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AsstracT. The main crux of this manuscript is to develop the theory of fractional hybrid dif-
ferential equations with linear perturbations of second type involving 1—Caputo fractional
derivative of an arbitrary order a € (0, 1). By applying Krasnoselskii fixed point theorem and
some basic concepts on fractional analysis, we prove the existence of solutions for a certain type
of nonlinear fractional hybrid differential equations with periodic boundary conditions. As
application, a nontrivial example is given to show the effectiveness of our theoretical results.
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1. INTRODUCTION

The theory of fractional differential equations has been of considerable interest recently,
due to the evolution of fractional calculus in various scientific disciplines. This theory is
an efficacious tool for modeling and describing some phenomenas in different branches
of science and engineering as transport processes, earthquakes, electrochemical processes,
wave propagation, signal theory, biology, electromagnetic theory, fluid flow phenomena,
thermodynamics, mechanics, geology, astrophysics, economics and control theory (see, for
instance [1,11,14,19,27,28]). Basic issues related to the different fractional derivatives such

as Riemann-Liouville [23], Caputo [3], Hilfer [24], Erdelyi-Kober [26] and Hadamard [2].
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Almeida [6] introduced a new generalized Caputo fractional derivative with respect to another
function noted 1. some recent works on the existence and uniqueness for differential equations
with ¢y—Caputo fractional derivative can be found in [5, 16, 17].Due to the nonlocality nature
of fractional derivatives, fractional differential equations have been of great interest recently
such as functional hybrid fractional differential equations which can be employed in modeling
and describing non-homogeneous physical phenomena that take place in their form. The
importance of fractional hybrid differential equations lies in the fact that they include various
dynamical systems as particular cases. Furthermore, hybrid differential equations arise from
a variety of different areas of applied mathematics and physics, in the deflection of a curved
beam having a constant or varying cross section and electromagnetic waves or gravity driven
flows. Dhage etal. in [ 12] discussed the existence and uniqueness of solutions for the following

hybrid differential equations with linear perturbations of second type:

©@lt) — £, 2(0) = glt,2(0), 1 € lto,to + 0],
z(0) =29 € R.

They established the existence theorems by using some fundamental differential inequalities
and comparison results. Lu et al. [25] extended the existence result for hybrid differential
equations obtained in [13] involving the Riemann-Liouville fractional operator. They estab-
lished an existence theorem of extremal solutions under the ¢-Lipschitz condition. We refer
the readers to the articles [4,7,8,18,20,29,30] and references therein for many works on this
theory.

Motivated by the above works especially [12], we develop the theory of fractional hybrid
differential equations involving 1-Caputo fractional differential operator of order o € (0, 1).
To be more precise, we establish the existence result of the following nonlinear fractional

hybrid differential equation:

DG (x(t) — @t 2(1)) = p(t.2(t),  t€A=[0T],
(1)

Where T > 0, CDS‘J;w is the »—Caputo derivative and
O, p e C(A xR,R).

Our manuscript is organized as follows. In Section 2, we give some basic definitions and
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properties of 1)—fractional integral and ¢»—Caputo fractional derivative which will be used in
the rest of our paper. In Section 3, we establish the existence of solutions of the 1»—Caputo
fractional periodic boundary value problem (1) by using Krasnoselskii fixed point theorem.
As application, an illustrative example is presented in Section 4 followed by conclusion in

Section 5.

2. PRELIMINARIES

In this section, we give some notations, definitions and results on #-fractional derivatives

and i-fractional integrals, see the articles [5,9,22] for more details.

Notations
e We denote by C' (A, R) the space of continuous real-valued functions defined on A provided

with the topology of the supremum norm
I ||= sup | (t) | -
teA

e We denote by L' (A, R) the space of Lebesgue integrable real-valued functions on A equipped

o= [ 1att) | de.
A
Remark 1. Let z,v € C(A,R). Clearly C(A,R) is a Banach algebra with the norm || . || and

with the following norm

with the multiplication (z x v)(t) = z(t) x v(t).

Definition 1. [6] Let ¢ > 0, g € L'([A,R) and ¢p € C™(A,R) such that ¢/ (t) > 0 forall t € A.

The yp-Riemann-Liouville fractional integral at order q of the function g is given by
o, _
@) 190 = o || 900 - 0(s) g(s)ds
I'(q) Jo

Remark 2. Note that if ¢)(t) = ¢t and ¢(t) = log(t), then the equation (2) is reduced to the

Riemann-Liouville and Hadamard fractional integrals respectively.

Definition 2. [6] Let g >0, g € C" (A, R) and ¢p € C"(A,R) such that ¢'(t) > 0 forall t € A.
The —Caputo fractional derivative at order q of the function g is given by

3) “DYglt) = = | V) =) el s

where

gil](s):(wis)d%) 9(s) and n=[q+1
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and [q| denotes the integer part of the real number q.

Remark 3. In particular, note that if ¢(¢) = ¢ and ¢(t) = log(t), then the equation (3) is
reduced to the the Caputo fractional derivative and Caputo-Hadamard fractional derivative

respectively.

Remark 4. If ¢ € (0, 1), then the equation (3) can be written as follows
1

“DYFolt) = 1 / ((t) — $(s))7 1 (s)ds.

In another way, we have

“Dilg(t) = I, " (%) .

Proposition 1. [6] Letq > 0, if g € C"'(A,R), then we have
1) “DEVIE g(t) = g(1). )
n— 0
2) I CDEg(t) = glt) — Yojg (1) — ()"
3) Ig;w is linear and bounded from C(A,R) to C'(A, R).

Proposition 2. [6] Lett > 0 and ¢, «, 8 > 0, then we have

1) B0~ 00 = s (000 — o)
2) CDRY(e) ~ 0D = s le) — ()

3) DI (y(t) —¢(0))" =0, foralln €N,

Lemma 1. (See [10]). Let Q2 be a non-empty, closed convex and bounded subset of a Banach

algebra X and Let 7; : Q@ — X and 75 : Q© — X be two operators such that

(1) Ti is a contraction with constant A < 1,
(2) T3 is compact and continuous,
(3) x =Tz + Ty forall z,y € Q.

Then the equation 712 4+ 722 = z has a solution in 2.

We assume the following assumptions throughout the rest of our paper.

(Ay) ©(T,0) — @(0,0) + / V(s —(8))* (s, z(s))ds = 0.

(Ay) There exists a constant 0 < A < 1 such that
| o(t,x) —(t,y) |<KA|z—y]| for all teA and z,y€R.
(A3) There exists a function h € L'(A,R)

| o(t,x) |[< h(t) ae.teA, foralzeR.
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3. MAIN RESULTS

In this section, before we give the existence result of the fractional boundary value problem

(1), we need to prove the following fundamental lemma.

Lemma 2. Suppose that hypothesis (A;) holds, then the function z(t) € C(A, R) is a solution
of the periodic fractional boundary value problem (1) if and only if z satisfies the following

fractional hybrid integral equation

(4) 2(t) = ®(t, x(t)) — ©(0,0) + ﬁ/o V() (W (t) — ¥(s)" (s, x(s))ds.

Proof. Let z be a solution of the problem (1), then we apply the i)—fractional integral /; + on
both sides of (1)we have

I8 CDSY (a(t) — D(t,2(t)) = I8P p(t, (1)),

from Proposition 1 we obtain

z(t) — @(t,2(1)) — x(0) + (0, 2(0)) = I (. 2(t)),

since z(0) = z(T") = 0 then we obtain

2(t) = B(t, 2(1)) — B(0,0) + IS (t, a(1),
thus t

(1) = (t.2(t)) = B(0.0) + s [ V(@0 = 0(5) el
Hence equation (4) holds.

Conversely, it is clear that if x(t) satisfies the equation (4), we apply the ¢»—Caputo fractional

derivative CD to both sides of equation (4) and we use Proposition 1, we obtain

“Dg (a(t) — @(t,2)) = “DG¥ ( / W' (s ()" (s, x(s))ds — <1>(0,0)) ,

ODgY (x(t) = @(t,2)) = DI o(t ) = ot @),
it follows that
CDGY (x(t) — (1, 2 (1)) = p(t. 2(t)).
Finally, we need to verify that the condition 2(0) = z(7") = 0 in th equation (1) also holds. For

this purpose, we substitute t = 0 and ¢t = 7" in (4), we obtain

£(0) = ®(0,2(0)) — (0,0) + ﬁ / () (0(t) — ()™ Lo, 2(s))ds = 0,
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and from (4,), it follows that

$U7:¢@ﬂaw—¢@ﬁ%P——[;W@Nﬂﬂ—w@flﬂaﬂ@ﬂv=a

thus

Hence, x is a solution to the problem (1). This completes the proof.

O

Theorem 1. Assume that hypotheses (A;) — (A43) hold, then the periodic fractional boundary

value problem (1) has a solution defined on A.
Proof. Let E = C(A,R) and let C,,, be a subset of the space E defined by
Con={x€E:|x]|<m}.

where

m — 2(I)O + <¢(T) _w(()))a H h Hle

1- 2 (I-MD(a+1)

and

dy = sup ®(t,0).
teA

It is easy te see that (), is a closed, convex and bounded subset of the Banach space £. By
using Lemma 2, the fractional hybrid differential equation (1) is equivalent to the following

nonlinear fractional hybrid integral equation
6) 0= 0(ta(0) - 90,00+ s [ W00 ) el (5.
Let7, : E— Eand 75 : C,, — E be two operators defined by

Tix(t) = (t, 2(t)) — (0,0),

and
Toa(t) = ﬁ / () (0(t) — ()" (s, 2(s))ds.

We can transforme the fractional integral equation (5) into the operator equation as follows

(6) Tix(t) + Tax(t) = z(t), teA.
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Now, we will show that the operators 7; and 7; satisfy all the conditions of Lemma 1.
First, we prove that 7; is a contraction on E with the constant A < 1.

Let z,v € E, then by hypothesis (As)
| Tiz(t) = Ty(t) [=| (1, 2(1)) = (1, (1) [ A 2(t) —y(@) | for all teA,
Taking supremum over ¢, we obtain
| Tiz =Ty IS Az—yll, for all z,y€E.

Therefore, 7; is a contractive mapping with constant A < 1.

Secondly, we show the operator 75 is completely continuous.

For this purpose, it is enough to prove that the operator 7; is continuous and 73(C,,) is
uniformly bounded and equicontinuous.

Let us show that the operator 7; is continuous.

Let ,, be a sequence in C,,, converging to x € C,,, then by the Lebesgue dominated convergence

theorem, we have

i Toa () = i s / () (1) — ()" (s, 2a(s))ds,
i Tor (1) = / V()W) = v(s)™" Tim_pls,an(s))ds.
i Tor (1) = / U (5) (Gh(t) — ()" (s 2(s) s,

1:)13{1 ’szn()—’E (t), for all teA.

Wich shows that 75 is a continuous operator on C,,.

Next we show that 7;(C,,) is a uniformly bounded.

Let z € C,,, then we have

Taa ‘ / (s $(5))* (s, 2(5))ds|,

(0] < s / W()(16(8) —(5))"" x lp(s, 2(s))] ds,
by using (A;) we obtain
Taalo)] < s [ 160000 = w6 (s ds

(¥ (T) — (0)
Terl < )

| hllpr  for all teA,
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taking supremum over t, we obtain

(W (T) — $(0))
I'a+1)

| Toz ||< | bl for all xe€ Cy.

This shows that 75 is uniformly bounded on C,,.
Now, let us also show that 75(C},) is equicontinuous on A.

Let z € B(C,,) and t1,t5 € A such that ¢; < t,, then we have

o) — Toa(ts)| =] ﬁ / () ((t) — ()™ (s, 2(s))ds

1 b2 / a—1
O / () ((t) — (s))* (s, 2())ds |,
[To(tr) — To(ta)| < | / W(5) (W (tr) — (s))* (s, 2(s))ds

L () () — () (s, 2(5))ds]
F(a) 0
T ﬁ / (8 ((ta) — (5))* (s, 2(s))ds

1 t2 / afl
—m/o V(s)((t2) = $())* (s, x(s))ds],
it follows that

A fle
“Tla+1)

since 1) is a continuous function, then we obatin

| Tow(th) — Tax(tz)| < (1% (t2) = % (t1) = ((t2) — (£2))"] = (P (t2) — P(t1))?),

Jim [Ty (t) = Toa(t)] = 0.

Which shows that 75(C},) is equicontinuous.

Now the set 73(C},) is uniformly bounded and equicontinuous and by using Arzela—Ascoli
Theorem [21] we deduce that 73(C,,) is compact, wich implies that the operator 7; is
completely continuous.

Now it remains to show that the assumption (3) in Lemma 1 is verified.
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Let x € E and y € C,, be arbitrary such that z = 72 + 75y, then by hypothesis (A,), we have

()] = Ti(t) + Toy(t)|
=F@w@)—ﬂﬁ®+—ii/w%ﬂwﬂ—w@flﬂ&MQMs,
< |B(t, 2(1)) - ooww——/¢ () Lo, y(s))| ds,
< |®(t, 2(t)) — B(t,0) + B(t,0) — (0,0)]

1 ¢ / a—1
+ﬁ51fM$ww—w@> o(s,y(s))] ds,
by using (As) we get

[z(®)] < A x(t) [+ [ (% 0) | + [ 2(0,0) | +ﬁ/o V(s)(W(t) —1(s))* " |h(s)| ds,

(¥ (T) — ¥(0)*

< Ax(t 20
< Ma(t)] + 2 + S

17 ]z

wich implies that

200 (¥(T) = ¥(0)"

’ ()’— 1—)\+(1—)\)F(a+1) HhHLla
taking supremum over ¢, we obtain
20 T) — (0

Il I—-X (1-=-XMNT'(a+ 1)
Therefore, the condition (3) in Lemma 1 holds.
Finally, all conditions of Lemma 1 are satisfied for the operators 7; and 7;. Hence the fractional
hybrid differential equation (1) has a solution defined on A.
0

4. AN ILLUSTRATIVE EXAMPLE

In this section we give an nontrivial example to illustrate our main result.

Consider the following periodic fractional boundary value problem:

CDE (a(t) — B(t,2(1) = p(t,2(1),  teA=[0,1],
7)
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Where = —|— —/ Y'(s Y(s))"Y2p(s, x(s))ds = 0.

Choose a = 1, T = 1, () = t, o(t, x(t)) = %sm(x(t)) and

t
O(t,x(t)) = 3 2?(t) + 1. It is clear that the assumption (A,) is satisfied with A = 1. Indeed,
lett € Aand z,y € R, then we have

D(t,2(8)) — (t,y(0)] = gx/x2@>—+ — VD A

) t 2(t) + y(0)
2(0.2(0) = @(t, ()] < 5 1) ~y(0)] —t e
\muum—¢@wmﬂs§mw—ywm

thus, the assumption (A,) in holds true with A = 3.

It remains to verify the assumption (A;). Let ¢t € A and = € R, then we have

oo (t, x(t))] =

fo(t, 2(0)] < 5 lsin(a(0)],
t2
folt, 2 (0)] < 5.

Wich implies that the assumption (As) is verified with h(t) = £.
Finally, all the conditions of Theorem 1 are satisfied, thus the periodic fractional hybrid

problem (7) has a solution defined on [0, 1].

5. ConcLusion

In the present paper, we gave the definition of solutions for periodic fractional hybrid
boundary value problem by using the ¢y—Caputo fractional derivative of order a € (0,1). In
addition, by employing Krasnoselskii fixed point theorem, the existence of at least one solution
for this problem is discussed. Finally, as application, a nontrivial example is presented to

illustrate our theoretical results.
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