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Abstract. A weighted Lebesgue-Banach convolution algebra is constructed. On this algebra,
a Fourier transform related to trace-class operators is defined. Convergence properties are
obtained. Also a Fourier transform of a system, modeled by an operator, is defined and basic
properties are studied.
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1. Introduction

The importance of the Fourier transform is no longer to be proved. It plays a major role in
several areas of modern mathematics. It has many generalizations in various directions; see
for instance [1,2,8]. This paper is a contribution to the generalization of the Fourier transform.
The Fourier transform in the non-commutative setting interplays a lot with tools from operator
theory. For instance, the Fourier transform of a complex valued function on a locally compact
group evaluated at a unitary irreducible representation σ turns out to be a bounded operator
on the representation space of σ [4].
Let H be a separable Hilbert space. It is known that the Schatten space B(H) of all bounded
operators on H is the topological dual of the Schatten space B1(H) of all trace-class operators
on H when each of them is endowed with a natural norm [9]. From this duality, we defined a
Fourier transform of functions of a weighted Lebesgue space and we derive some properties.
The rest of the paper is organized as follows. In section 2, we recall definitions and basic
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facts involving trace-class operators. Section 3 is devoted to the introduction of a weighted
convolution algebra related to a representation of a locally compact group; a convolution
result is proved here. In section 4, we introduced a Fourier transform formula. We show that
it generalizes the classical Fourier transform formula. We also proved convergence results.
Finally, in section 5, we defined the Fourier transform of a system and derived some basic
properties.

2. Trace-class operators

Throughout this paper, the word operator means linear operator. In this section, we recall
mainly what is a trace-class operator on a Hilbert space. Let H be a complex separable Hilbert
space. An operator T : H −→ H is said to be bounded if

sup{‖Tx‖ : ‖x‖ ≤ 1} <∞.

We denote by B(H) the Banach space of all bounded operators on H endowed with the
norm

(1) ‖T‖ = sup{‖Tx‖ : ‖x‖ ≤ 1}.

An operator T : H −→ H is said to be positive if 〈Tx, x〉 ≥ 0 for all x ∈ H. A bounded positive
operator T is said to be a trace-class operator if∑

n

〈Ten, en〉 <∞ for any orthonormal basis (en) of
H. An arbitrary bounded operator is said to be trace-class if the positive operator |T | :=

√
T ∗T

is trace-class [5, page 11]. We denote by B1(H) the space of all trace-class operators on the
Hilbert space H. The trace-norm on B1(H) is defined by

(2) ‖T‖1 = tr(|T |) =
∑
n

〈|T |en, en〉.

If H is of finite dimension, then every operator on H is a trace-class operator and the trace
coincides with the usual trace of a matrix. In the theory of von Neumann ideals, the duality

(3) (B1(H))∗ = B(H)

is well-known [9, page 77]. Our formulation of the Fourier transformation will be based on
the above fact (see Section 4).
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3. Weighted convolution algebra and Fourier transform

Let G be a locally compact group. We consider a continuous representation σ of G on a
complex Hilbert space Hσ. Then for each x ∈ G, σ(x) is a bounded operator on Hσ. Set

(4) ωσ(x) = ‖σ(x)‖, x ∈ G.

As such, we define a function ωσ from G into the set of nonnegative reals R+, see [10, page,
241].

Theorem 3.1. The function ωσ is a (continuous) submultiplicative weight on G.

Proof. The function ωσ inherits its continuity from that of σ and from the automatic continuity
of the norm. Now, let x, y ∈ G.

ωσ(xy) = ‖σ(x)σ(y)‖

≤ ‖σ(x)‖‖σ(y)‖ (Banach algebra property of B(Hσ))

≤ ωσ(x)ωσ(y).

�

We denote by L1
ωσ(G) the weighted Lebesgue space defined by the weight ωσ. As a set,

L1
ωσ(G) contains complex Borel measurable (class of) functions f on G such that∫

G

|f(x)|ωσ(x)dx <∞.

Here the integration is taking against a left Haar measure of G. The norm on L1
ωσ(G) is given

by

(5) ‖f‖L1
ωσ

=

∫
G

|f(x)|ωσ(x)dx.

We recall that for f, g ∈ L1
ωσ(G) the convolution f ∗ g is defined by

(6) f ∗ g(x) =

∫
G

f(xy−1)g(y)dy.

Theorem 3.2. Let G be a locally compact group. Let σ be a representation of G. Then

(7) ‖f ∗ g‖L1
ωσ
≤ ‖f‖L1

ωσ
‖∆̌g‖L1

ωσ

for all f, g ∈ L1
ωσ(G), where ∆̌(y) = ∆(y−1). In particular, if G is unimodular then the space L1

ωσ(G)

is a convolution Banach algebra.
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Proof. That L1
ωσ(G) is a Banach space comes from weighted Lebesgue space theory; see for

instance [7].
Observe that ωσ(x) = ωσ(xy−1y) ≤ ωσ(xy−1)ωσ(y). Then

‖f ∗ g‖L1
ωσ

=

∫
G

∣∣∣∣∫
G

f(xy−1)g(y)dy

∣∣∣∣ωσ(x)dx

≤
∫
G

∫
G

|f(xy−1)|ωσ(xy−1)|g(y)|ωσ(y)dydx

≤
∫
G

∫
G

|f(xy−1)|ωσ(xy−1)dx|g(y)|ωσ(y)dy

≤
∫
G

|f(x)|ωσ(x)dx

∫
G

∆(y−1)|g(y)|ωσ(y)dy

≤ ‖f‖L1
ωσ
‖∆̌g‖L1

ωσ

Now, if we assume that the group G is unimodular, then ∆ ≡ 1. Therefore

‖f ∗ g‖L1
ωσ
≤ ‖f‖L1

ωσ
‖g‖L1

ωσ
.

Thus L1
ωσ(G) is a convolution Banach algebra. �

4. The Fourier transform

For f ∈ L1
ωσ(G) we define the Fourier transform of f by the formula

(8) f̂(σ)(T ) =

∫
G

〈σ(x)∗, T 〉f(x)dx,

where T ∈ B1(Hσ) and 〈·, ·〉 denotes the duality bracket between B1(Hσ) and B(Hσ).
Let us explain why the formula (8) is well-defined. By the boundedness of σ(x)∗, we have

(9) |〈σ(x)∗, T 〉| ≤ ‖σ(x)∗‖‖T‖1 = ‖σ(x)‖‖T‖1.

Then, ∫
G

〈σ(x)∗, T 〉f(x)dx ≤ ‖T‖1
∫
G

‖σ(x)‖|f(x)|dx =

∫
G

|f(x)|ωσ(x)dx <∞,

since f ∈ L1
ωσ(G). This show the well-definedness of (8).

The formula (8) is quite a generalization of the classical Fourier transform. If G = R then
from formula (8) one recovers the usual Fourier transform as it is explained in the proof of
the following theorem.

Theorem 4.1. The formula (8) generalizes the Fourier transform formula in R.
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Proof. Let G = R. Then the (unitary irreducible) representation σ is the character χω where
χω is the function

χω : R −→ T, x 7−→ e−iωx.

Onemay identify χω with ω. The representation spaceHσ is the set of complex numbersC. The
space of bounded operators B(Hσ) and the space of trace-class operators B1(Hσ) are identical
and are equal to the space of linear maps Lα : C −→ C, z 7−→ αz where α ∈ C. The invertible
linear maps correspond to α 6= 0. One may identify Lα with α. Therefore if we apply (8) we
obtain

f̂(ω)α =

∫
R
〈χω(x), α〉f(x)dx =

∫
R
αe−iωxf(x)dx.(10)

A simplification by α (α 6= 0) gives

(11) f̂(ω) =

∫
R
e−iωxf(x)dx

which is the classical definition of the Fourier transform of f . �

Remark 4.2. The fact that formula (8) generalizes the Fourier transform formula in locally
compact abelian groups and compact non necessary abelian groups is straightforward since it
can be obtain similarly form the above proof.

Let us define Lp(G) to be the set of complex measurable (class of) functions f on G such
that

∫
G

|f(x)|pdx <∞, p ≥ 1. This set is endowed with the norm

(12) ‖f‖Lp =

(∫
G

|f(x)|pdx
) 1

p

.

Theorem 4.3. If f ∈ Lp(G) and ωσ ∈ Lq(G) with 1

p
+

1

q
= 1, then f̂(σ) is a bounded linear functional

on B1(Hσ) and ‖f̂(σ)‖ ≤ ‖ωσ‖Lq‖f‖Lp .

Proof. Assume f ∈ Lp(G) and ωσ ∈ Lq(G). Then fωσ ∈ L1(G). Therefore f ∈ L1
ωσ . Now,

|f̂(σ)(T )| ≤ ‖T‖1
∫
G

ωσ(x)|f(x)|dx.

Applying the Hölder inequality, we obtain

|f̂(σ)(T )| ≤ ‖T‖1
(∫

G

ωσ(x)qdx

) 1
q
(∫

G

|f(x)|pdx
) 1

p

.

That is |f̂(σ)(T )| ≤ ‖T‖1‖ωσ‖Lq‖f‖Lp . Thus f̂(σ) is bounded and ‖f̂(σ)‖ ≤ ‖ωσ‖Lq‖f‖Lp . �
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Theorem 4.4. Assume that a sequence (fn) converges to f in L1
ωσ(G). Then f̂n(σ) converges to f̂(σ)

in B(Hσ).

Proof. From (8), the operator f̂(σ) is given by

f̂(σ) =

∫
G

σ(x)∗f(x)dx.

Therefore,

‖f̂n(σ)− f̂(σ)‖ =

∥∥∥∥∫
G

σ(x)∗(fn(x)− f(x))dx

∥∥∥∥
≤
∫
G

‖σ(x)∗‖|fn(x)− f(x)|dx

≤
∫
G

‖σ(x)‖|fn(x)− f(x)|dx

≤
∫
G

ωσ(x)|fn(x)− f(x)|dx

≤ ‖fn − f‖L1
ωσ
.

Thus if (fn) converges to f in L1
ωσ(G) then f̂n(σ) converges to f̂(σ) in B(Hσ). In other words,

the mapping f −→ f̂(σ) is a continuous (linear) operator from L1
ωσ(G) into B(Hσ). �

Theorem 4.5. Let G be a compact group. If a sequence (fn) converges to f in L2(G) then f̂n(σ)

converges to f̂(σ) in B(Hσ).

Proof. Let G be a compact group. Since the weight ωσ is continuous on G then ωσ is bounded,
that is ‖ωσ‖∞ = sup

x∈G
ωσ(x) <∞. Now,∫

G

|f(x)|ωσ(x)dx ≤ ‖ωσ‖∞
∫
G

|f(x)|dx

≤ ‖ωσ‖∞
(∫

G

|f(x)|2dx
) 1

2 √
µ(G)

where µ(G) stands for the finite Haar measure of G. We normalized this measure by setting
µ(G) = 1. The last inequality shows that L2(G) is a subset of L1

ωσ(G). Therefore f̂(σ) exists for
L2(G)-functions. Now,

‖f̂n(σ)− f̂(σ)‖ =

∥∥∥∥∫
G

σ(x)∗(fn(x)− f(x))dx

∥∥∥∥
≤ ‖ωσ‖∞

∫
G

|fn(t)− f(t)|dt.
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Now, we apply the Hölder inequality to obtain∫
G

|fn(t)− f(t)|dt ≤
(∫

G

12dt

) 1
2
(∫

G

|fn(t)− f(t)|2dt
) 1

2

≤ ‖fn − f‖2.

Therefore

‖f̂n(σ)− f̂(σ)‖ ≤ ‖ωσ‖∞‖fn − f‖2.

The conclusion follows. �

5. The Fourier transform of a system

In general, a Linear Time Invariant (LTI) System is a map T : I −→ O where the space of
inputs I and the space of outputs O are vector spaces which are closed under translation
and the map T is linear and commutes with translations [3]. We assume that there is a
Fourier transformation F that maps functions in I to functions in O and that this Fourier
transformation is an isomorphism. In this section, we aim to define the Fourier transform T̂ of
the system T . If the input is the fonction f then the output is a function g defined by

(13) g = Tf.

If the equation (13) is carried in the frequency domain, then we obtain

(14) Fg = T̂Ff.

Therefore

FTf = T̂Ff.

Finally, we obtain

(15) T̂ = FTF−1.

Definition 5.1. Let I and O be respectively the set of inputs and the set of outputs. Assume that

there is a bijective Fourier transformation from I onto O . Let T : I −→ O be a LTI operator. Then

the Fourier transform of T is given by

(16) T̂ = FTF−1.
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Theorem 5.2. (1) If T is the convolution operator Tf = g∗f then T̂ is the multiplication operator

defined by T̂ f = F (g)f .

(2) If T is the translation operator (Tf)(x) = f(x− a) then T̂ is the modulation operator defined

by (T̂ f)(ω) = e−iωaf(ω).

(3) If λ is an eigenvalue of T with eigenvector fλ then λ is an eigenvalue of T̂ with eigenvector

F (fλ).

Proof. (1) T̂ f = FTF−1f = F (g ∗F−1f) = F (g)f .
(2)

(T̂ f)(ω) = (FTF−1)(ω)

= F (τaF
−1f)(ω)

= e−iωaFF−1f(ω)

= e−iωaf(ω).

(3)

T̂F (fλ) = FTF−1F (fλ)

= FT (fλ) = F (λfλ) = λF (fλ).

�

6. Conclusion

Weconstructed aweighted Lebesgue-Banach convolution algebra. Thenwedefined a Fourier
transform related to trace-class operators and a Fourier transform of a system. Convergence
properties are obtained.
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