? using definitions as above and called it

THA-type surface.
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Definition 3.2. A surface M? in 3-dimensional Euclidean space E* is a THA-surface if it can be

parameterized by

(3.1) r(s, t) = (s, t, Af(s +at)g(t) + B(f(s + at) + g(t))),

where A and B are non-zero real numbers.

Remark 3.1. ) If A # 0 and B = 0in (3.1), then M? is a affine factorable (homothetical) surface.
it) If A=0and B # 0in (3.1), then M? is a affine translation surface.

Theorem 3.3 ([7]). Let r(z,y) = (z, vy, 2(z,y) = f(x) + g(ax + y)) be a minimal affine translation

surface. Then either z(u, v) is linear or can be written as

(3.2) 2(u,v) = élog Cfﬁifcﬁﬁ)

Remark 3.2. If a = 0, the minimal affine translation surface given by (3.2) is the classical Scherk

surface.

Definition 3.3 ( [7]). The minimal affine translation surface (3.2) is called generalized Scherk surface

or affine Scherk surface in Euclidean 3 - space.
Let M? be a THA-surface in E* parameterized by (3.1). So

rs = (1,0, fs(Ag+ B)), re= (0, 1, ¢'(Af + B) + afi(Ag + B)).

The unit normal vector is given by

N = (= f(Ag+ B), — (f(Af + B) +afi(Ag + B), 1),

where W? =1+ (f,(Ag + B))* + (¢ (Af + B) + afi(Ag + B))>.

The coefficients of the second fundamental form are given by

L: fss(Ag+B) M: afst(Ag+B)+Aglfs
w ’ w ’
N a’fi(Ag + B) + 2aAfig + g"(Af + B)

W
By a transformation

(3.3) { r=3s-+at

y=t,
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O(zy)

a(u,z) 7£ 0.

From (3.3) and (3.1) we have

and

(34) r(z, y) = (v —ay, y, Af(x)g(y) + B(f(z) + g9(y))).

The coefficients of the first fundamental form of M? are given by

a’?y? + A2 P —aA? + aya'y G a?y? + A%(1+ a?)
A2 T A? T A? 7

where « = Af + Band v = Ag + B.

(3.5) E=

The unit normal vector is given by

1
N:__ / _ / / 1
WA( va!, —(ay' +aya’), 1),

where W? = A72((v/)? + (a7 + ayd/)? + A?).

The coefficients of the second fundamental form are given by

7

et a o o
(3.6) L=t M= N=—

4. THA-SURFACES WITH ZERO (GAUSSIAN CURVATURE IN [E3

A surface in Euclidean 3-space parameterized by (3.4) has Gaussian curvature

Oé’)/O//’)/// _ ’7/2(1//2
h= "y
Hence that if K = 0, then
(41) owo/’v” _ ,7/20/2 =0.

We discuss the different cases according the functions « and +.

The proof given in [12]. We can obtain the following:

Theorem 4.1 ( [12]). Let M? be a THA-surface in Euclidean 3— space E® with constant Gauss
curvature K. Then K = 0. Furthermore, the surface is plane or is a cylindrical surface over a plane

curve or parameterized as (3.4), where
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i) either f(x) = A3eM® + Ny and g(y) = Ase*2¥ + \g or
ii) f(2) = es((1 — Nk + )T + cqand g(y) = es((52) kay + 2) %7 + c.
5. MinmmMaL THA-sURFACEs IN E3

The expression of H is

047”(0/272+A2) —2a'7’(—aA2+oz'yo/'y’)+70/’(a27’2+A2(1+a2))

(1) H= e

Then M? is a minimal surface if and only if

(52) Oé’}/”(O/Q’}/Q—i-AZ) —2@”7’(—&1424-05’)/0/’)/) +7a”(a2’y’2—|—A2(1+a2)) = 0.

We give examples of non-trivial minimal THA-surfaces by distinguishing some special cases:

Proposition 5.1. Let M? be a THA-surface in E®. If M? is minimal surface, then M? parameterized
as (3.4), where

i) either f(x) = xg and g(y) = My + Ag or

i) g(y) = yo and f(x) = Asz + Ay or

i11) f(x) = 012 + 09 and g(y) = 03 tan(day + 05) + g OF

i) f(z) = Gtan(Gz + G3) + G and g(y) = &1y + &

6. THA-SURFACES SATISFYING A7; = \;7; IN E3

In this part we explore the classification of the THA-surfaces M? of E? satisfying the condition
Lemma 6.1. The Laplacian A of M? can be expressed as follows:

-1

e Q(z,y)px + P(x,y) 0],

+2H[
WA

where

Q(l’,y) = aa/y/ + (]. + GQ)’}/O/, P(Qj’,y) = afyo/ _|_ OW/.
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Proof. From (2.1), we have

Ao — —1 [Q (G%—F%> _Q(F%—Esoyﬂ
YT JEG_F |0z \VEG —F2) 0y \VEG — 2
1
= —5p CW*(Gpry — 2F 0y + Ey,) + (Gy — F,)2W? — G*’E, — EGG, +
9FGF, + FGE, + FEG, — 2F*F,) ¢, + ((E, — F,)2W? — B2G, — EGE, +

2FEF,+ FGE, + FEG, — 2F°F,)p,).

By (3.5) we find

20y WM 2va'W'L 20y W N
r ) E, = ) Gy = )
¢ A A Y A
2va'WM W(avy'L 4+ ~va'M) W(ay' M 4+ ~va'N)
B, = a0 b A By A

Then

2(G, — F,)W? - G°E, — EGG, + FG(2F, + E,) + FEG, — 2F*F, = A,

2(E, — F,)W? — E°G, — EGE, + FE(2F, + G,) + FGE, — 2F°F, = A,,

where

A - _2WH,(aay’ Z (1+ a2)'yo/)’ A —

2WH, (aya + ')
A

and H; = EN + GL — 2F M. U

Applying (6.2) on the coordinate functions
ri(z,y) =z — ay, r2(z,y) = y and rs(x,y) = Af(x)g(y) + B(f(x) + g(y)) = A (ay — B?) of

the position vector r we find

2H (aya +ary'
(6:3) Aly) = 2
avy—B? —
A=) = 32

By using (6.1) and (6.3) we have the following equations
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2H~o!
(6.4) YA A (z — ay)
2H (ayd! 4+ oy')
(6.5) YT A2 (y)
—2H ay — B2

Therefore, the problem of classifying the affine translation surfaces M? satisfying (6.1) is
reduced to the integration of this system of ordinary differential equations. Next we study it
according to the constants A;, s, A3.

Case 1. Let A3 = 0.

Then, the equation (6.6) gives rise to H = 0, which means that the surfaces are minimal.

We get also, by the equations (6.4) and (6.5), Ay = Ay = 0.

Case 2. Let A3 # 0. In this case we have four possibilities:

a) If \; = 0 and Xy = 0 equations (6.4) and (6.5) imply that

2Hyo!

(6.7) o = 0
2H(ayd' +ay')

(6.8) YT = 0.

a-1) If ay — B> = 0. Then o = 0 and 7' = 0, which together with (5.1) leads to H = 0.

a-2) If ay — B% # 0, equations (6.7) and (6.8) imply that o/ = 0 and 7/ = 0. It then follows
that the functions « and ~y are constants and that H# = 0. From (6.6) we obtain A3 = 0. So we

get a contradiction.

b) If \; = 0and X\, # 0, then o/ = 0, so a(z) = A € R*. In this case the system (6.5) and
(6.6) is reduced equivalently to

AQ)\Q’}/”)/”
(6.9) m = Ay
I
(6.10) wl = M\ — BY).

Equation (6.9) writes as
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1
#(rs) =P
A2+/\2,y/2 y

A direct integration implies that there exist ¢; € R such that

A? 5
(6.11) FEES TR —Aoy” + c,
where 0 < —)\2y2 +c < 1.
Multiplying equation (6.10) by 7’ we get
A4)\,Y/,.Y// )
“@ ey =TT B

By integrating, we obtain that there exists a constant ¢, such that

A4

(6.12) Y

= )\3()\’)/ — B2)2 —|— Co.

Comparing the equations (6.11) and (6.12) we get

AZ(—)\QyQ + Cl) = )\3()\’)/ — 32)2 + Co.

Then, we obtain

1 —AQ)\gyZ + C3
= _ |B? A
Y \ + 5\/ s ,

where c; € Rand ¢ = +1.

c) If A\, = 0and \; # 0. In this case the system (6.4), (6.5) and (6.6) is reduced equivalently

to

2H~o!
(6.13) A%/ = Mz —ay)

2H (ayd! 4+ oy')

14
(6.14) W 0

—2H ay — B2
6.15 —_— = M| — ).
(615) = ()

Then from (6.13) and (6.14) we have vo/ # 0, and aya/ + o' = 0.
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c-1) If 7/ =0, then aya’ + ay’ = 0 gives a = 0, a contradiction.

c-2) If v # 0, then aya’ + oy’ = 0 and it follows that there exists ¢; € R* such that

14 o
——— = = —.
a -y o
Hence
/ /
v = —acyy, o = ca.

Then (6.15) writes as

(=X3A*B?) + A+ A3)ay — (203A2B%ch)a’y? + (203A%¢3) AP

— (AsB%)aty + (Aaci)a’™” =0

For each fixed z, we can view this expression as a polynomial equation on 7(y) and thus, all

coefficients vanish. Then \3A*B? = 0, a contradiction.

d) If \; # 0 and A, # 0 equations (6.4) and (6.6) imply that
(6.16) — A2\ (z — ay) = A3(ay — B*)ya.
Equations (6.5) and (6.6) imply that
(6.17) —A? Ny = M3(ay — B?)(ayd' + ).

Then from (6.16) and (6.17) we have

(6.18) G () =5y e

Differentiating (6.18) with respect to =, we get

(6.19) (g)ﬁ (%) - —ﬁ.

Differentiating (6.18) with respect to y, we get
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620 )5, wear

From (6.19) and (6.20) we have

(6.21)

—3:( ’)x _ Y <%>y
EG

Since e and 7 are functions of two independent variables, we may write

\/QlQ

(6.22)

where k € R.

d-1) If £ =0, then (6.22) follows
a=0d, ~ =dy,

where §;, J, € R*.

Substituting this into (6.18), we get

A1 (51(52 + CL)I - (a)\1(5152 + a) + )\Q)y = 0.

Then \; = 0, obtaining a contradiction.

d-2) If £ # 0. Then (6.22), we obtain

/
(6.23) g ST % = oy,

Oé/

where ¢;, ¢, € R*.

Equation (6.18) writes as

Acrcor YRz — ay) = Ay — aXi(z — ay).
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Differentiating with respect to z, we get (1 — k)z + (k + 1)ay = 0, we conclude again a
contradiction.

Consequently, we have:

Theorem 6.1. Let M? be a THA-surfaces given by (3.1) in 3. Then M? satisfies the equation
Ar; = Ny (i = 1,2, 3) if and only if the following statement is true:
1) M? has zero mean curvature everywhere.

2) M? is parametrized as

— A2\ t?
r(s, t) = s,t,i ZA A ¥ G ;3 €ER, e ==+l
A A3

7. J— Harmonic THA-sURFACES IN E3

In this section we classify THA-surfaces in a Euclidean 3-space E? satisfying the equation
A'r =0,J = I,II. A surface of in the three dimensional space is said to be J— Harmonic
if it satisfies the condition A’r =0, J = I, II , where A’ denotes the Laplace operator with

respect to the fundamental forms [ and /1.

7.1. I— Harmonic THA-surfaces in E3. Equation (6.3) writes as

(7.1) Ar(z,y) = Alr(z,y) = —2HN.
From (7.1), Alr = 0 if and only if H = 0.

Theorem 7.1. Let r : M? — E3 be an isometric immersion given by (3.4). Then A'r = 0 if and only

if M* has zero mean curvature.

7.2. 11— Harmonic THA-surfaces in E®. In this section we are concerned with non-degenerate
THA-surfaces M? without parabolic points satisfying the condition A’'r = 0.
By a straightforward computation, the Laplacian A’/ of the second fundamental form /7 on

M? with the help of (3.6) and (2.2) turns out to be

1 0? 0? 0?
AH - _ " "= 9 N
AW D? (04’7 0x? e 0y? “7 8x8y)
1 0 0
~5pi (@ g+ Pl ).
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where
1 !N ! 2 _m 12 ! n 12 13 12 1 o112
Pz, y) = (AW)3(aaa 1YY" = @ty — ad’a’yy" = 20774" + 3ad’a”y"y),
1 !N I/ 2. m 12 !N "2 13 12 N 112
Qz, y) = —(Aw)g('wv ad/ " — 7" ad™ — 49"y @™ = 297a"a" + 397" a”)

and D? = LN — M2,

Accordingly, we get
Az — ay)
Allr(z, y) = Al(y)
AT( - B)
1 Q(xa y) —GP({L‘, y)

= “opt P(z, y)
AWD* + L (a/vQ(z, y) + ay'P(z, y))

Ay = 0, if and only if

(7.2) Qz, y) =

From (7.2) we have W = 0, which is a contradiction. Consequently, there are no THA-
surfaces in [E* without parabolic points, satisfying the condition A7 = 0.

Finally, we mention the following classification:

Theorem 7.2. Let M? be a THA-surface given by (3.4), in E*. There are no THA-surface in E?

without parabolic points, satisfying the condition A'r = 0.
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