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ABssTRACT. In this paper, a hybird control Euler method is proposed in which state feedback
and parameter perturbation are used to control the Hopf bifurcation of a nonlinear advertising
capital model. Firstly, the numerical bifurcation of the original delay differential equation is
discussed by using the Hopf bifurcation theory. Secondly, the criterion of the Hopf bifurcation
of the controlled system and its discrete scheme at the positive equilibrium point is established
as well as the direction of the Hopf bifurcation is studied. Finally, the effectiveness of the control
strategy for Hopf bifurcation is verified by numerical experiments.
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1. INTRODUCTION

In the last two decades, there has been great interest in dynamical characteristics of delay
differential equations (DDEs). Especially, many research has been devoted to the Hopf
bifurcation of DDEs. Hopf bifurcation is a common feature of nonlinear DDEs and has become
an important aspect in the study of the differential equations. There is a large number of
results about stability and Hopf bifurcation of DDEs, the interested readers can refer to the
papers [9,12,21].

In order to explain the advertising effect with mathematics and apply it in market research
better, Luhta and Virtanen [8] built a delay feedback model of the relationship between adver-

tising and goodwill according to the classic Nerlove-Arrow (NA) model [10]. In the literature,
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advertising is considered to be influenced by the stock of goodwill, which cumulatively calcu-
lates the influence of the company’s current and past advertising expenditure. The addition
of nonlinear term and time delay in NA dynamic equation makes the model more realistic
and more abundant dynamic properties are shown. So we consider the following DDEs to

describe the advertising capital model

(1)

z(t—T)

where x(t) is the stock of goodwill at time ¢, bx:(t — T)e*b(T) is the advertising expenditure
at time t —7, a is the depreciation coefficient, a, b, d, T are positive constants, ¢(x) is a continuous
nonnegative function and ¢ € C([—7,0],R"), ¢(0) > 0.

There are few studies on the dynamic behavior of Eq. (1). Luhta and Virtanen [&] analyzed
the stability of the equilibriums numerically and the behavior of chaos for the discrete model
of Eq. (1). Gao and Ruan [3] discussed the Hopf bifurcation of Eq. (1) theoretically. Wang et
al. [13] studied the analytical and numerical oscillation of Eq. (1) by using the #-methods. As
for the numerical control of Eq. (1), we have not found any results in the literature. In fact, it is
important to determine the stability and bifurcation condition of the equilibrium point in some
systems [/, 14,18]. For an enterprise, if the behavior of goodwill is cyclical or chaotic, it will be
difficult to estimate goodwill and formulate advertising strategies [1,4]. So it is meaningful to
use numerical method to control its bifurcations. Recently, bifurcation control has attracted a
lot of attention and a variety of bifurcation control methods are introduced [5,15,17,22]. The
aim of bifurcation control is to delay (advance) the onset of an inherent bifurcation, change
the parameter value of an existing bifurcation point, stabilize a bifurcated solution or branch.
Such as, in [16], the hybrid control nonstandard finite-difference scheme is used to control
the Hopf bifurcation. Different from [16], in this paper, we construct a hybrid control Euler
method in which state feedback and parameter perturbation are used to control the Hopf
bifurcation of Eq. (1). The results show that the dynamic behavior of a controlled system
can be changed by choosing appropriate control parameters. For any step-size, we obtain the
consistent dynamical results of the corresponding differential equation.

The remainder of the article is structured as follows. In Section 2, we take the time delay as
the bifurcation parameter and some sufficient conditions for the delay induced bifurcation

of uncontrolled system are discussed. In Section 3, the hybrid control method is applied to
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control the Hopf bifurcation of the controlled system. In Section 4, the stability of the Hopf
bifurcation of the controlled system are determined by discussing the distribution of roots of
characteristic equation of discrete system. In Section 5, the direction and stability of bifurcating
periodic solutions of the controlled system are determined by using the bifurcation theory of
discrete systems. In Section 6, some numerical simulations are carried out. In the final section,

we summarize our work and and the future was prospected.

2. NumericaL Horr BirurcaTioN IN UNCONTROLLED SYSTEM

Let u(t) = x(7t), then Eq. (1) can be written as
u(t—l))g

(2) U(t) = —aTu(t) + bru(t — 1)671’( 7]

It is easy to see that the positive equilibrium point u. of Eq. (2) satisfies

(3) a = be CE)
For the function F(z) = —ax + bze ), we have
_a? 2b% 2
(4) Pl = o+ % (1-2L),

since F'(0) =b—a > 0 when b > a, so u, = dy/1 In 2 is unique.

Application of Euler method to Eq. (2) gives

(5) Upt1 = Up + (—aTun + brun_me—b(u"c?m)2> _
Set y, = u, — u,, then Eq. (5) changes into
n—mtUx
(6) Yn+1 = Yn + h (—(IT(yn + 'LL*) + bT(yn—m —+ u*)e_b(%F) .

Apparently, the origin is an equilibrium point of Eq. (6). Then the linearization of Eq. (6)

at the origin gives

2bu?
(7) Yn+1 = (1 - a7h>yn +ath (1 - 2 ) Yn—m,
whose characteristic equation is
m 20u?
(8) A (/\—1+a7'h)—a7'h(1— dQ)zO.

In the following, we analyze the distribution of characteristic root according to Ruan and
Wei [11] and Zhang et al. [23].
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Lemma 1. [23] Suppose that B € R is a bounded, closed and connected set, f(A\,7) = \™ +
pL(T)A™ L+ Do (T)N2 + -+ + p,(7) is continuous in (A, 7) € C x B. Then as T varies, the sum
of the order of the zeros of f(\, 7) out of the unit circle {\ € C : |\| > 1} can change only if a zero

appears on or crosses the unit circle.

Suppose that e is a root of Eq. (8), then differentiating both sides of Eq. (8) with respect

to 7 gives
(9) v ah(2bu? — d?) + ahd*\™
dr A2 m(m+ 1) + A" (ahmT —m)’
together with
d|\|? dh  <d)
10 il B T Wi
(10) dr dr * dr
we obtain
d|\? 4ahbu?
11 - — -
( ) dT |7'_O,)\_1 d2 < 0

Consequently, |\| < 1 for sufficiently small 7 > 0, so there exists the maximal 7 > 0 such
that all roots of Eq. (8) have no modulus of root more than one for 0 < 7 < 7.

In order to find 7, substitute ¢*“* into Eq. (8) and separate the real part and imaginary part

(12) coswy — ath (1 — 22?) cosmwy = 1 — arth,
sinwy, + ath <1 — 235) sin mwy, = 0,
so we have
2a*72h?u?b(1 — buz)
13 =1 : a2
(13) OB * d?*(1 — ath)
and
Sin wy,
(14) TE = 5 .
ah(QZZ* — 1) sin muwy,

To make (13) holds we assume that bu? > d*. Moreover we get
dri(T) d\  ~d\
dp = R T=TE,W=Wwg A— -7 | = w=w
h dr ‘—k: k ( dT+)\dT>| 3 k

~ 2(1 = coswy)(m(2 — ahTy) + 1)
 TelahmT —m + (m + 1)eir |2

(15)

so dj, > 0 for sufficiently small 2 > 0.

From the above analysis, we can obtain the following theorem for Eq. (5).
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Theorem 1. (i) If bu? < d?, then the equilibrium point . of Eq. (5) is asymptotically stable for any
7> 0.
(ii) If bu? > d?, then the equilibrium point u. is asymptotically stable for T € [0,7"), and unstable for

7> 7, Eq. (5) undergoes a Hopf bifurcation at u, when v =7 .

3. Horr BirurcaTion IN HyBrRID CONTROL SYSTEM

Similar to [2,6,16,20], the hybrid control method are implemented to Eq. (2). The controlled

advertising capital model is constructed as follows
(16) a(t) = a <—a7’u(t) +bru(t — 1)e—b<#>2) Y1) (ult—1) —w),

where 0 < o < 1.

It is not difficult to compute that Eq. (16) and Eq. (2) share the same positive equilibrium
point wu,.

Set z(t) = u(t) — u., Eq. (16) becomes
(17) 2(t) = « (—aT(z(t) +uy) +or(2(t—1) + u*)e_b(w)ﬁ + (1 —a)Tz(t —1).

Linearize Eq. (17) at z = 0 gives

. 2u2b
(18) Zt)y=aar | [1— yp 2t—=1)—z(t) ) + (1 —a)T2(t — 1),
whose characteristic equation is
2u?b
(19) A= aar ((1 - Z;‘ ) e — 1) + (1 —a)re™.
From Eq. (19) we know that A < 0 when
20l 1 -«
20 . .
(20) &~ aa

Further for w # 0, iw is a root of Eq. (19) if and only if

2uZb , .
(21) iw = aar ((1 - Z; ) e — 1) + (1 —a)re ™.
Separating real part and imaginary part from Eq. (21), we get
(22) (am‘ (1 - 22;2*1)) +(1-— oz)7> cosw = aar,
(aaT (1 — 232’2‘17) +(1— 04)7'> sihw = —w,
SO

@) o= in (-0 0 (110 aa (2 222
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it is easy to see that (23) holds under the condition

2u2b 1—a
24 — > 2 :
(24) d? - aa
From (22) we compute that
w
25 T, = arcsin | —
() ‘ ( aat (1 — 2Z§b) +(1—a)r

Set

>+2k:7r,k:0,1,2,---.

(26) o :T\/(u —a) —aaQZ;%b) ((1 —a)+aa (2_

Let A\, = oy (7) + iwg(7) be a root of Eq. (19) near 7 = 7, such that a (1) = 0, wk(7%) = wo.

Then we have the following lemma.

Lemma 2. () > 0.

Proof. Differentiating both sides of Eq. (19) with respect to 7, we get
dx e *(2aabul + ad*(1 — a) — d?) + acd?

27 - =
(27) dr  te*(2aabu? 4+ ad*(1 —a) — d?) — d*’
SO
(28) d)\| _ (2aabuZ + ad*(1 — a) — d*)(coswy — isinwy) + aad?
dr'" ™" 7(2aabu? + ad?(1 — a) — d?)(coswy — isinwg) — d?
which implies that
/ 1
(29) a,(T) = Z(aadQ + 7 (2aabu? 4 ad*(1 — a) — d*)),
where

A= (mcoswy(2aabu? + ad®(1 — a) — d?) — d®)?
+ (i sinwo (2aabu? + ad?(1 — o) — d2))?

by virtue of (24) and 2aabu? + ad?*(1 — a) — d?> > aad® > 0 we have a, (7;,) > 0. The proof is

finished.
Set
1—a  2u?b 1—«
30 u 2
(30) aa d? <et

Theorem 2. For Eq. (16),
(i) If (30) holds, then u = w, is asymptotically stable;

O

(i) If (24) holds, then u = w, is asymptotically stable for T € [0, 1), unstable for T > 7y, Eq. (16)

undergoes a Hopf bifurcation at u, when 7 = 7,k =0,1,2, - - -.
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4. StaBILIZATION OF EULER HYBRID CONTROL SYSTEM

In this section, we implement the hybrid control strategy to discuss the stability and bifurca-
tion of the numerical discrete control system. Application of Euler method to Eq. (16), we

obtain

(31) Upr1 = (1 — aath)u, + hocbrun_me_b(unc?m)2 + h1(1 — @) (tp—m — Us).

Let v(t) = u(t) — u., then Eq. (31) becomes
(32) Unt1 = (1 — aath)v, + habt(vy—pm + u*)e_b(meu* P 4 h(1— Q)TVp—m — aTOULN.

Introducing a new variable V;, = (v, v,_1, -+ ,Un_m)?, we can rewrite Eq. (32) as

(33) Vi1 = F(Va, 7),

where [ = (Fy, Fy,--- , F,,))" and

Vp—m—kTUx )2

(1—aath)v,_j, + habr (Vy_m_i + u,)e " a

(34) F, = + h(l — @)TUy_ g — aTOULh, k=0,

Un—k+1, 1 S k S m.

Linearization of Eq. (33) at origin gives

(35) Vi1 = AV,
where
(4, 0 -~ 0 0 ap
1 0 00 0
i 0 1 00 0
(36) A=
0 0 10 0
[0 0 01 0
and

2bu?
am =1 —aath,ay = aath (1 - d?‘) + h(l — a)T.

Thus, the characteristic equation of A is

(37) AN =1+ aath) —aath |1 - vl h(l —a)r =0.
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Lemma 3. If (20) holds, then all the roots of Eq. (37) have modulus less than one for sufficiently small

7> 0.

Proof. When 7 = 0, Eq. (37) becomes
(38) AL\ =),

then Eq. (37) has an m-fold root and a simple root A = 1.

Consider the root A\(7) which is a differentiable function of 7 and depends continuously on
7, satisfies |A(0)| = 1. From Eq. (37), we obtain
dh  h(AMaad? 4 2aabu} — aad® + ad® — d°)

(39)

dr A=l (aahmT + Am —m + )
and
(40) A\ h(\"aad® + 2aabul — aad® + ad® — &)

dr Nm=1d2(aahmT + Am —m + \) ’
thus

d|\? h(2aabu? + (o — 1)d?
" o A b (o 1E)
dr d

It is easy to know that H < 0 when (20) holds, so all the roots of Eq. (37) lie in |\| < 1 for

sufficiently small 7 > 0. U

Lemma 4. If (30) holds, then for any T > 0 and sufficiently small h > 0, the characteristic equation

Eq. (37) has no root on unit circle.

Proof. Suppose that ¢™* is a root of Eq. (37), then

: : 20u?
(42) elmtber _ gimek (1 _ qarh) — aath (1 — dg*) —h(l—a)T =0.
So we have
COS Wy, — (aom'h(l — 237;3) + h(1 - a)7> cosmwy, = 1 — aarth,
(43)

sin wy, + (am‘h(l — 22—22) + h(1— Oz)7'> sin mwy, = 0.

Since 7 is real and +1 are not the roots of Eq. (37), then we get

h2r? (aa +aa(l — 22’;3) +(1— a)) (aoz —aa(l — 2223) —(1— a))
2(1 — aath) .

(44) cosw =1+

If (30) holds, then cosw > 1, which leads to conflict. Therefore, Eq. (37) has no root with

modulus one for all 7 > 0 and sufficiently small 4 > 0. The proof is finished. O
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If (24) holds, then |cosw| < 1, from (43) and (44) we obtain

2bu? 2 2
1- (aon’h(l — =) +h(l - oz)r) + (1 — aath)

(45) Wy = arccos 20 = aarh) + 2k

and

(46) Tk = 2_81HWk 71{:071727"'7|:m—_1} )
(aah(l — )+ (1 - a)) sin mwy, 2

where [.] represents the greatest integer function. Obviously, there exists a sequence of the 7;,

satisfying (43). So we have the following lemma.

Lemma 5. Suppose \y() = r1.(7)e™*(") be a root of characteristic equation Eq. (37), and ry(73,) = 1,

wi(Tk) = wy, if (24) holds, then for any sufficiently small h > 0

dri(7)

(47) = > 0.

Proof. From Eq. (37) we have

aoarh(l — 22 4 h(1 - a)r

4 AT = &
(48) A—1+aath ’
SO
-d —1
(49) LA A

dr (achmt + AX(m +1) —m) 7’

hence, together with (46) we obtain

dr(r) (AN A /A
dr |T:Tk;,UJ:UJk - AE + )‘% |T=Tk7w=wk =2Re AE‘T:W"“):“”C

A—1
50 =2Re [ —
(50) e( (aahm7+)\(m+1)—m)7)
2(1 — coswy)(m(2 — aahy,) + 1)
= . > 0.
TelaahmT —m + (m + 1)e |2
The proof is complete. U

Theorem 3. For Eq. (31), the following statements are true:

() If (30) holds, then v = w, is asymptotically stable for any T > 0.

(ii) If (24) holds, then u = w, is asymptotically stable for T € [0, 1), and unstable for T > 7y, Eq. (31)
undergoes a Hopf bifurcation at u, whent =71,,1=0,1,2,--- [ [(m —1)/2].
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Proof. (i) If (30) holds, from Lemmas 3 and 4 we know that Eq. (37) has no root with module
one. According to Corollary 2.4 in [11], the conclusion is proved.

(ii) If (24) holds, according to Lemmas 3 and 5 we can get that all roots of Eq. (37) have
modules less than one when 7 € [0, 7y), and Eq. (37) has at least a couple of roots with modules

greater than one when 7 > 7. The conclusion is proved. O

Remark 1. According to Lemmas 3-5 and Theorem 3, we can delay the onset of the numerical Hopf

bifurcation by choosing proper c.

5. DIRECTION AND STABILITY OF THE HoPF BirurcaTioN IN DiscReTE CONTROL SYSTEM

In this section, we consider the direction and stability of the numerical Hopf bifurcation
and the stability of the bifurcating periodic solutions of Eq. (16) when 7 = 7y by applying the
centre manifold theorem and normal form theory.

Let 7 = 79+ i, 1 € R, then p = 0 is the bifurcation point of the Eq. (16). Expand Eq. (33) at

origin gives

2bu?
Ypr1 =(1 —aath)yr, + | aaTh | 1 — yB +h(1— )T | Yrom
51 aabthu, (2bu? — 3d?) aath(120uzd? — 3d* — 4b*u?)
( ) + d4 ylzfm + 3d6 yl?c,fm
+O(|yk—ml").
Then, we can describe Eq. (51) as follows
1 1
(52) Yy =AY, + §B(Yk, Vi) + EC(Yk, Vi, Vi) + O Vel
where
B<Yk7 Yk) = (b0<Yk7 Yk); Oa T 70)T7 C<Yk7 Yk> Yk) = (CU(Yka Yk: Yk)a 07 T 70)T7

in which

b ’ = B m¥Pm,
(53) 0(¢, ¥) ¢>~1/1

CO(¢7 1, 77) = COmYmNm,
here
(54) ) 2aabthu, (20u? — 3d?) . 2aarh(12bu?d? — 3d* — 4b2uz)'

d* ds
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Let ¢ = ¢(9) € C™"! is the eigenvector corresponding to eigenvalue ¢ and ¢* = ¢*(79) €

C™*1 is an adjoint vector of ¢, satisfied < ¢*, ¢ >= 1, where
(55) q=(1,e7™0 ... e7imwo)T

Lemma 6. If 7 = 79, ¢* = (¢}, ¢}, -+ ,q,)7 is the eigenvector of AT corresponding to eigenvalue

e~ and < qx,q >= 1, then
(56) q* — K(L aoeimwo, Go@imwO, e aoeiQWO, aoeiwo)T’

where K = 1/(1 4+ mage "(m+1wo),

Proof. Let z = e ™°. Suppose that ¢* = (¢, ¢}, -+ ,q¢,)" is eigenvector corresponding to

eigenvalue z of AT, satisfies
(57) ATq* = zq*.

From Eq. (57) we have

amqy + a7 = e g,
(58) C]Z = eiiwoqulv k = 27 37 s, M,
aoqy = e~ogr,.

Let ¢*, = e~ K, then we obtain
q* — K(L aoeimwO’ aoeimwo7 L ,a0€i2w0, aoeiwo)T’
in view of < ¢*, ¢ >= 1, the proof is finished. 0

Suppose that a()) is the characteristic polynomial of matrix 4, Ay = ¢*°. Using the algo-

rithms and the computing method similar to [19], we obtain

920911(1 - 2/\0) |g11|2 |902|2 921
59 = _ _ J21
(59 ) =) 1o a2
where
920 = (¢", B(q,9)) ,
g = <C]*, B(Q> Q)> )
Jo2 = <C]*, B(Q? (D> )
go1 = <q*7 B (Q7 Cdgg)> + 2 <q*a B (C],Cd11)> + <q*7 O(Q? q, Q)> )
in which

bO(qu) 2 <C]*, B(Qaq» <q_*a B((],(])) —
() p(Ag) — N 1T o ¢

Woo =
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p(1) — <q*i(if)>q B <q_*i(§;q»q_'

From (53), (55) and Lemma 6 we calculate that

w11 =

bo (g, g(e<°)) = be "m0
bo(g, q) = be~ ™,
bo(q,q) = b,
(60) co(q, ¢, q) = e,
a(ei20) = gi2m+lwo _ g ci2men _ g0
a(l) =1— ay — aop,
| bo(q, (1)) = be=m=.

Substituting (60) into (59), we obtain
() = K » N 207 L
TS =9\ ae0) Ta) T ¢

! b + 20" +c
= - - - - C
2(ezmwo + maoe—“"O) 612(m+1)w0 _ ameﬂmwo — ay 1— A — Qg )

(61)

where b, ¢ are defined in (54).

Theorem 4. For Eq. (31), if (24) holds, then u = u, is asymptotically stable for T € |0, 7y), unstable
for T > 7. An attracting (repelling) invariant closed curve exists for T > 1 if Re[e™™0¢;(19)] < 0
(> 0).

6. NuMERrIiCcAL EXPERIMENTS

In this section, the results in the previous sections are illustrated by some numerical examples.
We shall conduct this process from two aspects: controlled system and uncontrolled system.
Leta = 0.2,b = 1,d = 1, the initial value u(t) = 1.2 for —7 < t < 0, then u, ~ 1.2686 and
bu? > d? holds. At the same time, it is easy to compute that (30) holds for 0.6084 < a < 0.8040
and (24) holds for a > 0.8040.

Firstly, we show the graphs of the analytic solution and the numerical solution of Eq. (2)
with different 7 and » = 1/100 in Fig. 1. From this figure we can see that the Euler method
has done well in describing the dynamics of the system approximately. For different step sizes
and «, we compute the bifurcation points and the direction of bifurcation at equilibrium point
in TABLE 1 and TABLE 2, respectively. When o = 1, we get the corresponding results for the

uncontrolled discrete system naturally. From Theorem 1 and TABLE 1, we conclude that the
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equilibrium u, of Eq. (5) is asymptotically stable for 7 € [0,4.1154), unstable for 7 > 4.1154.
So Eq. (5) undergoes a Hopf bifurcation at .. This is what we can see from Figs. 2 and 3.

Next, we show the influence of the hybrid control method on the stability and bifurcation of
the system. Specifically, we select different o € (0.6084, 0.8040) in Fig. 4 and o = 1 € (0.8040, 1]
in Fig. 5, the analytic solution and the phase diagrams of Eq. (16) are displayed in the two
figures, respectively. From Theorem 2 we know that the equilibrium point u, is asymptotically
stable for any 7 if (30) holds. Moreover, the equilibrium point u, is asymptotically stable for
T € [0, 79), unstable for 7 > 7, if (24) holds, where 75 =~ 4.1154 which can be obtained from
(25), and Eq. (16) undergoes a Hopf bifurcation at w.. Thus, the phenomenon in Figs. 4-5 are
consistent with Theorem 2.

Furthermore, we plot the curves of numerical solution of Eq. (16) and phase diagram of
Eq. (31) with h = 1/10 and different « (see Figs. 6-11). In view of Theorems 3-4 and TABLE
1, we obtain that the numerical solution is asymptotically stable for 7 € [0, 7), unstable for
T > 19 and Eq. (31) undergoes a Hopf bifurcation at u.. This is just what we can see from
Figs. 6 and 8. Specifically, in Fig. 6, let « = 0.9, h = 1/10, 7 = 6 and 10, respectively. It is easy
to observe that the change of numerical solutions from stable to unstable is consistent with
Theorems 3-4. We can verify Fig. 8 in the similar way. Moreover, in view of Theorems 3-4 and
Table 2, we also obtain that the equilibrium point u, is asymptotically stable for 7 € [0, 1),
unstable for 7 > 75 and Eq. (31) undergoes a Hopf bifurcation at u,. At the same time, an
attracting invariant closed curve exists for 7 > 75 and Re[e “?¢;(75)] < 0. This is just what we
can see from Figs. 7,9, 10, 11. More specifically, in Fig. 7, set a = 0.9,h = 1/10,7 = 6 and
10, respectively. We can easily see from this figure that v, is asymptotically stable for 7 = 6
and an attracting invariant closed curve exists for 7 = 10. That is, the bifurcation occurs when
T > Ty = 6.6824 and bifurcating periodic solutions from the equilibrium point are orbitally
asymptotically stable, which is consistent with Theorems 3-4. We can test the other three
figures in a similar fashion.

Furthermore, from the viewpoint of control, we can delay the onset of Hopf bifurcation
to improve the stability and enlarge the stability region by choosing appropriate control

parameter.
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TabLE 1. The values of 7, of Hybrid control Euler method

a=1 ao=09 a=0.85

h=1/10 4.1154 6.6824 10.3069
h=1/100 5.01203 8.9045 15.2117

TaBLE 2. The directions of bifurcation for different «

h=1/10 c1(70) Re[e ¢y ()]
a=1 -6.1642+1.4390i -5.8309
a=0.9 -6.2970+1.6429i -5.9264
a=0.85 -6.3494+1.7819i -5.9527
=1
1.28 T T
1.26 I
S 1.24 -
1.22 .
1.2 * :
0 50 100 150
t
=3
1.3 T ‘ T
= 1.25 1
1.2 * :
0 50 100 150
t
=6
1.6 T | 1 i
Lh ‘\\J’:JH‘H{H\(:}\
141 J\H\HHU\H\HH
3 WA
12 T
H/ (\‘JHH\HIH:HJ\
1 1 1 iy
0 50 100 150
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Ficure 1. The analytic solution (blue solid line) and the numerical solution (red

dotted line) of Eq. (2) with ~ = 1/100.
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