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DIFFERENT OPERATORS FOR THE POLYNOMIALS Sn(δ, ζ, λ|q)
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Abstract. In 2010, Saad and Sukhi defined the polynomials Sn(δ, ζ, λ|q). They simply derived its gen-
erating function by utilizing the operator L(bθxy). In this study, we provide Rogers’ formula using the
q-exponential operator T (bDq), Mehler’s formulas using the operator L(bθxy), and a linearization formula
for the polynomials Sn(δ, ζ, λ|q). In addition, we employ the Cauchy companion operator E(a, b; θ) to
recover the generating function and provide the Rogers formula, Mehler’s formula, and an extended Rogers
formula for the polynomials Sn(δ, ζ, λ|q).
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Key words and phrases. q-operator; the generating function; Rogers formula; Mehler’s formula; lineariza-
tion formula.

1. Introduction

We assume that 0 < |q| < 1. The q-shifted factorial is given for every a ∈ C as [10,13]:

(β; q)0 = 1, (β; q)r =

r−1∏
k=0

(1− βqk), (β; q)∞ =

∞∏
k=0

(1− βqk).

(β; q)r = (β; q)∞/(βq
r; q)∞.

(β; q)r+k = (β; q)k (βq
k; q)r.

and [1]
(βq−r; q)n = (−1)rβrq(

r
2)−r

2
(q/β; q)r. (1.1)

The multiple q-shifted factorials is [13]

(β1, β2, · · · , βm; q)r = (β1; q)r(β2; q)r · · · (βm; q)r.

(β1, β2, · · · , βm; q)∞ = (β1; q)∞(β2; q)∞ · · · (βm; q)∞ .
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The q-binomial coefficient is [2]: [
r

t

]
=

(q; q)r
(q; q)t(q; q)r−t

.

The q-hypergeometric series is [13]:

iφj

 β1, . . . , βi

α1, . . . , αj
; q, x

 =

∞∑
r=0

(β1, . . . , βi; q)r
(q, α1, . . . , αj ; q)r

[
(−1)rq(

r
2)
]1+j−i

xr.

The Cauchy identity is [13, 16]:
∞∑
t=0

(β; q)k
(q; q)t

µt =
(βµ; q)∞
(µ; q)∞

, |µ| < 1.

The Euler’s identities are [13]:
∞∑
r=0

µr

(q; q)r
=

1

(µ; q)∞
, |µ| < 1. (1.2)

∞∑
r=0

(−1)rq(
r
2)µr

(q; q)r
= (µ; q)∞. (1.3)

Cauchy polynomials are given by [17,18, 20]:

Pn(w, t) = (w − t)(w − qt) · · · (w − qn−1t) = (t/w; q)nw
n,

which has the generating function [4,5, 7]:
∞∑
n=0

Pn(w, t)
νn

(q; q)n
=

(tν; q)∞
(wν; q)∞

, |wν| < 1, (1.4)

The q-differential operator, or q-derivative, is defined by [8,15]:

Dq {f(a)} =
f(a)− f(aq)

a
.

The q-exponential operator was defined as follows [8,22] as

T (λDq) =
∞∑
n=0

(λDq)
n

(q; q)n
. (1.5)

Chen et al. [11] presented the following identity:

T (λDq)

{
(zα, xα; q)∞
(yα; q)∞

}

=
(xα, zα; q)∞
(yα; q)∞

∞∑
r=0

(−1)rq(
r
2)(yα; q)r(zλ)

r

(q; q)r(xα, zα; q)r
2φ1

 x/y, 0

xαqr
; q, yλ

 . (1.6)

wheremax{|yα|, |yλ|} < 1.
A special type of Rogers-Szegö polynomials is [12]:

ri(g, f) =
i∑

k=0

[
i

k

]
gk f i−k,
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such that
T (fDq){gn} = rn(g, f). (1.7)

The operator θ is defined by [9,14, 19]:

θ {f(a)} = f(aq−1)− f(a)
aq−1

.

Chen [6] defined the following Cauchy companion operator:

E(d, e; θ) =

∞∑
n=0

(d; q)n
(q; q)n

(eθ)n. (1.8)

Some operator identities was given [6]:

Proposition 1.1. [6]. We have

E(d, e; θ){wn} =
n∑
t=0

[
n

t

]
(d; q)t(−eq)twn−tq(

t
2)q−nt. (1.9)

E(d, e; θ){(wt; q)∞} =
(det, wt; q)∞

(et; q)∞
, |e t| < 1. (1.10)

E(d, e; θ)

{
(wt; q)∞
(wv; q)∞

}
=

(wt; q)∞
(wv; q)∞

2φ1

 d, t/v

q/wv
; q, eq/w

 , max{|wv|, |eq/w|} < 1. (1.11)

E(d, e; θ)

{
(ws,wt; q)∞
(wv; q)∞

}
=

(deq/w,ws,wt; q)∞
(eq/w,wv; q)∞

3φ2

 d, q/ws, q/wt

deq/w, q/wv
; q, est/v

 , (1.12)

where maxmax{|wv|, |eq/w|, |est/v|} < 1.

The homogeneous q-difference operator is [21]:

θxy {f(x, y)} =
f(q−1x, y)− f(x, qy)

q−1x− y
.

The homogeneous q-shift operator is [21]:

L(bθxy) =

∞∑
r=0

q(
r
2)(bθxy)

r

(q; q)r
.

Proposition 1.2. [21]. We have

L(bθαβ) {Pt(β, α)} =
t∑

k=0

[
t

k

]
(−1)kq(

k
2)bkPt−k(β, α). (1.13)

L(bθαβ)

{
(αt; q)∞
(βt; q)∞

}
=

(αt, bt; q)∞
(βt; q)∞

, |βt| < 1. (1.14)

Saad and Sukhi [21] defined the polynomials

Sn(δ, ζ, λ|q) =
j∑

k=0

[
j

k

]
(−1)kq(

k
2) λk Pj−k(ζ, δ), (1.15)



Asia Pac. J. Math. 2024 11:53 4 of 12

with the generating function
∞∑
r=0

Sr(δ, ζ, λ|q)
tr

(q; q)r
=

(δt, λt; q)∞
(ζt; q)∞

, |ζt| < 1. (1.16)

They represented Sn(δ, ζ, λ|q) by the homogeneous q-shift operator as:

L(λθδζ) {Pn(ζ, δ)} = Sn(δ, ζ, λ|q). (1.17)

Abdlhusein [3] provided the transformation

1φ1

 wt

dt
; q, ds

 =
(wt, ds; q)∞
(dt; q)∞

2φ1

 d/w, 0

ds
; q, wt

 , (1.18)

wheremax{|dt|, |wt|} < 1.
The following describes the paper’s structure: The generating function for Sn(δ, ζ, λ|q) is recovered

in section 2 by employing the operator E(δ/ζ, ζ; θ). In section 3, we present two Rogers formulations
utilizing the operators E(δ/ζ, ζ; θ) and T (tDq), respectively. Our formula for linearizing E(δ/ζ, ζ; θ) is
derived from the first Rogers formula. Additionally, by utilizing the operator E(δ/ζ, ζ; θ), we provide
an extension for the Rogers formula for the polynomials Sn(δ, ζ, λ|q). Using the operator E(δ/ζ, ζ; θ),
we present two Mehlers formulas in section 4 for Sn(δ, ζ, λ|q).

2. The Generating Function for the Polynomials Sn(δ, ζ, λ; q)

The generating function for the polynomials Sn(δ, ζ, λ; q) is recovered in this section.
The generating function for the polynomials Sn(δ, ζ, λ; q) is recovered in this section by employing

the Cauchy companion operator.
Suppose that E(δ/ζ, ζ; θ) acts on λ. We give the following representation:

Theorem 2.1. We have

E(δ/ζ, ζ; θ){(−1)nq(
n
2)λn} = Sn(δ, ζ, λ; q). (2.1)

Proof.

E(δ/ζ, ζ; θ){(−1)nq(
n
2)λn}

=
n∑
k=0

[
n

k

]
(−1)nq(

n
2)(δ/ζ; q)k(−ζq)kλn−kq(

k
2)−nk (by using (1.9))

=
n∑
k=0

[
n

k

]
(−1)n+kPk(ζ, δ)λn−kq(

n
2)+(

k
2)+k−nk

=
n∑
k=0

[
n

k

]
(−1)kPn−k(ζ, δ)λkq(

n
2)+(

n−k
2 )+(n−k)−n(n−k)
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=

n∑
k=0

[
n

k

]
(−1)kq(

k
2)λkPn−k(ζ, δ)

= Sn(δ, ζ, λ; q) (by using (1.15)).

�

The generating function for Sn(δ, ζ, λ; q) is recovered depending on the operator representation (2.1)
with identity (1.10).

Theorem 2.2 (The generating function for Sn(δ, ζ, λ; q)). We have

∞∑
n=0

Sn(δ, ζ, λ; q)
νn

(q; q)n
=

(δν, λν; q)∞
(ζν; q)∞

, |ζν| < 1.

Proof.

∞∑
r=0

Sr(δ, ζ, λ; q)
νr

(q; q)r

=
∞∑
r=0

E(δ/ζ, ζ; θ){(−1)r q(
r
2) λr} νr

(q; q)r
(by using (2.1))

= E(δ/ζ, ζ; θ)

{ ∞∑
r=0

(−1)r q(
r
2) (λν)r

(q; q)r

}
= E(δ/ζ, ζ; θ) {(λν; q)∞} (by using (1.10))

=
(δν, λν; q)∞
(ζν; q)∞

.

�

3. Two Rogers Formulas for the Polynomials Sn(δ, ζ, λ|q)

In this section, two Rogers formulas are provided using the operators E(δ/ζ, ζ; θ) and T (tDq),
respectively.

The first Rogers formula for Sn(δ, ζ, λ|q) will be given by employing the operator T (λDq).

Theorem 3.1 (First Rogers formula for Sn(δ, ζ, λ|q)). We have

∞∑
r=0

∞∑
`=0

Sr+`(δ, ζ, λ|q)
tr

(q; q)r

v`

(q; q)`

=
(δv, λv; q)∞
(ζv; q)∞

∞∑
ρ=0

(−1)ρq(
ρ
2)(ζv; q)ρ(λt)

ρ

(q; q)ρ(δv, λv; q)ρ
2φ1

 δ/ζ, 0

δvqρ
; q, ζt

 , (3.1)

wheremax{|ζv|, |ζt|} < 1.
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Proof. Let `→ `− r in the L.H.S. of equation (3.1), we have
∞∑
r=0

∞∑
`=r

S`(δ, ζ, λ|q)
tr

(q; q)r

v`−r

(q; q)`−r

=
∞∑
`=0

∑̀
r=0

S`(δ, ζ, λ|q)
tr

(q; q)r

v`−r

(q; q)`−r

=

∞∑
`=0

S`(δ, ζ, λ|q)
1

(q; q)`

∑̀
r=0

[
`

r

]
v`−rtr

=
∞∑
`=0

S`(δ, ζ, λ|q)
1

(q; q)`
r`(v, t)

=
∞∑
`=0

S`(δ, ζ, λ|q))
1

(q; q)`
T (tDq){v`} (by using (1.7))

= T (tDq)

{ ∞∑
`=0

S`(δ, ζ, λ|q)
v`

(q; q)`

}

= T (tDq)

{
(δv, λv; q)∞
(ζv; q)∞

}
(by using (1.16))

=
(δv, λv; q)∞
(ζv; q)∞

∞∑
ρ=0

(−1)ρq(
ρ
2)(ζv; q)ρ(λt)

ρ

(q; q)ρ(δv, λv; q)ρ
2φ1

 δ/ζ, 0

δvqρ
; q, ζt

 (by using (1.6)).

�

The linearization formula for Sn(δ, ζ, λ|q) can be derived from the first Rogers formula.

Theorem 3.2 (Linearization formula for Sn(δ, ζ, λ|q)). We have

S`+r(δ, ζ, λ|q) =
∑̀
ρ=0

[
`

ρ

]
(−1)ρq(

ρ
2)+ρr λρ P`−ρ(ζ, δ)Sr(δq

`−ρ, ζ, λ|q). (3.2)

Proof. Write equation (3.1) as
∞∑
r=0

∞∑
`=0

S`+r(δ, ζ, λ|q)
t`

(q; q)`

vr

(q; q)r

=
(δv, λv; q)∞
(ζ`; q)∞

∞∑
ρ=0

(−1)ρq(
ρ
2)(ζv; q)ρ(λt)

ρ

(q; q)ρ(δv, λv; q)ρ

∞∑
`=0

(δ/ζ; q)`
(δvqρ; q)`(q; q)`

(ζt)`

=
∞∑
ρ=0

(−1)ρq(
ρ
2)(λt)ρ

(q; q)ρ

∞∑
`=0

(δ/ζ; q)` (ζt)
`

(q; q)`

∞∑
r=0

Sr(δq
`, ζ, λ|q)(vq

ρ)r

(q; q)r
(by using (1.16)).

Letting `→ `− ρ, we get
∞∑
r=0

∞∑
`=0

S`+r(δ, ζ, λ|q)
t`

(q; q)`

vr

(q; q)r
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=
∞∑
ρ=0

(−1)ρq(
ρ
2)λρ

(q; q)ρ

∞∑
`=ρ

(δ/ζ; q)`−ρ ζ
`−ρ

(q; q)`−ρ

∞∑
r=0

Sr(δq
`−ρ, ζ, λ; q)

qρr

(q; q)r
t` vr

=
∞∑
`=0

∑̀
ρ=0

(−1)ρq(
ρ
2)λρ

(q; q)ρ

P`−ρ(ζ, δ)

(q; q)`−ρ

∞∑
r=0

Sr(δq
`−ρ, ζ, λ; q)

qρr

(q; q)r
t` vr.

Equating the coefficients of t` vr, we get the desired identity. �

By combining the identity (1.11) with the representation (2.1), it is possible to get the second
Rogers-type formula for the polynomials Sn(δ, ζ, λ|q).

Theorem 3.3 (Second Rogers formula for Sn(δ, ζ, λ|q)). We have

∞∑
t=0

∞∑
r=0

St+r(δ, ζ, λ|q)(−1)tq−(
t
2)−tr

µt

(q; q)t

νr

(q; q)r
=

(λν; q)∞
(λµ; q)∞

2φ1

 δ/ζ, ν/µ

q/λµ
; q, ζq/λ

 , (3.3)

wheremax{|λµ|, |ζq/λ|} < 1.

Proof.
∞∑
t=0

∞∑
r=0

St+r(δ, ζ, λ|q)(−1)tq−(
t
2)−tr

µt

(q; q)t

νr

(q; q)r

= E(δ/ζ, ζ; θ)

{ ∞∑
t=0

(λµ)t

(q; q)t

∞∑
r=0

(−1)r q(
r
2) (λν)r

(q; q)r

}
(by using (2.1))

= E(δ/ζ, ζ; θ)

{
(λν; q)∞
(λµ; q)∞

}

=
(λν; q)∞
(λµ; q)∞

2φ1

 δ/ζ, ν/µ

q/λµ
; q, ζq/λ

 . (by using (1.11))

�

Using the representation (1.12) and equation (2.1), the extended Rogers formula of the polynomials
Sn(δ, ζ, λ|q) was discovered.

Theorem 3.4 (Extended Rogers formula for Sn(δ, ζ, λ|q)). We have
∞∑
t=0

∞∑
r=0

∞∑
s=0

St+r+s(δ, ζ, λ|q)(−1)sq−(
s
2)−s(t+r)−tr

αt

(q; q)t

βr

(q; q)r

γs

(q; q)s

=
(δq/λ, λβ, λα; q)∞
(ζq/λ, λγ; q)∞

3φ2

 δ/ζ, q/λβ, q/λα

δq/λ, q/λγ
; q, ζαβ/γ

 , (3.4)

where maxmax{|ζq/λ|, |λγ|, |ζαβ/γ|} < 1.

Proof.
∞∑
t=0

∞∑
r=0

∞∑
s=0

St+r+s(δ, ζ, λ; q)(−1)sq−(
s
2)−s(t+r)−tr

αt

(q; q)t

βr

(q; q)r

γs

(q; q)s
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=

∞∑
t=0

∞∑
r=0

∞∑
s=0

E(δ/ζ, ζ; θ){(−b)t+r+sq(
t+r+s

2 )}(−1)sq−(
s
2)−s(t+r)−tr

αt

(q; q)t

βr

(q; q)r

γs

(q; q)s

(by using (2.1))

= E(δ/ζ, ζ; θ)

{ ∞∑
t=0

(−1)t q(
t
2) (λα)t

(q; q)t

∞∑
r=0

(−1)r q(
r
2) (λβ)r

(q; q)r

∞∑
s=0

(λγ)s

(q; q)s

}

= E(δ/ζ, ζ; θ)

{
(λβ, λα; q)∞
(λγ; q)∞

}
(by using (1.2)and(1.3))

=
(δq/λ, λβ, λα; q)∞
(ζq/λ, λγ; q)∞

3φ2

 δ/ζ, q/λβ, q/λα

δq/λ, q/λγ
; q, ζαβ/γ

 . (by using (1.12))

�

4. Two Mehler’s Formula for the Polynomials Sn(δ, ζ, λ|q)

Two Mehler’s formulas are given in this section utilizing the operators L(bλθδζ) and E(δ/ζ, ζ; θ),
respectively.

Theorem 4.1. For |ζs| < 1, we have

L(bλθδζ)

{
Pj(ζ, δ)

(δs; q)j

(δs; q)∞
(ζs; q)∞

}
=

(λs, δsqr; q)∞
(ζs; q)∞

r∑
k=0

[
r

k

]
(−1)kq(

k
2)
(ζs; q)k(δ/ζ; q)r−k

(λs; q)k
ζr−kλk. (4.1)

Proof. Rewrite the L.H.S. of equation (3.1) as
∞∑
j=0

∞∑
ρ=0

Sj+ρ(δ, ζ, λ|q)
rj

(q; q)j

sρ

(q; q)ρ

=
∞∑
j=0

∞∑
ρ=0

L(λθδζ){Pj+ρ(ζ, δ)}
rj

(q; q)j

sρ

(q; q)ρ
(by using (1.17))

= L(zθδζ)


∞∑
j=0

Pj(ζ, δ)
rj

(q; q)j

∞∑
ρ=0

Pρ(ζ, δq
j)

sρ

(q; q)ρ


= L(λθδζ)


∞∑
j=0

Pj(ζ, δ)
rj

(q; q)j

(δsqj ; q)∞
(ζs; q)∞

 (by using (1.4))

=
∞∑
j=0

L(λθδζ)

{
Pj(ζ, δ)

(δs; q)j

(δs; q)∞
(ζs; q)∞

}
rj

(q; q)j
.

Letting j → j − ρ in the R.H.S. of equation (3.1), we get

(δs, λs; q)∞
(ζs; q)∞

∞∑
ρ=0

∞∑
j=ρ

(−1)ρq(
ρ
2)(ζs; q)ρ

(q; q)ρ(δs, zs; q)ρ

(δ/ζ; q)j−ρ
(δsqρ; q)j−ρ(q; q)j−ρ

ζj−ρ λρ rj
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=
(λs; q)∞
(ζs; q)∞

∞∑
j=0

(δsqj ; q)∞

j∑
ρ=0

(−1)ρq(
ρ
2)(ζs; q)ρ

(q; q)ρ(λs; q)ρ

(δ/ζ; q)j−ρ
(q; q)j−ρ

ζj−ρ λρ rj .

The proof is finished after equating the coefficients of rj . �

The operator L(λθδζ)will be used to provide the first Mehler’s formula for Sn(δ, ζ, λ|q).

Theorem 4.2 (First Mehler’s formula for Sn(δ, ζ, λ|q)). We have
∞∑
ρ=0

Sρ(δ, ζ, λ|q)Sρ(α, v, β; q)
(−1)ρ q−(

ρ
2) eρ

(q; q)ρ

=
(λβe, δβe, λαe; q)∞

(ζβe, λve; q)∞
3φ2

 δ/ζ, α/v, q/λβe

q/ζβe, q/λve
; q, q

 , (4.2)

provided that δ/ζ = q−r , α/v = q−r where max{|ζβeq−n|, |λveq−n|} < 1 of nonnegative integer r.

Proof.
∞∑
ρ=0

Sρ(δ, ζ, λ|q)Sρ(α, v, β; q)
(−1)ρ q−(

ρ
2) eρ

(q; q)ρ

=

∞∑
ρ=0

L(λθδζ) {Pρ(ζ, δ)} Sρ(α, v, β; q)
(−1)ρq−(

ρ
2) eρ

(q; q)ρ
(by using (1.17))

= L(λθδζ)


∞∑
ρ=0

Pρ(ζ, γ)(−1)ρq−(
ρ
2)

ρ∑
k=0

[
ρ

k

]
(−1)kq(

k
2)Pρ−k(v, α)β

k eρ

(q; q)ρ

 (by using (1.9))

= L(λθδζ)


∞∑
k=0

∞∑
ρ=k

Pρ(ζ, δ)(−1)ρq−(
ρ
2)(−1)kq(

k
2)Pρ−k(v, α)β

k eρ

(q; q)k(q; q)ρ−k


= L(λθδζ)


∞∑

ρ,k=0

Pρ+k(ζ, δ)(−1)ρ+kq−(
ρ+k
2 )(−1)kq(

k
2)Pρ(v, α)β

k eρ+k

(q; q)k(q; q)ρ


= L(λθδζ)


∞∑

ρ,k=0

Pρ(v, α)Pρ(ζ, δ)Pk(ζ, q
ρδ)(−1)ρq−(

ρ
2)
βk eρ+kq−ρk

(q; q)k(q; q)ρ


= L(λθδζ)


∞∑
ρ=0

(−1)ρq−(
ρ
2)Pρ(v, α)Pρ(ζ, δ)e

ρ

(q; q)ρ

∞∑
k=0

Pk(ζ, q
ρδ)

(βeq−ρ)k

(q; q)k


= L(λθδζ)


∞∑
ρ=0

(−1)ρq−(
ρ
2)Pρ(v, α)Pρ(ζ, δ)e

ρ

(q; q)ρ

(δβe; q)∞
(ζβeq−ρ; q)∞

 (by using (1.4))

=

∞∑
ρ=0

(−1)ρq−(
ρ
2)Pρ(v, α) e

ρ

(q; q)ρ
L(λθδζ)

{
Pρ(ζ, δ)(δβeq

−ρ; q)∞
(δβeq−ρ; q)ρ (ζβeq−ρ; q)∞

}

=
∞∑
ρ=0

(−1)ρq−(
ρ
2)Pρ(v, α) e

ρ

(q; q)ρ

(λβeq−ρ, δβe; q)∞
(ζβeq−ρ; q)∞

ρ∑
k=0

[
ρ

k

]
(−1)kq(

k
2)
(ζβeq−ρ; q)k(δ/ζ; q)ρ−k

(λβeq−ρ; q)k
ζρ−k λk
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(by using (4.1))

=

∞∑
k=0

∞∑
ρ=k

(−1)ρq−(
ρ
2)Pρ(v, α) e

ρ

(q; q)ρ(q; q)ρ−k

(λβeq−ρ+k, δβe; q)∞
(ζβeq−ρ+k; q)∞

(−1)kq(
k
2)(δ/ζ; q)ρ−k ζ

ρ−k λk

=
∞∑
ρ=0

∞∑
k=0

(−1)ρq−(
ρ
2)−ρkPρ+k(v, α) e

ρ+k

(q; q)ρ(q; q)k

(λβeq−ρ, δβe; q)∞
(ζβeq−ρ; q)∞

(δ/ζ; q)ρ ζ
ρ λk

=
(λβe, δβe; q)∞

(ζβe; q)∞

∞∑
ρ=0

(−1)ρq−(
ρ
2) (λβeq−ρ, δ/ζ; q)ρ Pρ(v, α) (eζ)

ρ

(q; q)ρ(ζβeq−ρ; q)ρ

∞∑
k=0

Pk(v, αq
ρ)
(eλq−ρ)k

(q; q)k

=
(λβe, δβe, αλe; q)∞

(ζβe, vλe; q)∞

∞∑
ρ=0

(−1)ρq−(
ρ
2) (λβeq−ρ, δ/ζ; q)ρ Pρ(v, α) (eζ)

ρ

(q; q)ρ(ζβeq−ρ; q)ρ(λveq−ρ; q)ρ
. (by using (1.4))

By using (1.1), we get the required identity. �

Using the operator E(δ/ζ, ζ; θ), the second Mehler’s formula for Sn(δ, ζ, λ|q) can be determined.

Theorem 4.3 (Second Mehler’s formula for Sn(δ, ζ, λ; q)). We have

∞∑
t=0

St(δ, ζ, λ; q)St(u, v, w; q)
(−1)t q−(

t
2) at

(q; q)t

=
(δq/λ, λua, λwa; q)∞

(ζq/λ, λva; q)∞
3φ2

 δ/ζ, q/λua, q/λwa

δq/λ, q/λva
; q, ζuwa/v

 , (4.3)

wheremax{|ζq/λ|, |λva|, |ζuwa/v|} < 1.

Proof.

∞∑
t=0

St(δ, ζ, λ; q)St(u, v, w; q)
(−1)t q−(

t
2) at

(q; q)t

=
∞∑
t=0

E(δ/ζ, ζ; θ){(−1)t q(
t
2) λt}St(u, v, w; q)

(−1)t q−(
t
2) at

(q; q)t

= E(δ/ζ, ζ; θ)

{ ∞∑
t=0

St(u, v, w; q)
(λa)t

(q; q)t

}

= E(δ/ζ, ζ; θ)

{
(λua, λwa; q)∞

(λva; q)∞

}
(by using (1.16))

=
(δq/λ, λua, λwa; q)∞

(ζq/λ, λva; q)∞
3φ2

 δ/ζ, q/λua, q/λwa

δq/λ, q/λva
; q, ζuwa/v

 (by using (1.12)).

�

By using the following transformation [11], we can demonstrate that the two Mehler’s formulas
(4.2) and (4.3) are equivalent.
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3φ2

 ζ/δ, q/aλt, q/avt

ζq/a, q/aut
; q, δλvt/u

 =
(λζt, δq/a)∞
(λδt, ζq/a)∞

3φ2

 ζ/δ, v/u, q/aλt

q/δλt, q/aut
; q, q

 . (4.4)

5. Conclusions

For a single polynomial, several q-shift operators can be used. The generating function, Rogers
formula, and Mehler’s formula are just a few examples of significant polynomials identities that may
be efficiently derived using the q-shift operators. The generating function, two Rogers formulas, the
extension of one of Rogers formulas, the linearization formula, and two Mehler’s formulas for the
polynomials Sn(δ, ζ, λ|q) have all been systematically supplied using the q-shift operators. We anticipate
that this study will stimulate more investigation into q-polynomials and their practical uses.

Authors’ Contributions

All authors have read and approved the final version of the manuscript. The authors contributed
equally to this work.

Conflicts of Interest

The authors declare that there are no conflicts of interest regarding the publication of this paper.

References

[1] M.A. Abdlhusein, Two operator representations for the trivariate q-polynomials and Hahn polynomials, Ramanujan J.
40 (2015), 491–509. https://doi.org/10.1007/s11139-015-9731-7.

[2] M.A. Abdlhusein, The generalized Hahn polynomials, TWMS J. Appl. Eng. Math. 5 (2015), 231–248.
[3] M.A. Abdlhusein, The Euler operator for basic hypergeometric series, Int. J. Adv. Appl. Math. Mech. 2 (2014), 42–52.
[4] S.A. Abdul-Ghani, H.L. Saad, Applications of q-difference equation and homogeneous q-shift operator rΦs(Dxy) in

q-polynomials, Part. Diff. Equ. Appl. Math. 8 (2023), 100536. https://doi.org/10.1016/j.padiff.2023.100536.
[5] S.A. Abdul-Ghani, H.L. Saad, The generalized homogeneous q-shift operator rΦs(Dxy) for q-identities and q-integrals,

Iraqi J. Sci. 64 (2023), 5815-5829. https://doi.org/10.24996/ijs.2023.64.11.29.
[6] V.Y.B. Chen, q-difference operator and basic hypergeometric series, Ph.D. Thesis, Nankai University, Tianjin, China, 2009.
[7] W.Y.C. Chen, A.M. Fu, B. Zhang, The homogeneous q-difference operator, Adv. Appl. Math. 31 (2003), 659–668. https:

//doi.org/10.1016/s0196-8858(03)00040-x.
[8] W.Y.C. Chen, Z.G. Liu, Parameter augmentation for basic hypergeometric series, II, J. Comb. Theory, Ser. A. 80 (1997),

175–195. https://doi.org/10.1006/jcta.1997.2801.
[9] W.Y.C. Chen, Z.G. Liu, Parameter augmentation for basic hypergeometric series, I, in: B.E. Sagan, R.P. Stanley (Eds.),

Mathematical Essays in Honor of Gian-Carlo Rota, Birkhäuser Boston, Boston, MA, 1998: pp. 111–129. https://doi.
org/10.1007/978-1-4612-4108-9_5.

[10] W.Y.C. Chen, H.L. Saad, On the Gosper-Petkovšek representation of rational functions, J. Symbol. Comp. 40 (2005),
955–963. https://doi.org/10.1016/j.jsc.2005.01.007.

https://doi.org/10.1007/s11139-015-9731-7
https://doi.org/10.1016/j.padiff.2023.100536
https://doi.org/10.24996/ijs.2023.64.11.29
https://doi.org/10.1016/s0196-8858(03)00040-x
https://doi.org/10.1016/s0196-8858(03)00040-x
https://doi.org/10.1006/jcta.1997.2801
https://doi.org/10.1007/978-1-4612-4108-9_5
https://doi.org/10.1007/978-1-4612-4108-9_5
https://doi.org/10.1016/j.jsc.2005.01.007


Asia Pac. J. Math. 2024 11:53 12 of 12

[11] W.Y.C. Chen, H.L. Saad, L.H. Sun, An operator approach to the Al-Salam-Carlitz polynomials, J. Math. Phys. 51 (2010),
043502. https://doi.org/10.1063/1.3321603.

[12] J. Cigler, Elementare q-identitäten, Publ. L’inst. Rech. Math. Avancée. 53 (1982), 23–57.
[13] G. Gasper, M. Rahman, Basic hypergeometric series, 2nd ed., Cambridge University Press, Cambridge, MA, 2004.

[14] R.H. Jaber, H.L. Saad, Applications of the finite operator 3E2

 q−N , a, b

c, d
; q,−fθ

 for the polynomials

Bn(a, b, c, d, f, x, y|q), Iraqi J. Sci. 64 (2023), 783–797. https://doi.org/10.24996/ijs.2023.64.2.24.
[15] F.A. Reshem, H.L. Saad, Generalized q-difference equation of the generalized q-operator rΦs(θ) and its application in

q-integrals, Part. Diff. Equ. Appl. Math. 7 (2023), 100517. https://doi.org/10.1016/j.padiff.2023.100517.
[16] H.L. Saad, M.A. Abdlhusein, New application of the Cauchy operator on the homogeneous Rogers-Szegö polynomials,

Ramanujan J. 56 (2021), 347–367. https://doi.org/10.1007/s11139-021-00432-9.
[17] H.L. Saad, H.J. Hassan, Applications of the operator rΦs in q-polynomials, TWMS J. Appl. Eng. Math. 13 (2023), 696–709.

[18] H.L. Saad, R.H. Jaber, Application of the operatorφ
 a, b, c

d, e
; q, fDq

 for the polynomialsYn(a, b, c; d, e;x, y|q), TWMS

J. Appl. Eng. Math. 12 (2022), 691–702.
[19] H.L. Saad, S.M. Khalaf, The generalized q-operator rΦs and its applications in q-identities, TWMS J. Appl. Eng. Math.

13 (2023), 1137–1149.
[20] H.L. Saad, F.A. Reshem, The operator S(a, b; θx) for the polynomials Zn(x, y, a, b|q), Iraqi J. Sci. 63 (2022), 4397–4409.

https://doi.org/10.24996/ijs.2022.63.10.26.
[21] H.L. Saad, A.A. Sukhi, Another homogeneous q-difference operator, Appl. Math. Comp. 215 (2010), 4332–4339. https:

//doi.org/10.1016/j.amc.2009.12.061.
[22] H.M. Srivastava, M.A. Abdlhusein, New forms of the Cauchy operator and some of their applications, Russ. J. Math.

Phys. 23 (2016), 124–134. https://doi.org/10.1134/s1061920816010118.

https://doi.org/10.1063/1.3321603
https://doi.org/10.24996/ijs.2023.64.2.24
https://doi.org/10.1016/j.padiff.2023.100517
https://doi.org/10.1007/s11139-021-00432-9
https://doi.org/10.24996/ijs.2022.63.10.26
https://doi.org/10.1016/j.amc.2009.12.061
https://doi.org/10.1016/j.amc.2009.12.061
https://doi.org/10.1134/s1061920816010118

	1. Introduction
	2. The Generating Function for the Polynomials Sn(,,;q)
	3. Two Rogers Formulas for the Polynomials Sn(, , |q)
	4. Two Mehler's Formula for the Polynomials Sn(, , |q)
	5. Conclusions
	Authors' Contributions
	Conflicts of Interest
	References

