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PARAMETRIC OPERATIONS FOR TWO 3-DIMENSIONAL TRAPEZOIDAL FUZZY SETS

YONG SIK YUN!, BONGJU LEE?*

'Department of Mathematics, Jeju National University, Jeju 63243, Republic of Korea
2Depar’cment of Mathematics Education, Kyungpook National University, Daegu 41566, Republic of Korea

*Corresponding author: leebj@knu.ac.kr

Received Oct. 19, 2024

AsstracT. We extend the parametric operator for trapezoidal fuzzy sets to three dimensions. We define
and calculate parametric operators between 3D trapezoidal fuzzy sets and present the results in a graph.
Since the graph is defined in 3D space and drawn in 4D, it cannot be represented in 3D. The presented
graph is drawn in three dimensions using a special definition of a fuzzy number in which the membership
function’s value ranges from 0 to 1. The membership function’s value at each point is expressed as the
color intensity at that point. If you cut the graph into a plane passing through the longest axis, you can
observe that different function values on the plane are represented by colors of varying intensities. As it is
a trapezoidal fuzzy set, a certain portion of the center shares the same color. By presenting this graph, the
results will be cited and applied in various areas, similar to the one-dimensional and two-dimensional
results.
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1. INTRODUCTION

In fuzzy theory, research on various types of fuzzy numbers is important. Although there has
been a lot of research on triangular fuzzy numbers, there is not much research on trapezoidal fuzzy
sets or pentagonal fuzzy numbers. We have studied research on extension operators for generalized
trapezoidal fuzzy sets [1]. The research has been cited in control tools [2], applications to circuit
analysis [3], fuzzy logic [4], decision-making technique [5], type-2 trapezoidal fuzzy number [6],
decomposition theorem [7], and fuzzy numbers [8]. Research on pentagonal fuzzy numbers [9]
has also been cited in forecasting and decision-making [10], optimization [11], order quantity model
[12], pentagonal fuzzy numbers [13]. heptagonal fuzzy numbers [14], algorithms [15, 16], and fuzzy

mathematical model [17].
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The results obtained in one dimension were extended to two dimensions. The study involved the
calculation of one-dimensional expansion operators for fuzzy numbers using an alpha cut. For the
one-dimensional case, we computed the boundary of the alpha cut and derived the alpha cut of the
fuzzy number through algebraic operations. Subsequently, the fuzzy number was determined through
the inversion of the obtained alpha cut. However, in the case of 2D, the alpha cut manifests as a convex
set of planes, making it impractical to perform algebraic computations on the boundary. Consequently,
we introduced a new operation called the parameter operator. In the one-dimensional scenario, it was
demonstrated that the results obtained by defining parameter operators were in line with the outcomes
achieved through the utilization of existing algebraic operators. Research on parametric operators
between 2D trapezoidal fuzzy sets have also been published [18] and are widely cited and applied.

The 2D triangular fuzzy number can be represented as a cone-shaped graph in 3D space. When a ver-
tical plane passes through the vertex and cuts the cone, the section on the plane forms a one-dimensional
triangular fuzzy number. Similarly, two-dimensional trapezoidal fuzzy sets can be illustrated as trun-
cated cone-shaped graphs in three-dimensional space. By cutting it with a plane perpendicular to the
upper plane, a one-dimensional trapezoidal fuzzy set can be derived from the intersecting surface. It
can be observed that if the results of calculating the parametric operator on a 2-dimensional truncated
cone are constrained to 1 dimension, they are consistent with the 1-dimensional results. Various
findings were obtained for the 3-dimensional triangular fuzzy number [19, 20], and akin to the one
and two-dimensional findings, these will be referenced and utilized across various fields.

In this paper, we present parametric operators for trapezoidal fuzzy sets extended to three dimensions.
This enables operations between fuzzy sets in three-dimensional space. We visualize the results of
these operations through graphs, using a specific definition of fuzzy numbers to clearly represent
them in three-dimensional space. These findings can be utilized in the realms of fuzzy set theory and
applications, and the visualization of fuzzy set characteristics in three-dimensional graphs can aid in

understanding.

2. THE GENERALIZED TRAPEZOIDAL FUZZY SETS ON R

We define a-cut and a-set of the fuzzy set A with the membership function p4(z).

Definition 2.1. [21] An a-cut of the fuzzy number A is defined by A, = {z € R | pa(z) > o} if
a€ (0,1]and Ay = c{z € R | pa(z) > a}ifa =0. Fora € (0,1), the set A* = {z € X | pa(x) = a}
is said to be the a-set of the fuzzy set A, A” is the boundary of {x € R | pa(z) > a} and A! = A;.

Definition 2.2. [21] The extended addition A(+)B, extended subtraction A(—)B, extended multiplica-
tion A(-)B, and extended division A(/)B are fuzzy sets with membership functions as follows: For all

reAandy € B,
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MA(*)B(Z) = sup min{HA(x)a MB(y)}ﬂ * =+, —, '7/

z=axy

We generalized the results of four operations for two generalized trapezoidal fuzzy sets. We employed
four operations: addition A(+)B, subtraction A(—)B, multiplication A(-)B, and division A(/)B for
generalized trapezoidal fuzzy sets A and B. These operations for two fuzzy numbers (4, p4) and
(B ) b B) are defined in Definition 2.2 and are based on the Zadeh’s extension principle [22-24]. Addition
A(+)B and subtraction A(—)B result generalized trapezoidal fuzzy sets. However, multiplication

A(-)B and division A(/)B are not necessarily generalized trapezoidal fuzzy sets.

Definition 2.3. [1] A fuzzy set A having membership function

¢

0, r<ay,a <
mea) g <z <ay
pa(z) =
m, as < x < ag
mlaa—z) 4o < g <a
\ as—az 3 > 4

where a; € R,i=1,2,3,4and 0 < m < 1, is called a generalized trapezoidal fuzzy set and will be denoted

by A = (a1, a2, m,as,as).

Theorem 2.4. [1] Let A = (a1, az, m1, a3, aq) and B = (b1, ba, ma, b3, by) be two generalized trapezoidal
fuzzy sets. Then we have the followings.
(1) The membership function ju1)p(2) is

;

0, z<ay+bi,a4+by <z

mima(z—a1—b1)
ma(az—a1)+my(ba—b1)’

my, a2+bl+(52*bl)'%§2

(Il—l-blSZ<CL2—|—bl‘f‘(bZ_bl)'m

< az+by— (bg —b3) - L

m2

mima(as+bs—z)
ma(as—a3z)+mq(ba—b3)’

a3+b4—(b4—b3)-%§z<a4+b4

i.e. A(+)B is a generalized trapezoidal fuzzy set.
(2) The membership function j14(_yp(2) is

0, z<ay—bg,ag— b1 <z
mima(z+bs—a m
tamale i) S ay — by < 2 < ag — (bs — (by — bg) - 22)
mi, a2—(b4—(b4—b3)'%§)§2

<ag— (b1 + (b — by) - 1)

m2

mima(as—bi—2)
ma(as—a3z)+my(ba—b1)’

ag—(bl—l—(bg—bl)-%)§Z<a4—b1



Asia Pac. J. Math. 2024 11:104

40f 18

i.e. A(—)B is a generalized trapezoidal fuzzy set.
(3) The membership function j14.yp(2) is

0, z < albl,a4b4 <z

—D1+\/D2+4m1m2 (bg—bl)(az—al)z
2(()271)1)(0,27(11) ?

mi, ag(by + (b — by) - 2

l~)1f\/ﬁ2+4m1m2(b47b3)(a47a3)z

L 2my (by—b3) J (b4 —(ba—b3) -
where
D = bymg(as —ay) —aymy(ba — by)
Dy = bima(az —a1) + armq (b — b1)
D = agmy(by — bs) — byma(ay — as)
Dy = agmi(by — b3) + byma(as — a3)

arhy <z < ag(b1 + (by —b1) - m)

ma

)<z

< ag(b4 — (b4 — bg) . m)

m2

)<z<a4b4

ie. A(-)Bis a fuzzy set on (a1by, asbs), but need not to be a generalized trapezoidal fuzzy set.

(4) The membership function () p(2) is

a1 a4
0, 2< 5 =%

mima(baz—aq)

al _a
m1(ba—b3z)z+ma(az—a1)’ by g z < b4_(b4_b3).%
pa)B(2) = )
may, 2 <z <

b4*(b4*bs)-% -

mima(ag—b1z) a3
ma(ba=b1)ztma(as—as)’  by+(by—b1) L

2
as
b1+ (ba—b1) =

1
m2

a4
Sz<b1

ie. A(/)B is a fuzzy set on (Z—i, ‘g—f), but need not to be a generalized trapezoidal fuzzy set.

We provided graphs and examples of the results in [1].

3. PARAMETRIC OPERATIONS FOR TWO 2-DIMENSIONAL TRAPEZOIDAL FUZZY SETS

In this section, we generalize the trapezoidal fuzzy sets on R to R?. We calculate the parametric

operations for two 2-dimensional trapezoidal fuzzy sets and provide an example, illustrating the results

of the example.

Definition 3.1. [19] A fuzzy set A with a membership function

(y— y1)

h_\/(w—x1)2+(yb12/1 : _1<\/x x1)

< h,

(y—y1)?

a2
O<\/x:}:1

pa(z,y) = 1,
0, otherwise,

A <h-1,
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where a,b > 0 and 1 < h is called the 2-dimensional trapezoidal fuzzy set and denoted by
A= ((a, x1, h, b, y1))2

pa(z,y) forms a truncated cone. The intersections of y4(x, y) with the horizontal planes z = a (0 <
a < 1) resultin ellipses. The intersections of j14(z, y) with the vertical planesy—y; = k(z—x1) (k € R)
are symmetric trapezoidal fuzzy sets in those planes. If a = b, the ellipses become circles. The a-cut
A,, of a 2-dimensional trapezoidal fuzzy number A = ((a, x1, h, b, y1))? is the interior of an ellipse in

the zy-plane including its boundary
A, = {(m,y) c R? ’ V(x — 1) +a’(y —v1)* < a®*b*(h — a)2}
_ 2 — 2
- R2[( 1L YU <
{(x,y)e ’(a h—a)) +<b(h—a)> - }
Theorem 3.2. [18] Let A = ((a1, @1, h1, b1, y1))? and B = ((a2, w2, ha, b, y2))? be two 2-dimensional

trapezoidal fuzzy sets. Then we have the followings.

(1) For 0 < a < 1, the a-set of A(+),B is

(AtHpB)" = {(x,y) © RQ’ (a1(h1 f;)gc-il- ;22212 - a))2 + (b1(h1 iJ;)y—lk ;2?22 - oz))2 - 1}'

(2) For 0 < a < 1, the a-set of A(—), B is

(A=)pB)" = {(x,y) < Rz‘ (a1(h1 f;)m-ll-l_j;g - a)>2 + <b1(h1 E;)y-il-;?;z - 04))2 B 1}'

(3) (A()pB)* = {(za(t), ya(t)) | 0 <t < 27}, where
To(t) = 2129 + (z102(hg — ) + z9a1(h1 — a)) cost + ayaz(hy — a)(hy — a)cos?t, 0 < a <1,
Ya(t) = y1y2 + (y1b2(ha — &) + yob1(h1 — «)) sint + biba(h1 — ) (ha — @) sin?t, 0<a<l.

(4) (A(/)pB)* = {(za(t),ya(t)) | 0 < t < 27}, where

1+ ai(h; —a)cost
x9 — ag(hy — ) cost’

_ y1+bi(hy — a)sint

- , O<a<l.
y2 — ba(hy — o) sint @

xo(t) =

Ya(t)

Example 3.3. [18] For two 2-dimensional trapezoidal fuzzy sets A = ((2, 13, 3, 3, 11))? and B =
((4, 9, 4, 3, 8))?, we have the followings.

(1) For 0 < a < 1, the a-set of A(+),B is

e,y ={en € ¥ (3=50) + (3=ga) =1}

(2) For 0 < a < 1, the a-set of A(—),B is

a8y = {ta) € ¥l =50) + (5 =0) =1}
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(3) (A()pB)* = {(za(t),ya(t)) | 0 <t < 2}, where
To(t) = 117 + (262 — 70a) cost +8(3 — a)(4 — a)cos®t, 0<a <1,

Yao(t) = 88 + (204 — 57a)sint + 9(3 — a)(4 — a)sin®t, 0<a < 1.
(4) (A(/)pB)* = {(za(t),ya(t)) | 0 < t < 27}, where

~ 13+2(3—a)cost

11 +3(3 — o) sint
vo(t) = _ ( )

t) =
9—4(4 — a)cost’ Yalt) 8 —3(4—a)sint’

O0<a<l.

Since we cannot find the concrete forms of membership functions of 114(y(2), a—yB(®), a()B(T),
and 14(/)p(), we are unable to draw the graphs of their membership functions. However, we have
proven that the functions f; and g;(i = +, —, -, /) are one to one correspondence. Thus we ascertain the
unique existence of membership functions. The Mathematica commands to obtain the graphs below

are as follows.

Al :=Plot3D[1, {x, 5, 25}, {y, 0, 20}, RegionFunction — Function[{x, y, z}, 0 < Sqrt[((x - 13)2) /4 + ((y -
11)%)/9] < 2]]

A2:=Plot3D[3 - Sqrt[ ((x-13)2) /4 + ((y - 11)2)/9], {x, 5, 25}, {y, 0, 20}, RegionFunction — Function[{x,
y, 2}, 2 < Sqrt[((x-13)%) /4 + ((y - 11)%)/9] < 3]]

Show[A1, A2]

B1 := Plot3D[1, {x, -10, 25}, {y, -5, 20}, RegionFunction — Function[{x, y, z}, 0 < Sqrt[((x - 9)?)/16 +
((y-8)*)/9] <3]]

B2 :=Plot3D[4 - Sqrt[ ((x-9)?)/16 + ((y-8)?)/9], {x, -10, 25}, {y, -5, 20}, RegionFunction — Function[{x,
y, 2}, 3 < Sqrt[((x-9)?)/16 + ((y - 8)*)/9] < 4]]

Show[B1, B2]

FIGURE 1. pia(x) FiGURrE 2. pup(z)

ContourPlot3D[ ((x - 22)/(22-6a))? + ((y-19)/(21-6a))? ==1, {x, 0,50}, {y, -5, 50}, {a, 0, 1}]
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ContourPlot3D[((x-4)/(22-6a))? + ((y-3)/(21-6a))? == 1, {x, -30, 30}, {y, -30, 30}, {a, 0, 1}]

20

40

FIGURE 3. pa(4)B(7) FIGURE 4. pia(—)p()

ParametricPlot3D[{117 + (262 - 70 u) Cos[t] + 8 (3-u) (4 - u) Cos[t]?, 88 + (204 - 57 u) Sin[t] +9 (3 -
u) (4-u) Sin[t]? u}, {t, 0, 2 Pi}, {u, 0, 1}, BoxRatios — {1, 1, 1}]

ParametricPlot3D[{(13 + (6 -2 u) Cos[t])/(9- (16 -4 u) Cos| t]), (11 + (9-3 u) Sin[t])/(8- (12-3 u)
Sin[t]), u}, {t, 0, 2 Pi}, {u, 0, 1}, BoxRatios — {1, 1, 1}]
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FIGURE 5. p14()B(T) FIGURE 6. p14(/yB(T)

4. PARAMETRIC OPERATIONS FOR TWO 3-DIMENSIONAL TRAPEZOIDAL FUZZY SETS

In this section, we define 3-dimensional triangular fuzzy numbers on R? as a generalization of
triangular fuzzy numbers on R2. We then define parametric operations between two 3-dimensional
fuzzy numbers. To achieve this, we have to calculate operations between a-cuts in R3. While the
a-cuts are regions in R2,in R3, they are subsets of R3, rendering the existing method of calculations
between a-cuts inapplicable. We reinterpret the existing method from a different perspective and apply
it to the subset valued a-cuts on R3. Additionally, we define 3-dimensional trapezoidal fuzzy sets
on R3 as a generalization of trapezoidal fuzzy sets on R? and calculate parametric operations for two

3-dimensional trapezoidal fuzzy sets on R3, providing an example.
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Definition 4.1. [19] A fuzzy set A with a membership function

1_ \/(ac—aaé"l)2 + (y—bgl)2 + (Z—C?)Q’ if b202(x B $1)2 + c2a2(y _ Z/l)z
pa(z,y,z) = +a?b?(z — 21)? < a?b%c?,
0, otherwise,
where a, b, ¢ > 0 is called the 3-dimensional triangular fuzzy number and denoted by (a, x1, b, y1, ¢, 21)°.
Note that z14(z,y) is a cone in R?, but it is not possible to determine the shape of p(z,y, z) in R3.

The a-cut A, of a 3-dimensional triangular fuzzy number A = (a, z1,b,y1,c, 21)3 is the following set:

Ao ={(@yn ew[Eonl Wop)  Coal g

(e <l )+ () <1}

Definition 4.2. [19] A 3-dimensional fuzzy number A defined on R? is called a convex fuzzy number if,

for all « € (0,1), the a-cuts
Ao = {(l‘,y,Z) € RS‘MA(I'73/7 Z) > Oé}

are convex subsets in R3.

Theorem 4.3. [20] Let A be a continuous convex fuzzy number defined on R? and let A~ = {(z,y,2) €
R3|pa(z,y,2) = o} be the a-set of A. Then, for all o € (0, 1), there exist continuous functions f{(s), f5(s,t),
and f§(s,t)(0 < s <2m,—5 <t < T), such that

A% = {(f(s), f5(5,1), f§(s,1)) €RP0 < s < 2m, — o <t <

o

b 3

Definition 4.4. [20] Let A and B be two continuous convex fuzzy numbers defined on R3, and

A% = {(x7y7 Z) € R3|MA<$7yvz) = Oé}
= {(f(s), f5'(s,1), £§(5,1) € R°|0 < s < 27, —
B = {([E,y, Z) S RB“’LB((E?va) = Oé}

« « « ™
= {(gl (5)792 (S’t)vgfi (Svt)) € IR3|O <s< 27T7 _5 <t < 5}

Tci<Dy
2 - — 27

be the a-sets of A and B, respectively. For « € (0, 1), we define the parametric addition, parametric
subtraction, parametric multiplication, and parametric division of two fuzzy numbers A and B as

fuzzy numbers with a-sets as follows:

(1) parametric addition A(+),B:
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(A(+)pB)* = {(f{'(s) + g7 (5), f5'(s,8) + 95 (s, 1), f5'(s,1) + g5 (s, 1)) € R
0§s§2w,—g§t§g}

(2) parametric subtraction A(—),B:

(A(=)pB)* = {(f'(s) = g1'(s + ), f5'(s,1) — g3 (s + m, 1),

fga(s’t) —g?(s+7r,t)) € R3|0 <s< ﬂ’_g <t< g}a
(A(=)pB)* = {(f{"(s) = gT(s —7), f5'(s,t) — g5 (s — m,1),
f3(s,t) — g5 (s —m,1)) € RS’W <s< 277’_% <t< g}

(3) parametric multiplication A(-),B:

(AC)pB)* = {(fi'(s) - 97 (s), f5(s,8) - g5 (s,0), [f§(s,1) g5 (s,1)) € RY|
}

0§s§2w,fg§t§

ol 3

(4) parametric division A(/),B:

a ffl(S) fg(37t) f:?(‘s?t) 3 s T _z E
(A(/)pB) —{(g?(sﬂ),gg(sﬂ’t),gg(sﬂ’t)) ERN0<s<m -5 <t<)

o _ fla(s) f§(37t) f3a(37t) 371_ s T _E ™
(A(/)pB) _{(gf‘(s—ﬂ)’gg‘(s—ﬂ,t)’gg‘(s—ﬂ,t))GR| S SQ ) 2§t§ 2}

Fora =0and a = 1, (A(x),B)° = lim,_,o+ (A(*),B)* and (A(x),B)! = lim,_,;- (A(x),B)®, where
* = +7 T /

Definition 4.5. A fuzzy set A with a membership function

(z—21)? | (y—y1)? | (z—21)?
ho SRR T B, 2
if h—1< \/(90*(13%“1) + (y*bl%ll) + (Z*él) < h,

R Y s L Lt
1 1 1

pa(z,y,z) =

0, otherwise,

where a1,b1,¢1 > 0and 1 < h is called the 3-dimensional trapezoidal fuzzy set and denoted by A =

((h, a1, 21, b1, 1, c1, 21))>.

The a-cut A, of a 3-dimensional trapezoidal fuzzy set A = ((h, a1, z1, b1, y1, c1, z1))? is the

following set:

Ao = {(:U,y,z) € Rg)(x — o) + (v = )" + (2= 20)° < (h— 04)2}

2 2 2
ay by 551

~{eaae®|((r2h) + Gate) + (Gaza) <1t




Asia Pac. J. Math. 2024 11:104 10 of 18

Theorem 4.6. Let A = ((hl, ai, T, bl, Y1, C1, Zl))?’ and B = ((hg, as, T2, bg, Y2, C2, 2’2))3 be two

3-dimensional trapezoidal fuzzy sets. Then we have the followings.

(1) For 0 < a < 1, the a-set of A(+),B is

(A(+),B)* = {(a:, Yy, 2) € R?’] <a1(h1 f ;)ﬁ ;29(01212 — a)>2

+ ot arnta=a) G e ratea) ~1

(2) For 0 < a < 1, the a-set of A(—),B is

(A(=)pB)* :{(:r,y,z) € Rg’ (al(hl f;)gc—il- 1_29(622 - 04))2

Y —y1+y2 2 z—21+ 2 2
+ + =1
(bl(hl—a)+b2(h2—a)> (Cl(hl*oé)‘FCQ(hZ*Oé)) }

(3) For 0 < a < 1, (A(-)pB)™ = {(za(s),ya(s,1),2a(s,t) € R |0 < s < 2m, 0 < ¢ < T}, where

To(s) = 122 + (x102(h2 — @) + 2201 (h1 — @)) cos s + ajaz(he — a)(h1 — @) cos? s,

Ya(8,t) = y1y2 + (y1b2(he — @) + y2b1(h1 — ) sinscost + biba(he — a)(h1 — ) sin? s cos® ¢,

Za(8,t) = 2129 + (z102(hy — @) 4+ 2z2¢1(h1 — @) sinssint 4 cica(hy — a)(hy — @) sin® ssin? t.

(4) For 0 < a < 1, (A(/)pB)™ = {(za(s), ya(s, 1), 2a(s,t) € R? |0 < s < 27,0 < t < T}, where

~ z1+ay(hy —a)coss

Ta(s) =

~ y1+bi(h1 —a)sinscost

Yals,t) =

21+ c1(h1 — a)sin ssint

x9 — ag(hy — a) cos s’ y2 — ba(ho — a) sinscost’

t) = ’
Za(s,1) 29 — co(hy — ) sin ssint

Proof. Since A and B are continuous convex fuzzy numbers defined on R3, by Theorem 4.3, there exists

J2(s),92(s), [£(s,t), 2 (s,t) (i = 2,3) such that
A% = {(fE(s), £8(5,1), f§(s,1) €eRPJ0< s < 2m,0 < ¢ < g},

and
B = {(g7(s), 95 (s:1), 65 (5,)) €R®0 <5 < 2m0 <t < T},

SinceA: ((h17a17 X1, b17 Y1, C1, 21))31B = ((hQ,CLQ, X2, b27 Y2, C2, 22))3/ we have

fi'(s) =x1 +ai(h1 —a)coss, f5'(s,t) = y1 + b1(h1 — ) sinscost,

f5(s,t) = z1 + c1(h1 — o) sin ssint,

and
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g7 (s) = x2 + ag(ha — a) coss, ¢5(s,t) = ya + ba(he — ) sin s cos t,

93 (s,t) = 22 4 ca(h2 — a) sin ssint.

(1) Since
JT'(s) +97(s) = o1 + 22 + (a1(h1 — ) + az(hy — a)) cos s,
f3'(s,t) +g5(s,t) = y1 +y2 + (b1(h1 — @) 4 ba(ha — ) sin s cos t,
and
f3(s,t) + 95(s,t) = z1 + 22 + (c1(h1 — @) + c2(he — ) sin s sin ',
we have

A B = (o) B T Y

+ (bl(hl i/;)yi;ﬁg - a))2 + <c1(h1 Zfi;f@ - a))2 =1}

(2) If 0 < s < 7, we have

fi(s) —g¥(s+m) =x1 —x2 + (a1(h1 — @) — az(hy — «)) cos s,

f3(s,t) — g5 (s +m,t) = y1 — y2 + (b1 (h1 — ) — ba(hy — a)) sin s cost,

and

5 (s, t) — g5 (s +m,t) =21 — 22+ (c1(h1 — @) — ca(ha — a)) sinssint.

In the case of 7 < s < 27, we have

fi'(s) = g1’ (s =) = f'(s) — g1’ (s + ),

f3'(s,t) — g3 (s —m,t) = f3'(s, 1) — g5 (s + 1),
and
f5'(s,t) —g5(s —m,t) = f§'(s,t) — g5 (s + m,1).

Thus

(A()pB)* ={ (@, ) € BY| (-T2 ))2

al(hl — a) + a2(h2 —

Yy—uy1+y2 2 Z—2z1+ 29 2
+ —+ =1;.
(bl(hl—a)—i-bg(hg—a)) <Cl(h1—04)+62(h2—04)) }

(3) Let (A(-)pB)* = {(za(s), Ya(s, 1), 2a(s, 1)) € R* |0 < s < 27,0 <t < T}, then

Za(s) = f1'(s) - 97 (s)

= x129 + (x102(hg — @) + 2201 (h1 — a)) cos s + ajaz(hy — a)(hy — a) cos? s,



Asia Pac. J. Math. 2024 11:104 12 of 18

Yals,t) = f3'(s,1) - g5 (s, 1)

= y1y2 + (y1b2(he — @) + y2b1(h1 — ) sinscost + byba(hy — a)(h1 — ) sin? s cos? ¢,
za(s,t) = f3'(s,1) - g5 (s, 1)

= 2120 4 (z1¢2(hg — @) 4+ z3¢1(hy — @)) sinssint + ¢1¢a(hy — a)(hy — a) sin? ssin’ ¢.

(4) Let (A(/))pB)* = {(za(5),Ya(s,1),za(5,t)) € R? | 0 < s < 21,0 <t < T}, then

1+ ai(h; —a)coss y1 + b1(h) — ) sinscost

= t) =
Ta(s) x9 — ag(hy — a) cos s’ Ya(s,1) y2 — ba(hg — ) sinscost’
hi — ' int
ro(s,1) = 21+ c1(h a)s%nssTn '
29 — ca(he — ) sin ssint
The proof is complete. O

Example 4.7. Let A = ((2,6, 3, 8, 5, 4, 7))3, B=((3, 4, 2, 5, 3, 6, 4))3. Then by Theorem 4.6, we

have the followings.

(1) For 0 < a < 1, the a-set of A(+),B is

2—03—_}-2(3—04))2

(AB) ={(0,2) € 2| (5

(8(2 — ogjri(?) — a)>2 + (4(2 — ;);161(3 — a))2 B 1}'

+

(2) For 0 < a < 1, the a-set of A(—),B is

(A8 ={(@.v.2) € | (55 51(3 = a>>2

(8(2—a)+5(3—a)>2+ (4(2—054:2(3—04))2 B }

_|_

(3) For 0 < oo < 1, (A(+)pB)* = {(za(s), Ya(s, 1), za(s, 1)) €ER? | 0 < s < 27,0 < ¢t < T}, where

To(s) =6+ (12(3 —a) +12(2 — a)) cos s + 24(3 — a)(2 — a) cos? s,
Ya(s,t) = 15+ (25(3 — ) + 24(2 — a)) sin s cos t + 40(3 — a)(2 — a) sin® s cos? t,
Za(s,t) = 28 + (42(3 — a) + 16(2 — a)) sin ssint + 24(3 — a)(2 — ) sin” ssin’ ¢.

(4) For 0 < a < 1, (A(/)pB)* = {(za(s),Ya(s, 1), za(s,t)) ER3 |0 < s < 27,0 <t < I}, where

(s) = 3+6(2—a)coss (5.1) 5+8(2—«)sinscost
Za(s s,t) = - )
“ —4(3 —a)coss’ Yo 3—5(3—a)sinscost
7+4(2—a)sinssint
t .
Za(s,1) = 4—6(3—a)sinssint
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The membership function of the 3-dimensional trapezoidal fuzzy set is a function defined on R?
with values in [0, 1]. In case of the 3-dimensional trapezoidal fuzzy set A = ((2,6, 3, 8, 5, 4, 7))3,
we represent the values of the membership function with colors, as shown in Figure 7. Cutting the
graph of A with plane z = 7, we obtain Figure 8. In Figure 9, we restrict the domain to the cutting
plane and then represent the membership function as the graph on R?. Then we observe that the
3-dimensional trapezoidal fuzzy set is an extension of the 2-dimensional trapezoidal fuzzy set. In the
case of the 3-dimensional trapezoidal fuzzy set B = ((3, 4, 2, 5, 3, 6, 4))3, we represent the values
of membership function with colors, as shown in Figure 10. Cutting the graph of A with plane z = 4,
we obtain Figure 11. In Figure 12, we restrict the domain to the cutting plane and then represent the
membership function as the graph on R?. The graphs of A(+),B and A(—),B are shown in Figure 13
and 14, respectively. In Figure 15 and 16, we present two types of the graph for A(-),B and six types of
the graph for A(/), B, respectively.

FiGure 7. A3 FIGURE 8. A3/2 Ficure 9. A3

FiGURE 13. A3(+)B? FiGURE 14. A3(—)B? FiGure 15. A3(-)B3
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Figure 16. A3(/)B3

The Mathematica commands to obtain the above graphs are as follows.

(Figure 7)

reg2 = ImplicitRegion[1 < Sqrt[(x - 3)2/6 + (y -5)?/8 + (z-7)?/4] < 2,{x,y, z}];

DensityPlot3D[ 2 - Sqrt[ (x - 3)%/6 + (y - 5)%/8 + (z-7)?/4], {x, y, z} € reg2, PlotPoints — 100, Color-
Function — "SunsetColors", OpacityFunction — 0.05, BoxRatios — {Sqrt[6], Sqrt[8], 2}, PlotLegends

— Automatic]

(Figure 8)

reg2 = ImplicitRegion[1 < Sqrt[(x - 3)%/6 + (y-5)%/8 + (z-7)?/4] < 2,{x,y, z}];

DensityPlot3D[2 - Sqrt[(x - 3)2/6 + (y -5)?/8 + (z-7)?/4], {x, y, z} € reg2, PlotPoints — 100, Color-
Function — "SunsetColors", OpacityFunction — 0.05, PlotRange — {{3 - 2 Sqrt[6], 3 + 2 Sqrt[6]}, {5 - 2
Sqrt[8],5 + 2 Sqrt[8]}, {3, 7}, {0, 1}}, BoxRatios — {Sqrt[6], Sqrt[8], 1}, PlotLegends — Automatic]
(Figure 9)

regd = ImplicitRegion[ 1 < Sqrt[(x-3)2/6 + (y-5)%/8] <2, {x, y}1;

A1:=Plot3D[ 2-Sqrt[(x-3)%/6 + (y-5)?/8], {x, y} € reg4, ColorFunction — "SunsetColors", PlotRange
— {{3-2Sqrt[6], 3 + 2 Sqrt[6]}, {5 -2 Sqrt[8], 5 + 2 Sqrt[8]}}, BoxRatios — {Sqrt[6], Sqrt[8], 1},
PlotPoints — 100, PlotLegends — Automatic]

reg5 = ImplicitRegion[ 0 < Sqrt[(x-3)2/6 + (y-5)%/8] <1, {x, y}];

A2 :=Plot3D[1, {x, y} € reg5, PlotRange — {{3 -2 Sqrt[6], 3 + 2 Sqrt[6]}, {5-2 Sqrt[8], 5 + 2 Sqrt[8]}},
BoxRatios — {Sqrt[6], Sqrt[8], 1}, PlotPoints — 100, PlotLegends — Automatic]|

Show[Al, A2]

(Figure 10)

reg2 = ImplicitRegion[ 2 < Sqrt[(x-2)%/4 + (y-3)2/5 + (z-4)%/6] <3, {x,y, z}];

DensityPlot3D[ 3 - Sqrt[(x - 2)%/4 + (y - 3)2/5 + (z - 4)?/6], {x, y, z} € reg2, PlotPoints — 100,
ColorFunction — "SunsetColors", OpacityFunction — 0.05, BoxRatios — {Sqrt[4], Sqrt[5], Sqrt[6]},
PlotLegends — Automatic]
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(Figure 11)

reg2 = ImplicitRegion[ 2 < Sqrt[(x - 2)?/4 + (y-3)%/5 + (z-4)?/6] <3, {x, y, z}];

DensityPlot3D[ 3 - Sqrt[(x - 2)%/4 + (y - 3)?/5 + (z - 4)?/6], {x, y, z} € reg2, PlotPoints — 100,
ColorFunction — "SunsetColors", OpacityFunction — 0.05, PlotRange — {{-4, 8}, {3 - 4 Sqrt[5], 3 + 4
Sqrt[5]}, {-4, 4}, {0, 1}}, BoxRatios — {Sqrt[6], Sqrt[8], 1}, PlotLegends — Automatic]

(Figure 12)

regd = ImplicitRegion[ 2 < Sqrt[(x-2)%/4 + (y-3)2/5] <3, {x, y}];

Al :=Plot3D[ 3 - Sqrt[ (x -2)2/4 + (y - 3)?/5], x, y € reg4, ColorFunction — "SunsetColors", PlotRange
— {{-4, 8}, {3-4Sqrt[5], 3 + 4 Sqrt[5]}}, BoxRatios — {Sqrt[6], Sqrt[8], 1}, PlotLegends — Automatic]|
reg5 = ImplicitRegion[ 0 < Sqrt[(x-2)%/4 + (y-3)2/5] <2, {x, y}];

A2:=Plot3D[1, {x, y} € regb, PlotRange — {{-4, 8}, {3-4 Sqrt[5], 3 + 4 Sqrt[5]}}, BoxRatios — {Sqrt[6],
Sqrt[8], 1}, PlotLegends — Automatic|

Show[Al, A2]

(Figure 13)
reg2 = ImplicitRegion[ 2 < Sqrt[(x - 5)2/24 + (y - 8)2/31 + (z-11)%/26] <3, {x, y, z}];

h[a_] := DensityPlot3D[ 1 - ((x-5)/(6 (2-a) +4 (3-a)))2-((y-8)/(8(2-a) +5(3-a)))?- ((z
-11)/(4 (2-a) + 6 (3-2a)))% {x vy, z} € reg2, PlotPoints — 100, ColorFunction — "SunsetColors",
OpacityFunction — 0.05, BoxRatios — {Sqrt[24], Sqrt[31], Sqrt[26]}, PlotLegends — Automatic];

Show[h[1]]

(Figure 14)
reg2 = ImplicitRegion[ 2 < Sqrt[(x-1)%/24 + (y-2)?/31 + (z-3)%/26] <3, {x, y, z}];

h[a_] := DensityPlot3D[ 1- ((x-1)/(6 (2-a) +4 (3-a)))?- ((y-2)/(8(2-a) +5(3-a)))%- ((z
-3)/(4 (2-a) + 6 (3-a)))? {x,y, z} € reg2, PlotPoints — 100, ColorFunction — "SunsetColors",
OpacityFunction — 0.05, BoxRatios — {Sqrt[24], Sqrt[31], Sqrt[26]}, PlotLegends — Automatic];

Show[h[1]]

(Figure 15)

gla_] := ParametricPlot3D[{6 + (12 (3-a) + 12 (2-a)) Cos[s] + 24 (3-a) (2-a) (Cos[s])?, 15 +
(25 (3-a) + 24 (2-a)) Sin[s] Cos[t] + 40 (3-a) (2-a) (Sin[s])? (Cos[t])?, 28 + (42 (3-a) + 16
(2-a)) Sin[s] Sin[t] + 24 (3-a) (2-a) (Sin[s])? (Sin[t])?}, {s, 0, 2 Pi}, {t, - Pi/2, Pi/2}, PlotStyle —
Directive[ RGBColor[0.2, 0.5 + a/2, 0.5 + a/2], Opacity[0.3]], BoxRatios — {1, 1, 1}];
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tg = Table[g[i], 1,0, 0.5, 0.1];
Show|tg]

(Figure 16)

gla_] := ParametricPlot3D[{(3 + 6 (2-a) Cos[s])/(2-4 (3-a) Cos[s]), (5+ 8 (2-a) Sin[s] Cos[t])/(3
-5(3-a)/4Sin[s] Cos[t]), (7 +4 (2-a) Sin[s] Sin[t])/(4-6 (3-a) Sin[s] Sin[t]) }, {s, 0, 2 Pi}, {t, - Pi/2,
Pi/2}, PlotStyle — Directive[ RGBColor[0.2, 0.5 + a/2, 0.5 + a/2], Opacity[0.3]], BoxRatios — {1, 1, 1}];

tg = Table[g[i], {i,0,0.5,0.1}];

Show|tg]

5. ConcLusioN

Research on various types of fuzzy numbers is crucial in fuzzy theory. While triangular fuzzy
numbers have received significant attention in research, trapezoidal fuzzy sets and pentagonal fuzzy
numbers have been relatively understudied. Through previous research, we conducted a study on
extension operators for generalized trapezoidal fuzzy sets in one dimension [1]. This research has
been cited in various fields. Additionally, we extended the results obtained in one dimension to two
dimensions by introducing parameter operators. This study, too, has been widely cited and applied for
research on parametric operators between 2D trapezoidal fuzzy sets. Thus, in this study, we aimed to
extend the parametric operators for trapezoidal fuzzy sets to three dimensions, deriving new results to
be utilized across various fields similarly to the findings in one and two dimensions. In conclusion, we
extended the parametric operator for trapezoidal fuzzy sets to three dimensions. Since it was defined
in 3D space, the domain became a convex set in the 3D space including the interior, thereby making the
alpha cut the boundary surface of a 3D elliptic curve. We defined and computed parametric operators
between 3D trapezoidal fuzzy sets, presenting the results in a graph. Although the graph was defined
in 3D space and rendered in 4D, it could not be depicted in 3D. The presented graph was illustrated in
three dimensions using a specific definition of a fuzzy number, where the membership function values
ranged between 0 and 1. The membership function value at each point was represented as the color
intensity at that point. Slicing the graph with a plane passing through the longest axis revealed different
function values expressed through varying color intensities on the plane. Notably, a certain portion at
the center, being a trapezoidal fuzzy set, shared the same color. By presenting the graph, this result
would be referenced and utilized in various fields, similar to the one-dimensional and two-dimensional
findings. These results suggest significant patterns within trapezoidal fuzzy sets, indicating diverse
applications across fields. Additionally, our study would pave the way for future research, offering

new avenues for deeper understanding and advancements in fuzzy set theory and its applications.
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