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AsstrACT. This paper introduces a reverse Hilbert-type integral inequality which has a nonhomogeneous
kernel as H (zv(y)), where the real analysis methods and the weight functions were used. Several equivalent
statements pertaining to the optimal constant factor and some parameters are presented. In terms of
applications, we also explored the equivalent forms and certain corollaries pertaining to the homogeneous
kernel.
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1. INTRODUCTION

Assuming that 0 < [ f2 (z)dz < oo and 0 < [;° ¢* (y) dy < oo, there have the Hilbert integral
inequality as follows(cf. 8], Theorem 316):

o e 00 40

7 (2 f2(x)de [5° g% (y)dy)® . (1)

where 7 representing the constant factor is the optimal value.
Ifp>1, l—I-l—l f(@),9(y) > 0,0 < [°fP(x)de < coand 0 < [;° g7 (y) dy < 00,k (z,y) (>0),
kp o= [0k (u,1)u “hdu € R, = (0,00), We have a Hilbert-type integral inequality with the general
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homogeneous kernel of degree —1 as k (z, y) as follows(cf. [8], Theorem319):

/ / (z,y) f(z)g(y)dzdy
< h(f Oofp(x)dw)>p< / mgQ(y)dy);, 2)

where k, representing the constant factor is the optimal value. For p = ¢ = 2,k (z,y) = ﬁ, (2)
reduces to (1).
InRy, if H (u) is a nonnegative measurable functionand p > 1, %4—% =1,7v=o01,0 € R =(—00,00),
so that
o
:/ H(u)uwtdu € Ry,
0

then a Hilbert-type integral inequality with a nonhomogeneous kernel is presented as follows(cf. [8],

Theorem 350):
/ N / “H (zy) f(x)g (y) dzdy
0 0

< ([ w“fp(w)dw}; { g%y)dy}é. 3)

where K (%) representing the constant factor is the optimal value.

Moreover, an extension of (1) was given by the introduction a parameter A > 0, and is shown as

follows [24]:
* [ f(@)g()
/0 /0 g

By ([ P [T >dy)é, @)

where B(%, 3) representing the constant is the best possible, and the following beta function [ 18]
oo qu—l
B(u,v) := /0 Wdt (u,v > 0).
If A =1, (4) also reduces to (1).

Recently, some theories and methods involving Hilbert integral inequalities were provided by Yang
[22],[23], [25] and Hong [9], [12], some extension of (1)-(4) with general real homogeneous [1], [21]
and nonhomogeneous kernels [ 10] [27], [28] were established. By introducing conjugate exponents and
parameters [26], [19], and introducing linear operators and norms [2], [3], [5], a scientifically optimal
expression is obtained for the generalized form with the optimal constant factor [7], [11], [13], [20].
Some similar works have been obtained for discrete and half-discrete [4], [6]. In 2023, Peng et. al [ 14]
gave a reverse Mulholland-type inequality for half-discrete, at the same time, Liu et. al [17] gave a
forward Hilbert inequality for integral, where H (xv (y)) was a general nonhomogeneous kernel relate

to Beta function, weight function.
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In the previous study, we have obtained a research result on the Hilbert-type integral inequality,
H (zv (y)) was a general nonhomogeneous kernel of the inequality [17]. In this article, utilizing real
analysis techniques and weight functions, the reverse form of the inequality was proved. A few
equivalent statements regarding the optimal constant factor and some parameters are supplied. As

well as we can examine the equivalent forms and certain corollaries related to the homogeneous kernel.

2. SOME LEMMAS
In the following, let us assume that 0 < p < 1 (¢ < 0), % + % =1,v(z) > 0,7 () > 0 (x € Ry), with
v(0T) = 0,v(00) = 00, in R4, 0,01 € R, H(u) is a nonnegative measurable function, then
K() = [ H@u e Re (= 0,0),
0
in R, existing nonnegative measurable functions f (z) and ¢ (y), meeting :

0 < /oo xp[1_<%+%l)]_lfp (x)dx < oo, and
0
% [y (1= (7))
0 < [y < )

Lemma 1. If we have a constant 6y > 0, in a way that K (o £ §y) < oo, Subsequently the functions K (n) is

continuous in any n € (o — do, 0 + dp) .

Proof. For any sequence {0, },. | C [0 —dy — 1,0 + 8y — 1] ,6n, = 0 (n — o), wehave o —dy < n+5, <

o+ dp,neN={1,2,---}and

1 )
K(n + 571) = / H(U)u"+5n_1du + / H(u)u'nJrén—ldu
0 1

IN

1 00
/ H(u)u® %y + / H(u)u%0~ dy,
0 1

< K(U*50)+K(U+(SO)

We indicate the dominated function F' (u) as follows:

which follows that

fo(w) :+ =H@u < F(u),ue (0,00),

0 < / F (u)du < K(o —dp) + K(0o + dp) < 0.
0
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Accord to the Lebesgue-dominated convergence theorem [15], we have
K(n+ dn) / fn (u = / H(u)un+6n71du
— /0 Hw)u" du = K (n) (n — o).
Hence the function K () is continuous in any n € (¢ — g, 0 + do). O

Lemma 2. We have a reverse Hilbert-type integral inequality with a nonhomogeneous kernel, as shown below:

/ / H (zv (y)) f(z)g (y) dedy

R

1

R RCCURIRE
{/o W ®)

Proof. Given that v'(y) > 0, with v(07) = 0, v(y) > 0 (y € R4 ) and then v(y) is strictly increasing. The

weight function is defined as follows:
wloa) o = [T H @) )Y ) dy (R,
oy ¢ =) [ HEw)e e e Ry, )
For fixed « > 0, setting u = zv (y) , we have
= /OOO H (u)u’ldu = K (0) € R,. (8)
In the same way, for fixed y > 0, setting u = zv (y) , we have
w(oy,y / H (u)u” 'du = K (01) € Ry. (9)

By the reverse Holder’s inequality [16], Fubini theorem [15] and (7), we have

L= /Om/oooﬂ(xv(y))f(x)g(y)dxdy
- [ [ e [“ )7 ' ()} f(x)]
% |: “—1q 9 (y )] dxdy
( )) 4 (U’ (y))p
v o— 1’U/ :
[/ / H (v x((o)l) Do 1()y)f (iv)dydx]

A ey <y>><01?<?1§<vf A

Y

1
q
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© eyl Gele )
x{ /0 (o1, ) (y)() gq<y>dy} (10)

If (10) maintains the equivalent form, there exist constants A and B [16], in a way that they are not
both zero and
v ()" () Ba7t!
A—rr =22 q
e G et Y

a.e. in (0,00) x (0,00).

We can find that if A # 0, for fixed a.e. y € (0, 0) , we have

PG g = Bg? (y) go1—o—1
@) = e e @)

Since [, 271~ *dx = oo, The above expression can be expressed as
© ofi-(5+%)]
0< / x !
0

fP(z)dz < oo.
Therefore, by (8) and (9), we can get (6). O

a.e.in (0,00).

SIS

Remark 1. If o1 = o, accord to (5) and (6), we obtain

0< /Ooo xp(lfa)*lfp (x)dx < 00,0 < /OOO W ()i 91(y)dy < oo
and the reverse inequality as follows:
r= [T H ) S ) dady > K (0)
0o % 0o (1-0)—-1 %
X [ /0 wp(l‘”)‘lfp(m)dx] [ /0 (U((g)():))q—lgq(y)dy : (11)

Lemma 3. Assume there has a constant oo > 0, in a way that K (o £ dp) < oo, the constant factor K (o) in

(11) is the optimal value.

Proof. Since any 0 < € < pdg, we set

)

o (W)™ T (y), 0<y <1,
0,y >1
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If there has a positive constant M (> K (o)), such that (11) is valid when K (o) is replaced by M,

particularly, we have

I / / H (zv(y)) f(2)g(y)dady
St ”ﬂ”H/omedyr

([

By(7),f0r0171%207

B =

[ / W) W) dy]; M

% € (o — do, 0 + dp) , we have the following

. / 0[ i MH(:w(y))m“‘i‘ldx] (0 (9)) 1 () dy

/ { / H (zv (y))2”" 5‘%@ (v (1)) (y) dy
= oo ) e

- w2 W) @y = LK (o-2) .

From the above results, one can conclude that

IA

K<g—;>v€(1)257>MUfI(1).

For ¢ — 0™, according to Lemma 1, we have K (¢) > M. Therefore, M = K (o) is the optimal constant

factor in (11). O

+O’

O oL
Remark 2. Setting o := .

=0 — =7, we can rewrite (6) as

/ / H (zv (y)) f(z)g (y) dzdy

> K (o) Ki(o >[ /Oooxp“—@—lfp(m)dx]"

00 (4 (y))2(1-3)~1 ¢
x[ / %gq@)dzjl . (12)

By the reverse Holder’s inequality with weight [15], [16], we have inequality as follows:

K@) = /0 Y H () (u7) <u”1q_1> du
)

- (0) K (01) > 0. (13)

g
p
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If o — o1 € (¢b0, —qdy) , then o € (o — 6o, 0 + do) , and according to the proof of Lemma 1, we obtain

K@) = K <a U;“)

< K (o —0d)+ K (04 6p) < 0.

Lemma 4. If there has a constant 5o > 0, in a way that K (o + p) < oo, constant factor K# (o) Ki (01) in
(12) or ( 6) is the optimal value, then for o — o1 € (¢do, —qdo) (¢ < 0), we can have o1 = o.

Proof. If a constant factor K 7 (o) K . (o1) in (12) is the optimal value, then because of (11) (for o = o),

we obtain:

1

(0) K (01) > K(9) (€ Ry),

=

K

namely, (13) keeps the form of equality.
We notice that (13) maintains the equivalent form if and only if there exist constants A and B [16],

in a way that they are not both zero and
Aut = But ! ae. inRy.

We can find that if A # 0, we have u? 7t = % a.e. in Ry, which follows that o — o1 = 0, hence,

o1 =o0. O

3. MAIN RESULTS

Theorem 1. For 0 < p < 1, the inequality (6) can be expressed as the following set of inequalities:

1= [[CewrE e ([Tree e dm)pdy];

> KF(0)Kt (al){/OOOx”[l‘(ﬁ?ﬂ‘lfp(x)dx};, (14)
Ji = UOOO (55) (/OOOH(M (y))g(y)dy>qu]
> KF (o) K (o) { = (y)zi,[l(y;;:?ﬂ19Q<y>dy}q . (15)

The K7 (o)K . (01) is the optimal constant factor in (14) (resp. (15)) if and only if the same constant factor in
(6) is the optimal value.

Specifically, for o1 = o, if there has a constant §y > 0, such that K (¢ & dy) < oo, subsequently, we

obtain the following inequalities, which are equivalent to (11) and share the same optimal constant
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factor K (o) :

[Cewro ([ He ) ) o]

> K (o) [ /0 Ooxp(l_”)_lfp(m)dz]p, (16)
[/OOO z?7 ! </OOOH (2 (y))g(y)dy>qdyr
> K(o) [ / MWQW@F. (17)

Proof. 1f (6) is valid, then the by the reverse Holder’s inquality [ 16], we have

r= [TlewT EDe et [T e w) i)

| G ww)Fow] a
<Gl
- J{/o ) 1o
By (14), we have (6).
Conversely, if we assume the validity of (6) and set
oo\ 00 p—1
9 = 0w E D) ([T o) rod) ay >0,
Then it follows that [ ( ) )}
P G C107) A RN
I gy = 1. (19)

If J = oo, (14) is naturally valid, and if J = 0, it is not possible to satisfy Equation (14)", that is
J > 0. Assume that 0 < J < oo. According to (6), there have

x> g [TO0

> K% (0’) K% (0-1) {/ xp[1_<g+aql)]_1fp(x)dm}p ’
0
hence, (14) follows, which is equivalent to (6).
In the same way, we can show that (15) is valid and it is also equivalent to (6). So (6), (14) and (15)

are equivalent.
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If the constant factor K 7 (o)K . (1) in (6) is the optimal value, the same constant factor is also the
optimal value in (14). Otherwise, by (18), there will be a contradiction that the same constant factor is
not the optimal value in (6). On the other hand, if the constant factor K 7 (o) K . (01) in (14) is the
optimal value, then it is also the optimal value in (6). Otherwise, by (19), there will be a contradiction
that the same constant factor in (14) is not the optimal value.

Similarly, we can show that the constant factor X 7 (o) K . (01) is the optimal value in (6) if and only
if the same constant factor in (15) is the optimal value. Therefore, the constant factor K 7 (0)K @ (01)
in (14) (resp. (15)) is the optimal value if and only if the same constant factor in (6) is the optimal

value. 0

Theorem 2. If there has a constant 5o > 0, in a way that K (o £ o) < oo, then (i), (ii), (¢ii) and (iv) are

equivalence statements:

(7) Both K7 (o )Kfz (01) and K ( 71) are independent of p, ¢;

(i6) K (o) K7 (o) = K (5 + %)

(i1) for 0 — o1 € (gdo, —qdo) , we have o1 = 0;

(iv) The constant factor K7 (0) K (1) in (6), (14) and (15) is the optimal value.

Proof. (i) = (it) . There have

=

K? (0)K1(0y) = lim lim K7 (0) K1 (o)) = K (o).

p—17¢g——00

By Lemma 1, we find

K(U+Jl> —  lim lim K<G+”1)
p q p—17 g—=>—© D q

= lim K(J—I—UI_J)
g——o0 q

— K(o)=KF (0)K (o).

(i) = (di3) If K7 (o) Ki (1) =K (% + %) , then (13) keeps the form of equality. According to the

proof in Lemma 4, for 0 — o1 € (gdo, —qéo) , we have o1 = 0.

(¢i1) = (i) For o1 = o, both K7 (0) K (01)and K ( 1) are independent of p, ¢, which equal to
K (o).

Hence, we have (i) < (ii) < (ii7) .

(79i) = (iv) For 01 = o, by Lemma 3 and Theorem 1, the constant factor
K7 (0) K7 (01) (= K (0))

is the optimal value in (6), (14) and (15).

(tv) = (i4i) Since o — 01 € (gdp, —qdp) , by Lemma 4, we have o1 = 0.
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Hence, we have (iii) < (iv).

Therefore, (i), (i), (ii7) and (iv) are equivalence statements. O

If ky (x,y) (> 0) is a homogeneous function of degree —\ in R, then setting H (u) = K (1,u),
replacing = by tand 2*~2f (1) by f (z) in the Theorem 1 and Theorem 2, for o = A — 4,

(o]
— [ K e due Re (=0 ),
0
we have

Corollary 1. Assuming that

0 < /Doxp[l_(kpg 1‘1)] fP () dz < oo, and
0

g% (y)dy < oo

o0 (1) (y))q[li(%+¥>]il
o< W ()

the reverse equivalent Hilbert-type integral inequalities with the homogeneous kernel is valid in R, as follows:

/ / Ky (.0 (y)) f(2)g (y) dudy

> KF ()KL O - m{/omx”[l‘(* T )

R R I &
X{/o ((y))wy))q—l 9"<y>dy} , (20)

S

- koo ] [ ) )

[0 ([ o) o]

s = )qw #252)] ‘
> K{ (o) K] (A—p)q =2 (v — gl (y)dy » . (22)

1

1 L
Furthermore, the constant factor K" (o) Ky (A — p) is the optimal value in (20) if and only if the same constant
factor in (21) and (22) is the optimal value.
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Specifically, for i« + o = A, if there has a constant §y > 0, in a way that K (o &+ éy) < oo, then we have

the equivalent inequalities in R with the optimal constant factor K (o), asfollows :

/°° /oo K (z,v () f(z)g (y) dedy
o Jo

> K (o) UOOO :cp(l‘”‘lfp(w)dx]; [/OOO qu(y)dy] ;, (23)
[/Ooo(u yPe Ly ( (/ Ky (z,v(y)) f(z )dx)pdy}
> Kao) | [T a0 >dx] , (24)

[ ([ o) ]

fo v (y)-o! !
(v (y))1~

gq(y)dy] - (25)
Corollary 2. If there has a constant oy > 0, in a way that Ky (o £ dp) < oo, then (I), (II). (III) and (IV') are

>K[

equivalence statements as follows:

(I) Both K7 (0) K (A —u) and K, <% + ATT”) are independent of p, ¢;
1 1 _
() K (o) K5 (= p) = Ko (5 +252) 5
(IIT) for u+ o — A € (gdy, —qdp) , we have p + o = X;
1

1 1
(IV) The constant factor K\ (o) Ky (A — ) in (20), (21) and (22) is the optimal value.

Example 1. (i) If H(u) = K\(1,u) = =L~ (u > 0; A > 0). Then

(1+u)*
1
W) = ™
Ky(z,v(y)) = W(£,y>0)‘

For vy = 0,01, € (0, \), we obtain
uY~t

(14 u)?

K(y) = Kx() = /OOO du=DB(y,A— ) €R,,

and 6y = _">0

(i) If H(u) = Kx(1,u) = 2% (u> 0;A > 0). Then

In zv
H(av(y)) = (m(y))gy)_l,
In %
Ex(@uy) = 2 (2, > 0).

= (v(y))
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For vy = 0,01, € (0,\), we obtain

My
K(y) = K,\(’Y):/O ﬁdu

1 o0/ "1y 7r 2
Y L R—— )
)\2/0 v—1 v [Asin(ﬂfy/)\)} < Bty

and §y = 252 > 0.

2
(iii) If H(u) = Kx(1,u) = u > 0; A > 0). Then

1
(max{1,u})* (
1

(max{1, zv(y)})*’

K@ 1) = fr—rry (22> 0)

H(zv(y)) =

For vy = 0,01, € (0, \), we obtain

00 u'y—l
K = K = ———d
(’Y) X(’Y) /0 (max{l, ’LL}))‘ Uu
1 o ,v—1 A
= uwdu —|—/ Y du= ceR,,
/0 T O R

and §g = ’\%" > 0.
By Theorem 1 and 2, Corollary 1 and 2, some equivalent reverse inequalities with the particular

kernels and the optimal value constant factors can be obtained.

4. CONCLUSIONS

In this article, We obtain a reverse Hilbert-type integral inequality, by defining the following weight

functions
woyz) : =a° /0 T H (20 ()0 (0) 0 () dy (z € R),

w(ony) ¢ = (v(y)" /0 T H(zv(y) 2 e (y€R,). (26)

where H (zv (y)) is the nonhomogeneous kernel. As well as the equivalent forms of (6) was constructed
in Theorem 1. Several equivalent statements related to the optimal constant factor are provided in
Theorem 2. By specifying certain parameters, we can obtain some corollaries for the homogeneous
kernel and some examples for the particular kernels. An extensive account of this type of inequalities

is obtained from the lemmas and theorems.
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