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Asstract. In 2010, Saad and Sukhi defined the polynomials S, (9, ¢, A|¢). They simply derived its gen-
erating function by utilizing the operator L(b0.y). In this study, we provide Rogers’ formula using the
g-exponential operator T'(bD,), Mehler’s formulas using the operator L(bf,,), and a linearization formula
for the polynomials S, (9, ¢, Alg). In addition, we employ the Cauchy companion operator E(a, b; 0) to
recover the generating function and provide the Rogers formula, Mehler’s formula, and an extended Rogers
formula for the polynomials S, (4, ¢, Alg).
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1. INTRODUCTION

We assume that 0 < |¢| < 1. The ¢-shifted factorial is given for every a € C as [10,13]:

r—1 e )
Bao=1,  Bigr=]]0-8¢),  (Bigeo =] -8
k=0 k=0

(Bs0)r = (B50)00/(BG"5 @) co-
(B;@)rtk = (B Oi (Bd"; 0)r-

and [1]
(Ba "3 0)n = (=1)7874) " (¢/8; ). (1.1)

The multiple ¢-shifted factorials is [13]
(ﬁhﬁ% “ Bm; Q)r = (61; Q)T(BQQ Q)r cee (Bm: Q)r-
(B1, B2, 5 Bmi Qoo = (B15 @)oo (825 @)oo -+ (Bmi @)oo
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The ¢-binomial coefficient is [2]:

The g-hypergeometric series is [13]:

Bla'-wﬂz . > /61)"'7627 )r r (5 Ij—i r
i¢j< ) Z (@ an, ) {(—1) q( )} x'.

al,...,aj

The Cauchy identity is [13,16]:

H ; <1
— (@9 (13 @)oo o
The Euler’s identities are [ 13]:
oo ILLT 1
= , ol <L (1.2)
,ZZO (Ga)r  (19) o
° —1 Tq(g) T
> ()7# = (15 q) co- (1.3)
= (9

Cauchy polynomials are given by [17,18,20]:

Py(w,t) = (w—t)(w—qt)- (w—¢""'t) = (t/w;@)nw

which has the generating function [4,5,7]:

S vt e
2 Palw) G~ g’ T (1.4)

The ¢-differential operator, or ¢-derivative, is defined by [8, 15]:
f(a) ~ f(ag)

a

Dy{f(a)} =

The g-exponential operator was defined as follows [&,22] as

~ (ADy)
AD,) = 1.5
q) T;) (¢:q (15)
Chen et al. [11] presented the following identity:
(za, w0 @)oo }
T(AD —_—
020 { S

o A z/y,0
_ (zoza5q) Z )(y0:9):(:) 201 G YA ] - (1.6)

(ya; @)oo e )r(zav, za; @)y zaq”

where max{|ya/|, [yA|} < 1.
A special type of Rogers-Szeg6 polynomials is [12]:

Tz(gvf) = |:]Z:|gkfl_k7

k=0
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such that
T(fDg){g"} = rnl(g; f)-
The operator @ is defined by [9, 14, 19]:
flag™") = f(a)

o{sy = T
Chen [6] defined the following Cauchy companion operator:
(D
E(d,e;0) = ed)".
(e0) 7;) (¢; q)n( )

Some operator identities was given [6]:

Proposition 1.1. [6]. We have

B(d, e;0){w"} = Z[ ] (—eqfwtg@ g,

(det, wt; q)oo
(et; @)oo

E(d, e; 0){(wt; q)oo} =

let| < 1.

q/wv

E(d,e;@) { (’UJtQQ))oo } _ (thQ)oo 01 ( d,t/’U ;q7eq/w> 7 rnax{|wv|,|eq/w|} <1

. . d’ , t
Bl { L0t} _ e/ @( afwsafw ;q,est/v),

(w3 q) oo (eq/w, wv; q)oo deq/w,q/wv

where max max{|wv|, leq/w|, |est/v|} < 1.

The homogeneous g-difference operator is [21]:

f(q_ll',y) - f(quy)
¢ lr—y ’

gxy {f(x,y)} =

The homogeneous g-shift operator is [21]:

Proposition 1.2. [21]. We have

0805) (P50} = 3 ||| 0RO 6.
k=0
swos) { G = o <1

Saad and Sukhi [21] defined the polynomials

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)
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with the generating function

(0 )
(Ga)r  (CE@)os ot < 1. (1.16)

> 5:(6,¢, M)
r=0

They represented S, (0, ¢, A|¢) by the homogeneous ¢-shift operator as:

L(Ms¢) {Pn(C,0)} = Sn(6, ¢, Alg)- (1.17)

Abdlhusein [3] provided the transformation

wt t,ds; q)oo d/w,0
1¢1 y 4, ds = u 2¢1 / aQ7wt ) (118)
dt (dt; q)oo ds

where max{|dt|, lwt|} < 1.

The following describes the paper’s structure: The generating function for .S, (6, ¢, A|q) is recovered
in section 2 by employing the operator £(§/(, (;6). In section 3, we present two Rogers formulations
utilizing the operators E(6/¢, (;6) and T'(tD,), respectively. Our formula for linearizing E(5/(, ¢;0) is
derived from the first Rogers formula. Additionally, by utilizing the operator E(J/(, (; ), we provide
an extension for the Rogers formula for the polynomials S, (6, ¢, A|g). Using the operator E(5/¢,¢;0),

we present two Mehlers formulas in section 4 for S, (9, ¢, A|g).

2. Tue GENERATING FuNcTION FOR THE PorLyNoMiALs S, (9, C, A; q)

The generating function for the polynomials S, (9, (, A; ¢) is recovered in this section.
The generating function for the polynomials S, (6, (, A; ¢) is recovered in this section by employing
the Cauchy companion operator.

Suppose that E(§/(, (; 0) acts on X\. We give the following representation:

Theorem 2.1. We have
E(5/¢,¢:0){(-1)"qBA") = 5,(6.¢, \sq). (2.1)

Proof.

E6/¢,GO{(-1)"qAm)

= (=1)"q(3) (8/¢; ) (—Ca)* X" #q(2) ™ (by using (1.9))
k=0 --

"] (—1)" k(¢ §)A kg (3)+(5) +h—nk

[
o

(]

o

S |

o
r

s,

(—1)* By (¢, §)Neg(3)+ ("2 ) +(n=k)—n(n—k)

ol

I

o
o
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—ZH (B \FP,_4(C.5)

= 5,(0,(, A;q)  (by using (1.15)).

O

The generating function for S,,(9, , A; ¢) is recovered depending on the operator representation (2.1)

with identity (1.10).

Theorem 2.2 (The generating function for S, (4, ¢, A; ¢)). We have

" (dv, \viq)

STL 57 7A7 = 007 .
nz:% ¢ Q)(Q;Q)n (CV; @)oo <1

Proof.

T

> v
ZST(67 C7 )\7 q)i
r=0

(¢ 9)r

r

=Y B@/¢.¢0{(-1)" ) a7} (by using (2.1))
r=0

(¢ 9)r
0o T) Y
— B(6/¢.C:0) {Z — }
r=0 T4
=FE(6/¢,¢;0) {(Av; @)}  (by using (1.10))
_ (00, AV @)oo
(CZT)

3. Two RoGers FormuLAs FOR THE PoLynomiALs S, (6, C, A|q)

In this section, two Rogers formulas are provided using the operators E(5§/(,(;0) and T'(tD,),
respectively.

The first Rogers formula for S, (6, ¢, A|¢) will be given by employing the operator T'(AD,).

Theorem 3.1 (First Rogers formula for S, (6, (, A|g)). We have

ot

53 S8, Al) (”) o

= (S’U Av; q o Z CU q) ()\t) 2¢1 ( 6/< ’ 14, Ct) ) (31)

q)p(6v, Av;q), SvgP

where max{|Cv|, |Ct|} < 1.
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Proof. Let ¢ — ¢ — r in the L.H.S. of equation (3.1), we have
,UZ—T
S5 5406, ¢ Al
== (¢; ) (45 @)e—r
o ! r l—r
0(6,C, A
ZZ) @A) (:0)r (@:9)e—
e
= ZS@ (0,¢,Aq)—— Z [ ]vz_rtr
( ’ ) r=0 r
—Zse 5,¢, Alg) @ ) re(v,t)
=0
- 1
=D Su(o,¢, /\IQ))( T(tDg){v’} (by using (1.7))
= % Qe
S 56, ¢ A )
— T(tD ) ———
(507 Av; Q)oo } .
=T{tDy)§ —F—————— by using (1.16
(60, 20 @)oo o= (=1)7a @ (Cuig), (M) [ 6/¢0 |
= 10) ;q, Ct by using (1.6)).
(CV; @)oo pZ::O (6 0)p(00, X050), 1\ syge (by using (1.6))
O
The linearization formula for S, (6, ¢, A|¢) can be derived from the first Rogers formula.
Theorem 3.2 (Linearization formula for S, (9, ¢, A|q)). We have
N
S, C0) = 3 || a9 v piy.8) 80607, ) (2)

p=0

Proof. Write equation (3.1) as

> tt v
DD Sesr(6,¢,Aa) @

=i (4:9)e (a30)r
(09,203 9)oe o (—1)741) (Cv;9) (M) & 6/< De e
 (Bde = (60000, M), ZO (0vgP;q q)e(m

= (&

_ i (_I)Pq'(z) ()\t)p Z (5/C§ @q@)i(t) Z Sr((SqZ, ¢, )\|q) (v?p)r (by using (1.16)).
r=0 ’
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q’"

©  a\p ( ) S f—p
_ 3 </<q>zpc RS
= (w9, = (@ae- (4 @)
< E(—1)rgBae P pr
=303 CLOE AN S st 2 ¢ o) o
== (@ —p = (¢ 9)r
Equating the coefficients of t‘ v", we get the desired identity. 0

By combining the identity (1.11) with the representation (2.1), it is possible to get the second
Rogers-type formula for the polynomials S,,(4, ¢, Alq).

Theorem 3.3 (Second Rogers formula for S,,(d, ¢, Alq)). We have

»N N R ) 27" |
£ T:05+T (5 C )\|q ) q (q;q>t <q7Q)r ()\u7q)oo 2¢1 ( q/)\lu, 54 7C /)\ (3 3)
where max{|Aul,[Cq/Al} < 1.
Proof.
Y Spr(8,C ) (= 1)tg~ ()=t pooov
e A Ak (@)t (a30)r
() t ) 'r) -
=E(0/¢.¢:0) {Z Z M) } (by using (2.1))
t=0 r=
scon{ ]
_ (@) §/Cv/p .
- (M9 21 ( g/ M d 7Cq/)‘) (by using (1.11))
O

Using the representation (1.12) and equation (2.1), the extended Rogers formula of the polynomials
Sn(6, ¢, Alq) was discovered.

Theorem 3.4 (Extended Rogers formula for S,,(d, ¢, A|q)). We have

o0 o0 o0 . ) .
Syirra(8.C A Q) (—=1)2q~ () sl —tr_& gy
Z;;; s (0. G A=) (D)t (G9)r (¢9)s

(Ca/X M @)oo 5q/\ /3y (3.4)

where max max{|Cq/\|, |\, |CaB/v|} < 1.

. 0/C,a/AB,q/X
_ (0a/A B0 ) 2( fea/A%apa ;q,wm),

Proof.

o o0 [e.e] t Br

. S 5 A; s —(;)—s(t—i-r)—tr a Y
t:Ogsz:; s (0. C A (9t (5 0)r (¢:9)s

S
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[e.e] s

_ oo o0 E 5 0 b ttrts (t+g+s) 71 s —(;)—S(t+7")—tr o BT‘ ,.y
t:ggg [ ) ! =1 (@9t (50)r (¢ 9)s

(by using (2.1))

ZE(CS/CaC,@){Z( )( )\atz )\BTZ s}

t=0 =0 (4:9)s

(A8, Aa; @)oo
(A3 @)oo

_ (60/M M3, A @) ( 5/C.a/ 7B,/ Ao

=FE(§/C,¢;0) { } (by using (1.2)and(1.3))

6@ . (by using (1.12
(Ca/ A XY @)oo 50/ a0/ X7 14,6 ﬂ/v) (by using (1.12))

4. Two MEHLER's FOorMULA FOR THE PorLyNomiaLs S, (6, ¢, A|q)

Two Mebhler’s formulas are given in this section utilizing the operators L(bA0s¢) and E(§/(, ¢;60),

respectively.

Theorem 4.1. For [(s| < 1, we have

P;(¢,6) (653 9)
HOXs >{ (55:0)3 (C510)o }
(A8,05¢"3 4)oo ) (€53 0)k(6/C @)k o
N Z { } Osaoe ¢ AR, (4.1)
Proof. Rewrite the L.H.S. of equation (3.1) as
;pzosﬁp (8¢ X0 (q, 0); (4:9),
= JZ;;L Msc )L Pjy0(C, 5)}((]7 5@ (by using (1.17))

N
>
A
——
Nt
:U
8
13
S |5
<
———

p

Jj=0 I o=

s ?"4 ds
L(As) {Z; ’ ((Cz q‘;) } (by using (1.4))

- gjL(w { 05;q); } (QT;)

Letting j — j — p in the R.H.S. of equation (3.1), we get

(65,253 0) 00 o= §5 Q) (6/Ca)j—p J=p \P i
(5@ Z Z 55 28:0)p (056°54)j-p(4:4)j-p ‘ '

p=0 j=p
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> j pq CS q) (6/C Q)] 14 CJ p)\p
5 @)oo <= —~ p(As30)p  (4:40)5-
The proof is finished after equating the coefficients of 7. O

The operator L(A05¢) will be used to provide the first Mehler’s formula for S,,(9, {, A|q).

Theorem 4.2 (First Mehler’s formula for S,,(6, ¢, A|q)). We have
(—1)7 g~ @) er

pZOSp(é,C,A\Q)Sp(OC’”’B;Q) (a:9),

4.2
(CBe, Ave; @)oo q/¢Be, q/ve 2

provided that 6/ = q¢~" , a/v = ¢~ " where max{|(Beq™"|, | \veq™"|} < 1 of nonnegative integer r.

(ABe, 8B, Aae; q)so ( 5/¢, /v, q/\Be )
= ®2 iq,q |,

Proof.

P

(1) g~ () er

Zsp(é,C,MQ)Sp@“vﬁ?q) (:9),

[£]<—1>kq<z>ppk(vja)ﬁk .

@), } (by using (1.9))

(¢ Dr(a; Q) p—r

S SR 6><1>pq<3><1>’fq<’5>Ppk<v,a>ﬂk6”}

3 1yt 1y By, g
p,kzzopp+k(<76)( D R a8 (q;Q)k(q;Q)p}

(@ Dr(a;9)p

(g; q) - (q, Q)

= L(\0s¢) { Z Pp(v,a)Pp(g,(s)pk(g,qpa)(1)pq(§)5kep+kqpk}

= L(M) i(_%_(Q)PP(“?O‘>Pp<@5>e” (65¢: )

(4:9), (CBeq="; q) oo } (by using (1.4))

& (1) O P, (v,a) e P, (¢, 8)(6Beq"; ¢)oo
_Z L(wég){(&@’eqp;q) (Cﬁeqp;q)oo}

¥ (=1)°q B Py(v,0) e (ABeq, 5e: 9)o Z { ] ) (CBeq™ @)(6/C )i

p—k yk
(:9)p (CBeq™";q) oo (ABeq=*; q) A

k=0
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(by using (4.1))

o (~1)7g” B Py, )6” (\Beq"t*, 65e; ) k(%)
) ) 4)oo 2)(5/¢: B p—k )\k

;)Zk GG (CBeg g D O Ok

X (—1)Pq B P, 4 (v,0) e (ABeq . 66e; 0)so "
_ 5/t P\

pzko (43 9)o(4 O (CBeq™"; q)oo 076D,

~ (A\Be,5B€; @)oo ) (\3eq— ,0/C59)p Po(v, ) (e€)P o (eAg™P)F
(B e = ( 10)o(CBeq™"3q), kZ:OPk(U,qu) (4 )
_ (ABe, 08, ade; @)oo o (—1)7a~E) (ABeg,6/¢.9), Po(v, ) (e€)? |
- ((Bevre e o (43 0)p(CBeq;q)p(Aveq=rsq), - (byusing (14))

By using (1.1), we get the required identity. g

Using the operator E(d/(, ¢;0), the second Mehler’s formula for S, (, (, A|¢) can be determined.

Theorem 4.3 (Second Mehler’s formula for S, (9, ¢, \; q)). We have

t

3 : U, vV, W; —(_1) qi(Q) o’
tz:;st((;vCa)HQ)St( ] ,Q) (q;Q)t

~(0g/ X, Aua, Awa; q) oo 6/C,q/Aua, g/ wa
(Cq/ A, Ava; q) s dq/ X, q/ va

4, Cuwa/v) : (4.3)
where max{|(q/\|, | \val, |Cuwa/v|} < 1.

Proof.

t

3 ) u, v, w, —(_1> q_(Q) a
;St(&C?)HQ) St( AS] aQ) (q;q>t

B(6/¢, G 0){(=1)" q2) A} S, (u, v, w; g)—

= B(5/¢,¢:0) {ZStuqu ((26;);}

= 5(0/6,) { P by wsing (116))

ir

o
—~
=
)
~—
-

_ (6g/ X\, Aua, AMwa; q)oo 6/¢,q/Aua, g/ wa
(Ca/h agdes 7\ 5g/n g/ Mva

34, Cuwa/v) (by using (1.12)).

0

By using the following transformation [11], we can demonstrate that the two Mehler’s formulas

(4.2) and (4.3) are equivalent.
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s ¢/8,q/aXt, q/avt .6t fu | = (XCt, g/ a) oo ¢/0,v/u,q/art

.q, 44
Cq/a,q/aut (A, Cg/a)ec q/0At, q/aut ! .

5. CoNcLUSIONS

For a single polynomial, several ¢-shift operators can be used. The generating function, Rogers
formula, and Mehler’s formula are just a few examples of significant polynomials identities that may
be efficiently derived using the g-shift operators. The generating function, two Rogers formulas, the
extension of one of Rogers formulas, the linearization formula, and two Mehler’s formulas for the
polynomials Sy, (4, ¢, A|¢) have all been systematically supplied using the g-shift operators. We anticipate

that this study will stimulate more investigation into g-polynomials and their practical uses.
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