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AssTrRACT. In the present study, we prove a few fixed point results for contractive maps in the fuzzy
rectangular b-metric like spaces which introduced recently. Additionally, we provide an example to show
the theory, some findings in the literature are expanded upon and generalized by our studies.
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1. INTRODUCTION

Due to its numerous scientific applications, fixed point theory has been utilized extensively. The
iterative technique for finding the fixed point is provided via the Fixed Point Theorem of Banach [3]
that deals with self-mappings across all of metric space. The Banach Fixed Point Theorem has been
demonstrated by a lot of writers who have expanded the Banach contraction in various ways (see;
[4,6,7,11,23,24] and [12]). As an alternative, Zadeh [25] introduced the fuzzy set theory. By giving
each set element a membership grade, it expands on standard set theory. K. and M. in [16] presented
the idea of fuzzy metric space in 1975. In 1994 the concept of fuzzy metric space was refined by G. and
V. [9] through the use of continuous triangular norms.

In order to generalize a metric space, Branciari [5], in 2000, devised a rectanglular metric space.
Furthermore, the authors in [10] presented the idea of b-rectangular metric space. In this type of
metric, they illustrated the contraction theorems of the Banach and Kannan types. Ding et al. [8]
investigated, improved, and generalized several fixed point approaches for mappings in b-rectangular

metric spaces, also they discussed these results in the space of rectangular metric. Using the Pata-type
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contraction, Kadelburg et al. [ 15] were able to achieve fixed point conclusions in metric spaces including
b-metric and b-rectangular. The basic idea of b-metric was developed by Nadaban [ 19] using a fuzzy set
approach in the fuzzy mathematical sense. The researchers in [ 18] enhanced the notion of metric-like
space by introducing the idea of rectangular metric-like space. M. et al. established the idea of fuzzy
rectangular b-metric spaces in [ 17] and demonstrated the Banach contraction principle in this setting.

To expand on the notion of a metric-like and b-metric space, Alghamdi [ 1] proposed the concept
of b-metric-like space. Additional fixed point conclusions for different kinds of contractions on a self
mapping in b-metric-like space have been developed by Prakasam et al. [20]. Shukla and G. [22]
invented the fuzzy metric like spaces technique. Fuzzy b-metric like spaces were introduced by Javed
etal. [14] and many fixed point results were shown. Several fixed point findings in recently discovered
spaces called fuzzy rectangle metric-like spaces was established in 2022 by U. Ishtiaq et al. in [13].
They additionally discovered the space of fuzzy b-rectangle metric-like spaces.

We demonstrate certain fixed point results on fuzzy rectangular b-metric-like spaces in this study,
which were first introduced by U. Ishtiaq [13], we also provide an example to show the main theory.

some findings in the literature are expanded upon and generalized by our studies.

2. PRELEMNARIES

The definitions and outcomes linked to our major findings are given in the section that follows.

Definition 2.1. [5] Given v # 0, the mapping k : 1 x ¢ — [0, 00) is referred to be a rectangular metric if it

meets the subsequent criteria:
(1) k(f,w) = Oifandonly if f = w;
(2) k(f,w) =k (w,f) forall f, w € P;
(3) k(f,w) <k (f,e)+ K (e, v)+ K (v,w) forall f,e,v,w € Y.

The pair (1, k) is called rectangular metric space.

Definition 2.2. [10] Let ¢ # 0, The rectangular b-metric (for simply, R.b.m) is the mapping A : b x ¢ —
[0, 00), fulfills the requirements for any s > 1:

(1) 2A(f,w) =0ifand only if f = w,Vf,w € ;

(2) A(f,w) = A(w,f) forall f,w € P,

(3) A(f,w) < s[A(f,v) + A(r,v) + A(v,w)],Vf, t,v,w € .

Then the pairs (¢, 2) is represent R.b.m space.

Definition 2.3. [2] Whenever 1) # () and Q : ¢ x ¢ — [0, 00) is a function that ensures the following criteria
apply for every f,w,v € 1, the pair (1, Q) represents a metric like-space,

(1) Q(f,w) =2 (w,f);
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(2) Q(f,w) > 0,and Q(f,w) =0 then f = w;
(3) 2(f,v) <Qf,w) + Q(w,v).

Definition 2.4. [1] The pair (1, X) represents a b-metric like-space (or simply, b-m.I-s) on any set ¢ # () and
a function X : ¢ x ¢ — [0, 00) such that it satisfy the following assumptions for any f,w,v € Y and p > 1:
(1) IFR(f,w) = 0, then | = w;
(2) R(f,w) = R(w, /),
(3) R(f,w) < pR(f,¥) + (v, w)]

Example 2.5. [1] Let 1) = [0,00). Define X : ¢ x 1p — [0, +00) by (e, /) = (e + f)*. Then (4,R) isa
b-m.l-s with p = 2.

Definition 2.6. [15] Suppose ¢ : ©» x 1 — [0, 00) is a function and 1 is a nonempty set. When ¢ meets the
specified criteria, it's referred to be a rectangular metric like-space, given each f,w, k,v € ),

(D) Ife(f,w) =0, then | = w;

(2) o(f;w) = p(w, /);

3) ¢ (f,w) <@ (f,5) + ¢ (r v) + ¢ (v,0).

The pair (¢, @) is called a R.m.I-space.

Definition 2.7. [25] Consider I to be the real line’s closed interval [0,1] and let 1) be a non-empty set. The
membership function p : ¢ — I, which associates each point f € ) with its grade or degree of membership

p(f) € I, characterizes a fuzzy set (F. set, for simply) p in .

Definition 2.8. [21] If a binary operation ® : I?> — I satisfies the following axioms, then ® is considered a
continuous triangular norm (C.T-n. for simply),

(1) (®o=o0&(, forall(,oe I,

(2) C®o)@®r=C®(0o®1), forall (0,0 €I,

B3) (®l1=(,V¢el,

(4) (®o <1t ® Kk whenever ( < vand o < k, forall (,0,t,k € I,

(5) @ is continuous.
Example 2.9. [?1](® 0= (-oand ( ® o = min{(, o} are examples of C.T-ns.

Definition 2.10. [9] If 1 # 0, ® be a C.T-n. and the mapping P : ¢ 2 x [0, 00) — I is a F. set meeting the
conditions required listed below, Vf,w,v € 1, s,I' > 0, then a fuzzy metric space is a triple (¢, B, ®),

(1) B(f,w, ) >0,
(2) B(f,w,I') =1ifand only if f = w,
@) B, w, ) =P (w,/,T),
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4) B(,v,T+5) 2B (f,w, ) @B (w,v, s),
(5) P (f,w, .): (0,00) — I is continuous mapping.

Definition 2.11. [1/]If®D bea F. set on ¢ x ¢ x [0, 4+00) meeting the following requirements, Vo, e, g,v €
P, I, s,w > 0and ® is a C.T-n., then a triplet (¢ , D, ®) is referred to as a fuzzy rectangle metric space:

(1) D (0,¢,0) = 0;

(2) D (0.0, 1) =1+= p0=0¢;

(3) D (0.¢,1) =D (e, 0,T);

4) D(0, 9T +s+w) >D (0,e,) ®D (e,v,8) ®D (v, g,w) Ve,v € YP\{o, g},

(5) D (o,¢,.) : (0,400) — I is left continuous,

(6) limp_s 10D (0,0,T) = L.

Definition 2.12. [1/] A triplet (1,0, ®) is called fuzzy R.b-m space ifp # 0,v > 1, ® isa C.T-n., Visa F.
set on ¢ x 1 x [0, +00) meeting the following requirements, Vo, e,g,v € Y and T', s,w > 0,

(1) B (0,e,0) = 0;

(2) UV (0,e,T') =1lifand only if o = e;

(3) V (0,9, t(T+s+w)) >V (d,e,T) ®V (e,v,s) ®V(v,g,w) forall e,v € Y\{o, g},
(4) UV (o,e,.) : (0,4+00) — I is left continuous;

(5) limr 400U (0,e,') =1

Definition 2.13. [13]If¢ # 0,® bea C.T-n. and R is a F. set on 1) x ¢ x [0, +00) meeting the conditions

required listed below, then a triple (¢ ,R, ®) is regarded as a fuzzy R.m.I-space, V¢, w,g € Y and T, s,w > 0,
(1) R(¢, @, 0) = 0;

(2) R(¢,w F) = 1 implies ( = w;

3) R @, I) =R(w, ¢, 1);

(4) R(, g,F +s+w)>R(( @) ®R(w,v,s)®R(v,g,w) forall w,v € P\{(, g};

(5) R(¢,w,.): (0,+00) — I is left continuous;

(6) Hmp_sio0 R(C, @, T) = 1.

Definition 2.14. [I13]If¢y #0, A > 1,® bea C.T-n.,and Cisa F. set on ¢ x ¢ x [0, +0o0) meeting the
conditions required listed below, then a triplet (1, C, ®) is considered as fuzzy rectangular b-metric like-space

(or, to put it simply, ER.b-m.l-s),V(,w, g, v € pand ', s,w > 0,

(1) € (¢, @,0) =0;

(2) C(¢,w,I) =1 implies ¢ = w;

B) €= )= C(w,(T);

4) C(C, 9, AT +s+w)) =2 C(C@ ) &C (m,v,5) ®C (v, 9,w) forall w,v € Y\{¢, g};
(5) C(¢,@,.) : (0,+00) — I is left continuous;
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(6) limr 400 C (¢, w,I') = 1.

Example 2.15. [13] Suppose (1, k) be a R.b-m.l-s, define C : 1) x ¢ x [0, +00) — I by

B T
T+ k(¢ w)’

forall (,w € Y and T > 0, with C.T-n. ®. Therefore, (¢, C, ®) is a F.R.b-m.I-s.

C(¢@,I)

Definition 2.16. [13] Let (¢, C, ®) be a F.R.b-m.I-s and assume {a.} is a sequence in 1) such thate = 1,2,...,
then

(1) The sequence {a.} can be considered convergent if ¢ € 1), such that
h_)m C (C&Cv F) = C (<7C7I‘)7 fO?" allT' >0

(2) Ifforevery I’ > 0,q = 1,2, ..., lime_so0 C(Ce, (etq, I) exists and is finite, then {a.} is considered a
Cauchy sequence.
(3) (¥, C,®) is complete F.R.b-m.I-s if all of the Cauchy sequence converges in 1, such that
eh—glo C (467 Cv F) = C (Cv C? F) = eli)rgo C(Cea C€+(I7 F)

forallT' > 0.
Lemma 2.17. [13] Suppose that (v, C, ®) be a complete F.R.b-m.l.s and

C(f, w, AL) = C(f, w,T),

forall f,w e Y,I' >0and k € (0,1), then f = w.

Proof. C(f, w, 1) >C (f, w, ) = C(f, w, #z) = ... > C(f, w, 7 If we take the limit as e — oo and
since £ € (0,1),wegetC(f,w, ') >1=C(f, w, ') =1.
Therefore, f = w. O

3. MaIN Resurr

Several fixed point results on F.R.b-m.1.s were presented in this part. To further illustrate the theory,

we offer an example and our conclusions generalize and extend some discoveries in previous research.

Theorem 3.1. Let (¢, C,®) be a complete F.R.b-m.l.s with o > 1 and { : 1p — 1) be a map satisfying the

conditions:
C(f,w,I')=1

and

Clw tw, T) A+ C(/,4/,1))
1+C(f,w,T)

forall f,w € ¢, T > 0and £ € (0, %), then € has a unique fixed point.

C (4], tuw, AT) > min{ ,c<f,w,r>} (1)
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Proof. Let f € ¢ and /. is a sequence in ¢ such that ¢f, = f.11, Vf € ¥. Now, we will show that f, is

Cauchy sequence. By using 1, we get

(;(gfefla e, /%F) = C(feafe+1a F)
{C(fea gfe’ F) (1 +(;(f€*1a gfefla F))
1 +C(feflaf€ar)

> min {C (f€7f6—17 F) (1 + C (fe—lvfea P))
- 1+C(fe—1:fevr)

> min {C (fe:fe-&-h F) s C(fe—hfeﬂr)}

> min

y C (fe—la fea F)}

: C(fe—lafear)}

If(; (f67f6+17 ]-_‘) S C(fe—l,fe,r), then

C(feafe—l-l: ér) > C (fevfe—l—la F)

By lemma 2.17, we get fo = fet1 = ¢f, and so f, is fixed point of £. If C (fe—1,fe, I') < C(fe, fet1,T),
then

(;(feafe+17 ﬁ‘]‘_‘) > (feflvf& F)

C
C <fe—27 fe—l) Ij)

r
> C <f637f627 &2>

r
ZZC fO?fla f;e> (2)

Y
>

Now, for all s € Z1, we have

If sis odd, then s = 2p + 1 where p = 1,2,.. .,
C (fer D) > C(fofertn o ) ©C (fort feoro o ) @
=2} e+2p+1 € e+’30 e+1l,/e+ 730

T r
C f€+27f6+2p+11 > C <f67f6+1> > ®C <fe+17f6+27 30> ®

r T
C— <f6+27f€+37 > C (fe+37fe+47 (30)2> ®C <f8+47f6+2p+17 (30)2> >

T r
(; (f fe+17 > <f6+17f6+27 (3 )) ® (; <f6+27f6+37 (30)> ®
C ( 6+37f€+47 ) ®C (fe+4,fe+5, (32)2> ®...®C (fe+2p,fe+2p+1, F)

(30)P
ZC(anflv A > C(f07f17 /53_,'_1) ®C<f07f17(30)2Fée+2>

, T T r
®C <f0,f17 W) ®C <f0’fl’W> ®..®C <f0’f1?(30>p/€e+2p>
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r . r
C(f(]vfla > C(f()aflv ( ) > C<f07f17(30ﬁ)2/i6>

r , T T
®C <f07f1, W) ®C <f07f1>(&)ﬁ)3;/é6“) ®...®C <f07f11 W)

From limp_,, C (f,w, ') = 1, we have

7of 11

eli;‘(goc (f67f€+2p+17 F) =1

If siseven, s = 2p,
T
C fevfe+2pa (f67f6+17 ) <fe+1afe+Za ) ® C <fe+2afe+2pa )

3o
C <f67f8+17 >

r
(fe+1, fe+2, ) ® (; <fe+27 f6+37 (30)2>

¢
®C <f€+37f8+47 > (fe+47fe+2p7 )

r
> C (fevfe+1a 30) <fe+1 fe+27 <fe+2;fe+37 ) ®

I I
G <f6+37fe+47 (30)° > G <f6+47f€+57 o)’ ) ®...®C <fe+2p—4=fe+2p—3v (30);;—1>

T r
®C <f€+2p—37fe+2p—27 W) ®C <f6+2p—27fe+2p7 (30)p_1>

r
C<f0,f]_, ) ®C<f07f173 f’{6+1> ®C<f07fl’(30)2é6+2>

T r
fg,fl, W) @C (fo,fL W) ®

®C <f0,f17 L >

(30)P—1 pet2p—2

T T , T
=C <f0,f1, 30&6) ®C (f(]vfla W) ® C <f0,f17 W)

r T
®C <f0,f17 W) ®C <fo,f1, W) ®

T
® C <f07 fl? (30/3)/0—1 Fie+p_1>

From limr_,, C (f,w,I') = 1, we have
eh_{goc (fev f8+2p7 F) =1
Therefore, from the two cases, we have for all s € N,

ehﬁlgoc (fea fe-i-s;F) =1



Asia Pac. J. Math. 2024 11:101 8of 11

Then, the sequence {/.} is a Cauchy sequence. Since C is complete F.R.b-m.l.s, so we have an element
f € C such that

Tim € (fer /,T) = C (/1 /1) = lim C(fes ferps ) = 10 > 0,p = 1,2,....
Now, we will show that f is fixed point for ¢,

C(gf)f)r) 2 C(gf) f6+17F) ®C(fe+1a fe+27r) ®C(f€+25 f)r)
> C(f, te,T) ®C (fet1, fer2, 1) ® C(fer2, /,1)

:(;(gfe 7€f’r)®C(fe+17 fe+27r)®(;(fe+27 f,F) (3)

(e F) A+ C (fe te, 7)) < r)
C(%”’F)me{ 1+ C (/. ) Sl

o JEU 7)) (4 € (e ferns 7)) T
- { 1+(;<feaf,%) 7C<f€7f7é>

From (3) we get,

1+C (fe /o ¥)
®C (fer1, fer2, ) ® C (fera, f, 1)

r r
Cf,f,I) > min{c(f’gf’ £) 1+ C (e fesn, ﬁ))vg (faf,lﬁj)}

By taking the limit e — oo, we have

, ¢ T
C(¢f,1,T) me{c(f,ﬁfl,i)l(url)’l} ®l®l

wfs (1))

Cer 1.0 = (1ir )

By lemma 2.17, we have /f = f.
Assume that w is an additional fixed point of £ in order to demonstrate the uniqueness of f, that is,

lw =w and f # w.

1+C(w, /%)

e SRS o)

T e

This is contraction, so f = w. Hence, f is a unique fixed point of /. 0
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Corollary 3.2. Let (v, C,®) be a complete FR.b-m.ls and g : 1 — 1) be a map satisfying the conditions

C(f,w, I) =1

and

, . Cl(w, gw, T) (1 +C(f, gf, T))
C(gf, gw, /%F)Zmln{ 7 CU.oT)

forall f, w e 1,0 <k <1, then g has fixed point and it is unique.

D))

Proof. By Theorem 3.1, it is immediately apparent if we assume o = 1.

Example 3.3. Suppose that ) = {0, 1, 2}. A mapping C : ¢ x ¢ x [0, 1] defined by

r
C(fa w, F) = F+max{f,w}2’

Then C (f, w, T') is a complete F.R.b-m.l.s. Define a map g : yp — 1 by

Vi, wev

gf =VEf,0<h < 1.

Now, for all T > 0, we get

(€l 9o 114 C Y, 9/, T)
Gl g T) 2 i { S 0 DO G 0L D) ¢y

(Vs Vi C( VEw, T) (1+¢ (1, VA /s, T))
R F > T
( f) w mln ]_+C(f,w F) 7C<f7w7 )
1+ r
AT F—Hnax{w \fw} F+max{f,ﬂf}2 T
5 2> min T , , 3
AT + max VAf, Vhw W '+ max{f,w}
14— T
AT I+w? max{l \f} I+52 max{l,\@}2 T
5 = min T ) . 2
EI‘—{—/{ max f,w t Frma I' + max {f,w}
T . F+w2 F+f2 T
= T 2 = > min 1 T —5
4+ max f, w +W + max {f,w}
If
I r
) e (1 + ﬁﬂ) r B (1 + F+f2>
r ’ 2 ( T
1+ I+max{/,w}? I' + max {f’ w} 1+ D+max{/,w}?
T > 1"+Fw2 <1 + %ﬁ)
2 -
F—i—max{f,w} 1+m
_fC(w, gw, VA +C(f, 9/, 1) -,
> [ [
— Clof A7) > min { S22 DELEGID) o)
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If

r r
T +w? (1 + F+f2) r r

min ) 3 (= 2
1+ '+ max {f,w} '+ max {f,w}

T
C+max{f,w}?
T r
= 3 = . 12

I' + max {f,w} I' + max {f,w}

, . fC(w, gw, T) (1 +C(f, 9/, T))

C(wD)}

Thus all the conditions of Theorem 3.1 are satisfied,
gf = VEf = g0 =0.

So, 0 is the fixed point of g.

4. CONCLUSION

It is exceedingly challenging to turn crisp metric contraction conditions into fuzzy contractions, yet
fuzzy mathematics principles allow one to adapt current results from the fixed point theory publications
into fuzzy settings. However, compared to crisp metric fixed point theory, fuzzy fixed point theory
becomes more generalized. Additionally, we can guarantee the existence of solutions to the different
mathematical issues that researchers encounter due to symmetry in fuzzy metric spaces and their
generalized spaces. We developed various fixed point results in U. Ishtiaq’s newly introduced F.R.b-m.1.s

in this work. A non-trivial case confirms the solution’s uniqueness as well.
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