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AsstrAcT. This paper proposes a nonlinear deterministic ordinary differential equations model
that describes the dynamics of HIV/AIDS transmission in the presence of careful and careless
Susceptibles and Infectives. It is shown that when R < 1, the model exhibits a locally asymp-
totically stable disease-free equilibrium, and global stability is guaranteed only under some
conditions. Incremental-cost-effectiveness ratio analysis of results from optimal control analysis
of the model showed that the best strategy that should be implemented in the fight against the
spread of HIV/AIDS is one that involves prevention and behavior change.
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1. INTRODUCTION

The Human Immunodeficiency Virus (HIV) is virus that attacks the white blood cells that
are responsible for fighting pathogen invasion. The viral attack leads to reduction in the CD4+
cell count. When the CD4+ cell count goes below 500, the body loses its ability to fight against
diseases and the body is said to have Acquired Immunodeficiency Syndrome (AIDS).

Mathematical modelling has played a very important role in increasing our understanding of
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dynamics of infectious diseases. Several models have been proposed and analyzed by many
researchers to describe the pathogenesis of infectious diseases (See [8, 11-13] and others).
Other authors have proposed models to study the impact of some social and demographic
factors that effect the spread of some diseases (See [1,3,4,9,15] among others). In recent
years, there has been a tremendous increase in attempts to develop and solve optimal control
problems that are aimed at providing optimal strategies of controlling disease spread. This
paper is one of such models that seek to use optimal control theory in the analysis of dynamics
of HIV/AIDS. In this paper, we propose a model that describes the dynamics of HIV in the
presence of careful and careless infectives and Susceptibles. Our interest is to find out how
varying attitudes towards sex affects the spread of the disease and subsequently determine
optimal strategies that can used to combat the spread of the disease.

The remainder of the paper is organized as follows. The next Section presents the derivation of
the model, while in section 3, the basic properties of the model are presented. Further analysis
in the form of bifurcation is carried out in section 4. In section 5, we extend the model into an
optimal control problem, which is analyzed qualitatively. In section 6, numerical simulation

of the model is carried out. The conclusions drawn from the paper are presented in section 7.

2. MopeL FormuLATION

The model considers a homogeneously mixed human population of total size N(¢) at time ¢
that is sub-divided into five mutually exclusive classes of Careful Susceptibles, 5;(t), Careless
Susceptibles, Sy(t), Careful Infectives, I;(t), Careless Infectives, I5(¢) and full-blown AIDS
patients, A(t). Thus the total population is given by:

(2.1) N(t) = Si(t) + S2(t) + LI1(t) + Lx(t) + A(t)

Careful individuals are people who exhibit characteristics that lead to reduced chances of
contracting or transmitting HIV. Careful behavior include abstinence, faithfulness towards
sexual partners and proper/regular use of condom among others. Careless individuals on the
other hand are people whose behavior increases their chances of contracting or transmitting
HIV. Let @ be the rate of immigration into the population with m,, m, and mgs being the frac-
tions of immigrants who are Careless Susceptibles, Careful Infectives, and Careless Infectives
respectively. The fraction of immigrants who are Careful Susceptibles is then 1 —m; —my —ms.
Assuming that there is a policy of education and/or counseling that seeks to change the

behavior of careless individuals so that the become careful. Let b, and b; be the rate at which
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careless Susceptibles and Infectives become careful Susceptibles and Infectives respectively.

For the present paper, we consider a standard incidence rate with force of infection given by

\ = cB(l—u1)(l1+p1 Io+p2A

7 ) , where ¢, 3, p1, p» and p3 are as defined in Table 1. We assume that

careful and careless Susceptibles, when infected through contact with infectives, move to care-
ful and careless Infectives respectively. That is, careful Susceptibles become careful Infectives
after infection, likewise the careless individuals. We consider also that infectives progress into
the full-blown AIDS class at rate §. The parameter ¢ could also be thought of as the failure rate
of treatment of infectives. We incorporate time dependent control «;(t), i = 1, 2, 3, where u, ()
is the control variable that represents a successful use of condom by Susceptibles to prevent
infection; us(t) is successful counseling of careless individuals so that they become careful;
and u3(t) represents a successful implementation of anti-retro-viral therapy.

The dynamics of the spread of HIV/AIDS is thus given by the following set of differential

equations.

( dd%:(1—m1—mg—mg)Q—i—uzbsSQ—()\—i—u)Sl

9 — maQ — (psh + uaby + 1) Sa
(2.2) A = 1myQ + NSt + bualy — (8 (1 —ug) + p) Iy
% = m3Q + psA S — (byus +nd (1 —ug) + p) I

WA — 5 (1 —ug) (I +nly) — (4 +p) A

\

For simplification, we shall use the representations:
]{71 :pg)\—i—uzbs—i—u, k’g :5(1—u3)—|—,u, k)g :bl-uQ+7]5(1—u3)+,uandk4:w+,u
All parameters are considered to be non-negative in the subsequent discussions.

3. Basic PROPERTIES OF THE MODEL
This section presents some basic properties of the model under discussion.

3.1. Feasible Region. One of the very important properties of epidemic models is that they be
epidemiologically and biologically reasonable. That is, the model should produce reasonable
results. It is easy to prove that if the initial conditions are non-negative, then all solutions of
the model will remain non-negative for all future time ¢ > 0. The following theorem is thus in

order.

Theorem 3.1. If S1(0), S5(0), 11(0), I2(0) and A(0) are non-negative, then Sy (t), Sa(t), I1(t), I2(t)
and A(t) are non-negative for all t > 0. Moreover, lim sup N (t) < %

t—o00
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TasLE 1. Description of Parameters used in the Model

Parameter | Description Value (/yr) Ref.
Q Rate of immigration into Population 100
mi, ma, m3 | Fraction of immigrants into S», I; and I; classes respectively 0.30, 0.20, 0.10
bs Rate of positive behavioral change of careless Susceptibles 0.60
b; Rate of positive behavioral change of careless Infectives 0.40
o Rate of progression of untreated infectives into AIDS class 0.1 [1]
P1, D2 Modification parameter due to increased infectivity of I and A | 1.50, 1.70 resp.
D3 Modification parameter due to increased Susceptibility of Sy 2.00
n>1 Modification parameter due to increased progression of I, into A | 1.40
1 Natural death rate of humans 0.02 [1]
P AIDS-induced death rate of humans 1.00 [1]

Thus, we shall analyze the model inside the feasible region,

Q= {(51, So, Ity In, A) ERY|S1 + So+ 1+ L+ A< %}

The feasible region, (2 can be proved to be positively invariant. The model is therefore mathe-

matically well-posed [14]. Hence, we can be sufficiently studied in the region (2.

3.2. Local Stability of the DFE. The DFE of the model exhibits a disease-free equilibrium
given by E, = ((1 ny > Q mQ 0,0,0) )

T beuatp ) p bsustpu’

Using the method of Driessche and Watmough [10] the basic reproduction number, Ry, is
given by:

B [(p20 (1 —ug) + ka) (kski — pmaks + pbiusmaps) + ppsmy (p20n (1 — uz) + kapr) ko]

-
0 Ky koksky

Following Theorem 2 of Driessche and Watmough [10], the following theorem is obtained.
Theorem 3.2. The disease-free equilibrium point Ey of the model is LAS when Ry < 1.

3.3. Sensitivity Analysis of R,. To determine the effect of the model parameters on the
basic reproduction number, R, we carry out sensitivity analysis in this section. We use the
normalized forward-sensitivity index measures the percentage change in a dependent variable
relative to percentage changes in independent variables. Given that R, depends on, say z,

then the normalized forward-sensitivity index of R, with respect to x is defined as follows:

8R0 X

TR = 2 .
v ox XRO
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Therefore we have TR0 = 1, T?O = 1, Due to the complex nature of some of the other sensitivity
indexes, we used the parameter values in Table 1 to evaluate the indexes and present them (in

decreasing order of impact) in Table 2.

TabLE 2. Sensitivity Indexes of R relative to Model Parameters

Parameter | c | ) 14 Do P D3 mq bs D1 n b;
Index 1|1]0.691|0.158|0.143 | 0.14 | 0.021 | 0.011 | 0.011 | 0.005 | 0.004 | 0.001
Sign + |+ - - + - + + - + - -

A positive index implies that an increase (decrease) in the parameter will lead to an increase
(decrease) in R, while a negative index implies that an increase (decrease) of the parameter
will lead to a decrease (increase) in R. Therefore from Table 2, a 10% increase (or decrease) of
either 3 or ¢ will lead to a 10% increase (or decrease) in Ry. Therefore, in order to successfully
combat the spread of HIV/AIDS, there is the need to reduce the number of sexual partners of
infectives, probability of infection, p;, p2 and ps; and increase rate of progression into full-blown

AIDS, natural death rate and AIDS-induced death rate among others.

3.4. Global Stability of the DFE. We employ the technique of Castillo-Chavez, Blower, Driess-
che, Kirschner and Yakubu [6] to determine the global asymptotic stability of the disease-free
equilibrium. By this technique, if X = (51, S3) € R? and Z = ([, 5, A) € R® denote the
Susceptible and infective sub-populations respectively and the model is rewritten as:

X _ p(X, Z)

(3.1) dt
i — (X, Z), G(X,0)=0

dt
The disease-free equilibrium point is globally asymptotically stable if the following two condi-

tions are satisfied.

H1: For the reduced system &* 40 = F(X,0), X* = Ey is GAS.
H2: G(X,Z) = D,G(X*,0)Z — G(X,2), G(X,Z) > 0V (X, Z) € Q.
In item H2 above, D;G(X*,0) is the Jacobian of G(X, Z) evaluated at (X*,0).

Thus, we have

(L= = 1) Q g, — (Bmseman 1 s

cp3f (1—u1)(I1+p1la+p2A)
miQ — < S1+85+11 +12+A + bsug + M) S
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maQ + LUGHLPEBAR & bualy — (5 (1= us) + )

G(X,Z) = | myQ + LEEJIin ot pe D% () 4§ (1 — ug) + 1) I

6 (1—wug)(Ii+nl)—(+pA
and hence

moQ
G(X,0) =] msQ | # 0.
0

We note that the theorem in Castillo-Chavez et al. [6] that we seek to employ here can not be
used since the requirement that G(X, Z) vanish at Z = 0 is not met. This condition is only met
when there are no infective immigrants. Hence, we consider the special case where there are
no infective immigrants (ie. my = m3 = 0). In this case, we redefine F'(X, Z) and G(X, Z) as

follows:

F(X,Z) = F(X.,Z2)] and  G(X.Z) = G(X,Z)|

ma=m3=0"’ mo=m3=0

Clearly from the reduced system

dXx (1 —m1) Q + bsuzSy — 1151

Z=0 m1Q — (bsug + 1) Sy

_ m1Q—(bsus+1)S2(0)]  —(b.u T—e™t ) (bsug+p)—pm1 |Q
Sl(t) _ (52(0) +Sl(0))e th [m1Q (g)su;:i)) 2 ( )}e (bsuat+p)t 4 [( Z(bsu;ru) 1] and

Su0) = 2+ (5200 — ghedy) et

It is easy to see that

. @ : _(y__mp \Q
tliglo Salf) = bsug + p and tliglo o) = <1 bsus + M) o

Thus, for the reduced system, the DFE is globally asymptotically stable in €.

To test for the second condition, H2, we compute D,G(X, Z) = %
m — ks P1biug P2

DzG(X*,0) = pscﬁ(lzu)uml pacﬁ(lf;;?)pwml —ky pscﬁ(lfgll)pzuml
) (1 — U5> 77(5 (1 — ’LL3) —]{4
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where n; = ¢f (1 —wuy) (1 - %)
Using the relation in H2 above we have G(X, Z) = G(X, Z) — D,;G(X*,0)Z and hence,

S S1

No N
GX,Z) = AN | ps (52— %)
0

From Theorem 3.1, it can be shown that G (X,Z) > 0 and the following theorem is thus
established.

Theorem 3.3. When Ry < 1 in the absence of infective immigrants, the disease-free equilibrium Ej, is

GAS.

Theorem 3.3 informs that immigration is a very important factor to consider when trying to
combat the spread of HIV/AIDS and that the DFE when achieved can be maintained (after

the condition R, < 1 is met) only in the absence of immigration of infected individuals.

3.5. Existence of the Endemic Equilibrium. The model also exhibits an endemic equilibrium

given by:
( 1—mi—mo—mg3 b
x _ mi—mo—m SUIM T
Sl - [ N 4p + (P3>\*+k1)(>\*+#)] Q’
* m1Q
27 p3Attky?
* Q bjuam bipguami (A +p) A*ST
(32) I k2 [m + 2 s+ A* +M ( }zz;\“ikl)k:a# >i| + k217
*x __ |m mi1paA*
A* = 5(1 us) ([* + 77[*)

\

Substituting the endemic equilibrium, (3.2) into the expression for \* gives the following
cubic equation.
(3.3) Bs(\)? + By (V) + BN + By =0
where
By = Bekip® {k3 (6 (1 —us) pa + ka) ma + [p20 (1 — us) (kan + biug) + ka (p1ka + biug)] ms}
By = pu (Ro — 1) kskakakr + +10 6 ks (1 — ugz) (kama + m3 (biug + 1 k)
+8 ¢ [ks (mapsp® + kims) (p26 (1 — ug) + ka) — (p26 (1 — ug) n + p1ka) ka2 (psp + k1) ms)]
By = pup3[(p2 (1 —us) (n—1) 16 + kq (prhka + bjuz) — k3) (m1 +m3) + k3 (0 (1 —u3) p2 + k4)] cf8
+ (1 (p3 (kam + biuz) — k3) m1 + pkspsma + (1 ps + k1) (k2n + biug) ms + kski (1 —m3)] 96 (1 — us3)
—kskoks (1ps + k1)
By =ps[tp6 (1 —us) [ (ms +ma) (n — 1) + k3] — kskokd]
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Clearly, B, > 0 and hence by the Descarte’s rule of signs, the nature of roots of equation (3.3)
depend on the signs of B3, B, and B;. The number of positive zeros of (3.3) is summarized in

the Table 3.

The following theorem is therefore established from Table 3.

TasLE 3. Number of Possible Positive Roots of Endemic Polynomial in (3.3)

Case | By | B1 | B2 | B3 | Number of positive roots
1 [+ |+ + 0
2 4+ |+ |+ - 1
3 |+ |+ -+ 0,2
4 |+ |+ -] - 1
5 |4+ |- |+ |+ 0,2
6 |+ |- |+ |- 1,3
7o+ - -]+ 0,2
8 + -] -1- 1

Theorem 3.4. From Table 3, the model:

i) Has no endemic equilibrium for case 1.
ii) Has a unique endemic equilibrium for cases 2, 4 and 8.

iit) Could have multiple endemic equilibria for cases 3, 5, 6 and 7.

Item, iii) above suggest the possibility of the backward bifurcation phenomenon, where for
Ry < 1, there exists a stable DFE and stable endemic equilibrium. This phenomenon has been
observed in several other models (See [17] and the references therein). This is further explored
in section 4. The presence of backward bifurcation implies that the classical condition that R,
be less than unity for disease eradication even though is necessary, might not be sufficient.
Hence for effective disease control, other conditions besides R < 1 will have to be met.

For the special case when there are no infected immigrants (ie. my = m3 = 0), equation

(3.3) reduces to:

(3.4) [BY (\)? + By + B A =0
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where

B = p kikoksks (Ro — 1)

By = Bepps {[p2 (1 —u3) (n — 1) ud + ky (—ks + prka + bjug)my + ks (6 (1 —ug) pa + kq)}
+ [ (k3 + p3 (kan + biug)) my + kaki] 6 (1 — uz) — kskoky (ups + k1) and

B = p3ks [Wo(1 — ug) — koky) <0

We note that when R > 1 then B} > 0 and hence equation (3.4) will have a unique positive

endemic equilibrium. The following result therefore follows:

Theorem 3.5. In the absence of infective immigrants:

i) The model has a unique endemic equilibrium for Ry > 1.
it) The model has no endemic equilibrium when By < 0 and there is a possibility of backward

bifurcation when By > 0 for Ry < 1.

4. BIFURCATION ANALYSIS

In this section, we make use of the center manifold theory [5] (as described in [7]) to study
the bifurcation of the model. To do this, we make the change of variables; 1 = 51, 2 = 55,
rs = I, x4 = Iy and x5 = A, so that the model is transformed into the following set of
differential equations.

(

L= (1 —my —ma —my) Q + byuszs — (CB(L:i;)Z(f_i;“_’iﬁiim) - ,u> T
= miQ - (MU b ) oy
(41) e — nyQ + LUt In gy — (5 (1 ug) + 1) @
Gt = maQ + RISl — (biuy + 16 (1 us) + p) 24
| 42 =0 (1 - ug) (w3 +m2a) — (¥ + ) 5

Choosing /5 = 3. as a bifurcation parameter (where f, is found from R, = 1), it can be shown
that the transformed equation (4.1) has a hyperbolic equilibrium point. Hence the center
manifold theory ( Particularly, theorem 2.4) [5] can be used to analyze the model near g = ..
The Jacobian of the transformed model can be shown to have left and right eigenvectors

(corresponding to a simple eigenvalue) given respectively by
T
U:[l P 0 —py p1] andw:[l 111 O]-

Using Theorem 2.4 of [5], the bifurcation coefficients are thus given by
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mip (2p2ps — 1)
bsu2 + H

qo 2ABcp (1—w)(d+p)
(bsu2 +M)Q

where A = (3 — 2paps3) (bsug + p) +4dmap (2 paps — 1).

and b=—c(1—w) |1+ (1+p1).

Clearly, b < 0 and the sign of a depends on the sign of A.

From Theorem 2 of Castillo-Chavez et al. [6], the following result is established .

Theorem 4.1. When R < 1, the model (2.2) has an unstable endemic equilibrium and:

i. A locally asymptotically stable DFE for A < 0
ii. A stable DFE for A > 0

Theorem 4.1 above implies that the condition Ry < 1 does not guarantee disease eradication.

5. OptimaL CONTROL ANALYSIS

In this section, we consider the controls u;, u; and us to be time-dependent. An optimal
control problem can then be formed by seeking to minimize the following objective functional

subject to the model equations in (2.2).

T
(51) j = / (51]1 + 5212 + wlu% + (.Ung + w3u§)dt
0

In equations (5.1) above, &1, &2, w1, wy and ws are positive weights associated with Iy, Iy, uy, us
and uj3 respectively. the expressions w;u? represent the unit cost associated with the control
variable u;. The objective functional J is chosen win line with related literature [2, and

references therein|. Our interest then is to seek an optimal control triple, (u], uj, u}) such that
J (uy, ul, u3) = min {J (uy, ug, us) such that (uy, ug, usz) € U}

where

U = {J (w1, ug, us) | u;is lebseque measurable on [0, 7];0 < u; < 1Vi = 1,2, 3} is the set of
admissible controls. Using the Pontryagin’s Maximum Principle (PMP) [16], which provides
necessary conditions for optimality, the optimal control problem (consisting of equation (2.2)

and (5.1) ) can be converted into a problem of minimizing a Hamiltonian given by:

dJ dS; dS, dl; d/ls dA
2 == - it 1 -2 =
(5.2) H T + A\ T + Ao 1 + A3 T + A\ D + A5 1

The following thereom is thus obtained.
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Theorem 5.1. Let (uf, uj, u}) be an optimal control triple with (S5, S5, I7, I5, A*) being the cor-

responding solution to the state equations (2.2). Then there exists adjoint variables \;Vi=1,2...5

such that
A\ _ O A 0 Dy _ O A\ _ _0H gpgdds 09U
dt T oS/ dt 98 dt oL’/ dt  0h a — "0
The adjoint (or Co-state) equations are thus given by:
(
% = % + p3 ()\2 —)\4))\+ ()\2 —)\1) bsU2+)\2u
dd—/\t2 - A—]\?+()\1—)\3)>\+)\1/UL
Do — g — A (LU = )+ (g = A5) 8 (1= ) + g

(5.3) (1w
% = —52 —A(w—%> +()\4—Ag)bl’uZ—F()\4—)\5)775<1—'LL3>+)\4M

dd_)\t5 _ —A (cﬁ(l;vul)l’z _%) +)\5 (¢+M)
)\1 (T) :07 )\2 (T) :Oa )\3 (T) :07 /\4(T) :Oa >\5 (T) =0

\

where A = [()\3 — )\1) 51 —|—p3 ()\4 — )\2) SQ]

The optimal control triple is found by solving optimality equations, g—i = 0, so that we have
the following characterizations;

u} = max {o, min {1, of ipulaipa AL L
(5.4) uy = max {O, min {1, (A47’\3)b"1222(;2*’\1)b552 }} 7

uj = max {0, min {1, 2020l 1

6. NUMERICAL SIMULATION AND DIscussiON OF RESuULTS

In this section, the model (2.2) and the resulting optimal control problem are numerically
solved to examine the impact of implementation of the controls. In order to determine the
impact of implementing various combination of the controls, the following combinations are

implemented each at a time:

Strategy A: Implementing Condom use and behavioral change control (ie. u; # 0 and uy #
Oug = 0).

Strategy B: Implementing Condom use and anti-retro-viral therapy (ie. u; # 0 and uy =
Ous # 0).

Strategy C: Implementing behavioral change control and anti-retro-viral therapy (ie. u; =0
and us # 0uz # 0).

Strategy D: Implementing all controls (ie. u; # 0, us # 0 and ug # 0).
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Using the parameter values in Table 1, we solve the basic model (2.2) without controls and
also the optimal control problem for of the strategies above. For each strategy, we calculate the
total number of infectives during the implementation and called it "Total Infections" nd the cost
of implementation. The total number of infections prevented as a result of the implementation
of the strategy is calculated by the taking the difference between the Total Infections for the
strategy and the total Infections for the basic model without controls. These are presented in
Table 4.

TasLE 4. Total Infections averted and Total Cost of Intervention Strategies.

STRATEGY TOTAL INFECTIONS AVERTED COST ($)
Uncontrolled 0 0
C -3233613 89.8153
A 498479 10.2192
D 498752 90.0599
B 498761 80.0799

In order to determine which of the strategies is most cost-effective, we employ the Incremental-
Cost-Effectiveness ratio (ICER), which is often used to compare two intervention schemes. It
is generally defined as the additional cost per additional health outcome of an intervention.

The ICER between two interventions, A and B is defined as follows:

_ Cost of B-Cost of A
ICER(B/A) = Infections Averted by B-Infections Averted by A*

Strategy C is clearly observed not to produce desired results in terms of averting infections.
So, we exclude Strategy C from the list of possible cost-effective strategies, leaving A, B and D.
Next, we compare strategy A and D by calculating incremental-cost-effectiveness ratio of A
and D as follows:

ICER(A) = 2.0501E-05, ICER(D|A) = L:508-10212 — (0.2924

We observe that Strategy D has a higher ICER than A which implies that strategy D is more
costly and hence dominated by strategy A. Therefore, we exclude strategy D in the list of
possible cost-effective strategies. Next, we compare strategies A and B by calculating the ICER
of B as follows:

ICER(A) = 2.0501E-05, ICER(A|B) = S:09—020% — (0.2477.

We observe that Strategy B has a higher ICER than A which implies that strategy B is more
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costly and hence dominated by strategy A. We conclude that strategy A is the most cost-

effective strategy than can be employed in the effort to combat the spread of the disease. The

graphs of numerical results for the best strategy are presented in Figure 1.
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7. CONCLUSION

In this paper, a deterministic model is proposed to study the dynamics of HIV/AIDS in the

presence of careful and careless Susceptibles and Infectives. Basic properties of the model

are presented. The mode is extended into an optimal control problem which is qualita-

tively analysed and numerically solved for various combinations of intervention strategies.

Incremental-cost-effectiveness ratio analysis showed that the best strategy that should be

employed in the fight against HIV/AIDS is one that involves condom use (Prevention) and

behavioural change towards sex.
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