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1. INTRODUCTION

The notions of closed sets and open sets are fundamental with respect to the investigation of general
topology. Maki [16] called a subset A of a topological space (X, 7) a A-set if it is the intersection of
open sets containing A. Arenas et al. [1] defined a subset A to be A-closed if A = L N F, where L
is a A-set and F is closed in (X, 7). Ganster et al. [13] introduced and studied the notion of pre-A-
sets in topological spaces. Levine [15] introduced the concept of generalized closed sets. Dunham
and Levine [12] investigated the further properties of generalized closed sets. Moreover, Levine
defined a separation axiom called T% between T and 77. Dontchev and Ganster [ 10] introduced and
investigated the notions of j-generalized closed sets and Tg -spaces. As a modification of generalized
closed sets, Palaniappan and Rao [18] introduced and studied the notion of regular generalized
closed sets. As the further modification of regular generalized closed sets, Noiri and Popa [17]
introduced and investigated the concept of regular generalized a-closed sets. Dungthaisong et al. [11]
investigated the notion of generalized closed sets in bigeneralized topological spaces and studied some

characterizations of pairwise u-T'1 spaces. Viriyapong and Boonpok [20] introduced and investigated
2
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the notion of generalized (A, p)-closed sets. Furthermore, some properties of generalized (A, «)-closed
sets, generalized dp(A, s)-closed sets, generalized (A, s)-closed sets and generalized (A, sp)-closed sets
were presented in [2], [3], [4] and [5], respectively. Caldas et al. [8] introduced two new classes of sets
called A4-closed sets and A -open sets in topological spaces. It turns out that A4-closed sets and A -open
sets are weaker forms of closed sets and open sets, respectively and stronger forms of generalized closed
sets and generalized open sets. Cammaroto and Noiri [9] introduced and studied three topological
spaces (X, An), (X, Ar,.) and (X, Aga,,) by using A,,-sets, (A, m)-closed sets and generalized A,,-sets,

respectively. In this paper, we introduce the concepts of A, r,)-closed sets and A7, _ )-closed sets.

T1,T2)
*

-closed sets and A (
T1,T2)

Moreover, some properties of A -closed sets are investigated.

T1,T2)
2. PRELIMINARIES

Throughout the present paper, spaces (X, 71, 72) and (Y, 01, 02) (or simply X and Y') always mean
bitopological spaces on which no separation axioms are assumed unless explicitly stated. Let A be
a subset of a bitopological space (X, 71, 72). The closure of A and the interior of A with respect to 7;
are denoted by 7;-Cl(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a bitopological space
(X, 11, 72) is called 71 m2-closed [ 7] if A = 71-Cl(m2-CI(A)). The complement of a 7y 7>-closed set is called
T172-0pen. The intersection of all 7 7>-closed sets of X containing A is called the 71 m-closure [7] of
A and is denoted by 7;72-Cl(A). The union of all 717-open sets of X contained in A is called the

T1To-interior [7] of A and is denoted by 7 2-Int(A).

Lemma 1. [7] Let A and B be subsets of a bitopological space (X, 1, 72). For the Ti12-closure, the following
properties hold:

(1) A C mi1-Cl(A) and 1y12-Cl(T172-CI(A)) = T172-CI(A).

(2) If A C B, then 1y15-CI(A) C i 12-CI(B).

(3) m172-CI(A) is Ty 9-closed.

(4) Ais Tymo-closed if and only if A = 11 15-CI(A).

(5) mm-Cl(X — A) = X — mimo-Int(A).

A subset A of a bitopological space (X, 71, 72) is said to be (71, 72)s-open [6] (resp. (11, T2)p-open [6],
(11, 72)B-0pen [6], a(r1,m2)-open [19]) if A C 171o-Cl(mi7e-Int(A)) (resp. A C mymo-Int(mm2-Cl(A)),
A C 11p-Cl(1172-Int(7172-CL(A))), A C 1172-Int(71 72-Cl(7172-Int(A)))). A subset A of a bitopological
space (X, 11, 12) is called (7, m2)r-open [20] (resp. (71, 72)r-closed) if A = 71o-Int(m72-Cl(A)) (resp.
A = 119-Cl(1172-Int(A))).

Let A be a subset of a bitopological space (X, 71, 72). The set

N{G | AC G and G is 11 m2-open}

is called the 7y 7o-kernel [7] of A and is denoted by 71 72-ker(A).
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Lemma 2. [7] For subsets A, B of a bitopological space (X, 1, 2), the following properties hold:
(1) A C nymo-ker(A).
(2) If A C B, then T1m9-ker(A) C mimo-ker(B).
(3) If Ais Tymo-open, then Ty 1o-ker(A) = A.
(4) x € Timp-ker(A) ifand only if AN H # () for every 1172-closed set H containing x.

3. A

7.177.2)-SETS AND RELATED TOPOLOGICAL SPACES

*

-closed sets and A7,

In this paper, we introduce the concepts of A )-sets. Moreover, we

T1,T2)

investigate two topological spaces (X, A, r,)) and (X, A7 _ /) by using A, ,)-sets and A7 -sets,

7'177—2) (T1 ,Tg) (7'1,7'2

respectively.

Lemma 3. Let (X, 71, 7) be a bitopological space and {A., : v € T'} be a family of subsets of X. Then, the
following properties hold:
(1) Tng-ker(ﬂ,yeFA,y) - ﬂpyepTlTQ-keT(Av).

(2) mmy-ker(UyerAy) = Uyermima-ker(A,).

Proof. (1) Suppose that x € Nyer7i7o-ker(A,). Then, there exists vy € I'such thatx ¢ 71 m-ker(A,,) and
there exists a 71 »-open set U such that z ¢ U and A, C U. Since Nyer Ay C Ay, = € Timo-ker(NyerAy)
and hence 71 m-ker(NyerAy) C Nyermimo-ker(Ay).

(2) Since A, € U,erA4,, by Lemma 2 (2), we have
T1T9-ker(A,) C Timo-ker(UyerAy)

and U,ermimo-ker(Ay) C mimo-ker(UyerA,). On the other hand, suppose that © & U,crmime-ker(A,)
for each v € I" and hence there exists a 71 »-open set U, such that A, C U, for each v € I'. Therefore,
UyerAy € UyerUy and U, erU, is a 71 72-open set not containing =. Thus, z ¢ mym-ker(UyerAy) and

hence

U,YerTlTQ-keT(A,y) 2 T1T2-k67’(UfyepA7).

Definition 1. A subset A of a bitopological space (X, 71, 72) is called a A, ., -set if A = Tymo-ker(A).

The family of all A(,, ,,)-sets of a bitopological space (X, 71, 72) is denoted by A, .,)(X) (or simply
A(T1 ,TQ) ) *

Lemma 4. For subsets A and B.,(~y € I') of a bitopological space (X, 11, 2), the following properties hold:

(1) mimo-ker(A)isa A, .,)-set.

(2) If Ais a Tyo-open set, then Aisa A(;, .,)-set.
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(3) If By isa A(;, r,)-set for eachy € T, then Uyer By is a A, .,)-set.
(4) If By isa A(;, r,)-set for eachy € T, then Nyer By is a A, ;,)-set.

Proof. (1) and (2) are obvious.
(3) Let By € A, -, for each v € I'. Then by Lemma 3 (2), we have

U’yeFB = UvepﬁTg-ker(By) = T1T2-k€T(UfyeFB,y) D) UfyepBry.

Thus, U er B, = mime-ker (Uyer By) and hence U,er B, € A(7, o).
(4) Let By € A(, ., for each v € I'. Then by Lemma 3 (1), we have

NyerBy = Nyermimo-ker(B,) 2 Tima-ker(NyerBy) 2 Nyer B,.
Thus, ﬁ,\/epBy = Tng-ker(ﬂwerBw) and so ﬁ,yepBy € A(T1,T2)' O
Theorem 1. For a bitopological space (X, 1, 72), the pair (X, A(;, 1,)) is an Alexandroff space.

Proof. (1) 0, X € A, r,) since ) and X are 7172-open sets.
(2) If Uy € A7, 5, for each v € T, then UyerU, € A, -,y by Lemma 4 (3).
(3) If Uy € A7, 7, for each v € T, then NyerU, € A, ) by Lemma 4 (4). O

Definition 2. [14] A bitopological space (X, 1, T2) is said to be (11, m2)-Ry if for each T1m2-open set U and
each x € U, mmo-Cl({z}) CU.

Theorem 2. A bitopological space (X, 11, 72) is (71, T2)-Ro if and only if the topological space (X, A7, 1,)) is
Ry.

Proof. LetV € A and z € V. Then, we have

T1,T2)

x € Tmo-ker(V) =n{U |V CU,U is 1ym2-open}

and x € U for every 71 m2-open set U containing V. Since (X, 71, 72) is (71, 72)-Ro, T172-Cl({z}) C U for

every 11 T2-open set U containing V. Thus,
n112-Cl({z}) C{U |V C U,U is Tymp-open} = mymo-ker(V) = V.
Since every TiT2-open setis a A(,, .,)-set, we have
Ay )Cl({z}) € m-Cl({z}) C V.

This shows that (X, A(;, -,)) is Ro.
Conversely, suppose that (X, A, ’Tz)) is Ry. Let V bea 7y mm-opensetand x € V. Since every 71 m-open

setisa A, ,)-set, we have A, .y-Cl({z}) C V. Since X — A(;, ,)-Cl({z}) € A7, 1),

X — A(n,rg)'CI({x}) = ﬂ{U ‘ X — A(Tl’TQ)-Cl({:C}) CU,U is Tng-open}.
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Then, there exists a 71 72-open set U such that X — A(;, .,)-Cl({z}) CUand z ¢ U. Thus,z € X — U C
A7, ,7)Cl({x}) C V. Since X — U is 1y mo-closed, 71 7>-Cl({z}) € X — U C V. This shows that (X, 71, 72)
is (7’1, TQ)-R(). O

Definition 3. A bitopological space (X, 11, T2) is said to be:
(1) (71, 72)-To if for any pair of distinct points in X, there exists a T mo-open set containing one of the points
but not the other.
(2) (71, m2)-Th if for any pair of distinct points x,y in X, there exist Tymo-open sets U and V' such that
zeU,yeUandyeV,z V.

Theorem 3. A bitopological space (X, 71, T2) is (71, 72)-To if and only if the topological space (X, A, ;,)) is
To.

Proof. This is obvious since every 7179-open set is a A, ,,)-set.

Conversely, let z and y be any pair of distinct points of X. Since (X, 71, 72) is (71, 72)-Tp, there exists
V'€ A7, ) such thateitherzr € Vandy ¢ Vorx ¢ Vandy € V. Incasex € V and y ¢ V, there exists
a Timp-open set U such that V C U and y ¢ U. However, sincex € V,z € U.Incasex ¢ Vandy €V,

similarly there exists a 71 m2-open set U such that x ¢ U and y € U. Thus, (X, 71, 72) is (71, 72)-Tp. O

Lemma 5. For a bitopological space (X, 11, 72), the following properties are equivalent:
(1) (X, 71,72) is (11, 72)-T;
(2) foreach x € X, the singleton {x} is T1m2-closed in X;
(3) foreach x € X, the singleton {x} is a A(;, ,,)-set.

Proof. (1) = (2): Let y be any point of X and z € X — {y}. There exists a 71 73-open set V,, such that
v € Vyandy ¢ V. Thus, X — {y} = Uyecx_1y} V- Therefore, the singleton {y} is 71 72-closed in X.

(2) = (3): Let 2 be any point of X and y € X — {z}. Then, z € X — {y} and X — {y} is 7y 2-open.
By Lemma 2, myo-ker({z}) C X — {y}. Therefore, y & mimp-ker({z}) and 1im-ker({z}) C {z}. This
shows that 71 72-ker({z}) = {x}. Thus, the singleton {x} isa A(,, ,,)-set.

(3) = (1): Suppose that the singleton {z} is a A(;, .,)-set for each x € X. Let x and y be any distinct
points of X. Then, y &€ 71 m2-ker({z}) and there exists a 71 72-open set U, such that x € U, and y & U,.
Similarly, « ¢ 71 m»-ker({y}) and there exists a 7y 72-open set U, such that y € U, and = ¢ U,,. This shows
that (X, 71, 72) is (71, 72)-17. O

Theorem 4. A bitopological space (X, 11, 72) is (1, T2)-T1 if and only if the topological space (X, A7, ,)) 18

discrete.

Proof. Suppose that (X, 71, 72) is (11,72)-T1. Let x € X. Then by Lemma 5, {z} is a A -set and

T1,7T2)

{z} is open in (X, A(;, r,)). Thus, every subset of X is open in (X, A, -,)) and hence (X, A(,, -,)) is

discrete.
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Conversely, suppose that a topological space (X, A(;, -,)) is discrete. For any point x € X, {x} is

open in (X, A¢;, r,)) and hence {z} is a A(;, ,,)-set. By Lemma 5, (X, 71, 72) is (71, 72)-T1. O

Corollary 1. For a bitopological space (X, 1, 72), the following properties are equivalent:
(1) (X, 71,72) is (11, 72)-T1;
(2)
(3)
(4)
(5)

X, 7'1,7'2) is (7‘1,7‘2)-R0 and (7‘1,7‘2)-T0,'
X, A(TLTQ)) is Ro and T(),'
X, A(T1,7'2)) is Tl,'

~ o~ —~

X, A(7, 7)) 1s discrete.

Proof. (1) = (2): By Lemma 5, every (71, 72)-T1 space is (11, 72)-Ro and (71, 72)-To.

(2) = (1): Since (X, 71, 72) is (11, 72)-Tp, for any distinct points z,y of X, there exists a 7 2-open
set U such that, say, = € U and y ¢ U. Thus, ri72-Cl({z}) C U since (X, 71, 72) is (71, 72)-Ro. Then,
X — ni1a-Cl({z}) is a Ty m2-open set such that v ¢ X — 7 7»-Cl({z}) andy € X —U C X — 1m»-Cl({z}).
Thus, (X, 71, 72) is (71, 72)-T1.

(2) © (3): This is an immediate consequence of Theorem 2 and 3. O

(3) & (4): This is obvious.

(5) < (1): This is an immediate consequence of Theorem 4.

Definition 4. A subset A of a bitopological space (X, 1, 72) is said to be A}

(T1,72)

-set Z:leTz-ke’l”(A) - F

whenever A C I and F is T1m-closed.

*
(11,72

The family of all AT _ -sets of a bitopological space (X, 11, 72) is denoted by A

(11,72

)(X ) (or simply
?Tl 72) )-

Lemma 6. For a bitopological space (X, 11, 2), the following properties hold:

(1) A(Tlv7'2) < A?ﬂ,ﬁ)'
(2) IfA, € AL, 5y Joreachy € T, then Uyer Ay € AT

(T1,72)°

Proof. (1) Let A € A, 7). If AC F and F'is 1i7o-closed, then 7y 7o-ker(A) = A C F. Thus, A € A?Tl )
) €A

(T1,m2)"

(2) Let UyerA, C F and F be any 7y72-closed set. Then, A, C F and 1ym-ker(A,) C F for each

and hence A(

71,72

v € I'since A, € A7 ) By Lemma 3, we have mym-ker(UyerAy) = UyerA,mim-ker(Ay) C F and

(1,72

hence U,ecrA, € A7 O

(T1,m2)"

Theorem 5. For a bitopological space (X, 11, 12), the pair (X, A7 __ \) is an Alexandroff space.

(T1,72)
Proof. By Lemma 6, A, -,) C Afﬁm). Since §, X € A(;, ), we have 0, X € Afﬁm). By Lemma 6, if

Ay e AT for each v € I, then Uycr A € A} . Thus, by Theorem 1 (X, A7 ) is an Alexandroff

(11,72) (11,72) (71,72)
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space, where A € A7 iff A = 1ymo-ker*(A) and

(11,72)

Tng-ker*(A) = ﬂ{U ‘ ACUU e A7 )}

(11,72
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