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AsstracT. We present a new modified viscosity technique in this article for solving the solution of the
system of variational inequality problem, as well as the fixed point of single-valued p-strictly pseudocontrac-
tive mappings and finite families of multi-valued quasi-nonexpansive mappings within real Hilbert spaces.
Using our iterative method, we establish a strong convergence result for approximating the solution of the
aforementioned problems without any strict condition being imposed. We present some consequences
and applications to validate our main result. Our result complements and generalizes some related results
in literature.
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1. INTRODUCTION
Let C and @ be nonempty, closed and convex subsets of real Hilbert spaces H; and Hy, respectively.
The Split Feasibility Problem (SFP) introduced in 1994 by Censor and Elfving [&] is to find a point

x € C such that Az € @, (1)

where A is an m x n real matrix. The SFP is widely used in various domains, including signal processing,
radiation therapy treatment planning, medical image reconstruction and phase retrieval, (for example
see [1,3,5,8,12] and the references therein).

Based on SFP (1), Censor et al. [11] introduced the following Split Variational Inequality Problem
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(SVIP) which is to find z* € C such that
(f(x*),z—2") >0, VzeC, (2)
and such that

y" = Az" € @solves (g(y"),y —y") 20, Vy € Q; (3)

where f and g are given mappings. Several authors working in this approach have taken a look at the
split common fixed point problem (SCFPP), which is an extension of the SFP (1), (see [2,13,15-17,20]
and the references contained in). Let H; and H> be real Hilbert spaces and A : H; — Hj be a bounded
linear operator. Let S : H; — Hy and T : Hy — H» be two mappings with nonempty fixed point sets
F(S) and F(T'), respectively. The SCFPP is to find a point

x € F(S) such that Az € F(T). (4)

Observe that when we set S := P¢ and 7' := Py to be metric projections where P and Py, SCFPP (4)
reduces to SFP (1).

For solving (2)-(3), Censor et al. [7] introduced the following iterative algorithm:
Tn1 = Po(l = Af)(xn + 1B (Po(I — g)Bxy)),

for each n € N. They demonstrated that there is a high convergence of the sequence produced by their
technique to (2)-(3).
Recently, Tian and Jiang [21] introduced the following iterative method for approximating solution of
(2)-(3):

Yn = Po(xn — wmB*(I — T)Bxy,),

tn = Po(yn — Anf(yn)),

Tn+1 = PC(yn - )\nf(tn))a

for each n € N, where {y,} C [c, d] for some ¢,d € (0, 1), B is a bounded linear operator and 7 is a
nonexpansive mapping. They also established a weak convergence result.

In this article, we consider the following problem:
findp e C := ﬁl F(V;) such that (S;(p),q —p) > 0
Vi=1,2,---,m, g€ C, (5)
and y* = Bz* := F(T),

where B : Hy — Hj is a bounded linear operator, V; : H; — CB(H;) is a finite family of quasi-
nonexpansive mappings and S; : H; — H; is a finite family of o;-ism mappings.

Motivated by the results of [7], [2]] and other related results in the literature. We introduced the



Asia Pac. J. Math. 2024 11:57 3ofl16

split common fixed point problem of finite family of multi-valued quasi-nonexpansive and strictly
pseudocontractive mapping together with a system of variational inequality problem in the framework
of real Hilbert spaces. We establish a strong convergence result using a modified viscosity iterative
method without imposing any compactness condition. In addition, we state some corollary and
application to validate our main result. The result presented in this paper extends many related results

in the literature.

2. PRELIMINARIES

We present a few well-known and helpful results that are required for the main theorem’s proof. We
indicate strong and weak convergence in the sequel by "—" and "—", respectively.

Assume H to be a real Hilbert space, let C' be a closed nonempty and convex subset of H. LetT : C' — C
be a single-valued mapping, then a point € C'is called a fixed point of T"if Tz = x. However, if T'is a
multi-valued mapping, then a point 2 € C'is called a fixed point of T, if z € T'xz. We denote by F(T),
the set of all fixed points of T'.

A single-valued mapping 1" : H — H is called

(i) nonexpansive, if
Tz = Tyl| <|lz —yll, Yo,y € H; (6)
(ii) strongly nonexpansive, if 1" satisfies (i) and
lim [|(zn —yn) = (Tzn — ya)|| = 0,
n—o0
whenever {z,} and {y,} are bounded sequences in H and
lim (|[zn = ynll = [[T2n = Tyall) = 0;
n—oo
(iii) averaged nonexpansive, if it can be written as

T=01-a)l+as,

Here, 1 is the identity operator on H, o € (0,1),and S : H — H is a nonexpansive mapping,

(iv) firmly nonexpansive , if
T2z — Ty||* < (x —y,Tx — Ty), Y,y € H;
(v) k-strictly pseudocontractive, if for 0 < k < 1,
1Tz = Tyl* < [lo —yl|> + kl|(I = T)x — (I = T)y|[*, Vx,y € H;
(vi) monotone, if
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(vii) a-inverse strongly monotone (a-ism) if a constant o > 0 exists and
(Tx — Ty, z —y) > a||[Tx —Ty||>, Y,y € H.

For H being a real Hilbert space , one can easily see that (v) is equaivalent to

1—-A
(T2 = Ty,x —y) <[le =yl = =T = D)o = (I = T)y|I*

The intimate relationship between the class of pseudocontractive mappings and the well-known class
of monotone mappings makes them particularly noteworthy. The zeroes of the monotone mapping
A =1 — T are fixed points of the pseudocontractive mapping 7T'.

Numerious writers have examined the category of strictly pseudocontractive mappings and the class of
nonexpansive mappings together with certain optimization problems, (see [4,9,10] and the references
contained in). Let C be a closed, nonempty, convex subset of H, the real Hilbert space. There is a single

nearest point Pox in C' such that
|z = Poz|| < |l —yl|, vy € C

exists for each point z € H.
Pc is called the metric projection of H onto C and it is well known that P¢ is a nonexpansive mapping

of H onto C that satisfies the inequality:
|[Pex — Poyl| < (& —y, Pox — Poy).
Moreover, Pox is characterized by the following properties:
(r — Pox,y — Pox) <0,
and
lo = yl* > ||z = Poal|* + |ly - Peal|*, Vo € H, y € C.

Let C'B(C') denote the family of nonempty closed bounded subset of C, the Hausdorff metric on CB(C')
is defined by

H(A, B) = max { supd(z, B),supd(y, A)} for A, B € CB(C),
A yeB

TEe
where d(z,C) = inf{||z — y|| : y € C}.
A multi-valued mapping 7' is said to be L-Lipschitzian if there exists L > 0 such that

H(Tz, Ty) < L||x —yl|, z,y € C. (7)

In (7),if L € (0,1), then T is called a contraction while 7" is called nonexpansive if L = 1.
Also, T : C — CB(C) is said to be quasi-nonexpansive, if F(T') # () and

H(Tz,Ty) <|lz—y||, Vo € C,y € F(T).
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We now state some of the results needed to establish our strong convergence result.
Lemma 2.1 [26] Let H be a real Hilbert space, then for all z,y € H and a € (0, 1), the following

inequalities holds:

laz + (1 = a)yl* = aflz|* + (1 = a)llyl]* - a(l - a)llz — y|*

2(z,y) = |z|* + [lyl]” — [l — yl* = llz +y[[* — [l]|* = [ly]*

Lemma 2.2 [22] Let H be a real Hilbert space and 7' : H — H be a nonlinear mapping, then the
following hold.
(i) f is nonexpansive if and only if the complement I — f is %—ism.
(ii) fis v-ismand v > 0, then ~f is %—ism.
(iii) f is averaged if and only if the complement I — f is v-ism for some v > % Indeed, for g € (0,1), f
is p-averaged if and only if I — f is %—ism.
(iv) If f; is p1-averaged and f; is fz-averaged, where (1, 52 € (0, 1), then the composite fi f2 is (-
averaged, where 8 = 31 + 2 — B1 2.
(v) If f; and f; are averaged and have a common fixed point, then F'(fi f2) = F(f1) N F(f2).
Lemma 2.3 [21] Let H; and H> be real Hilbert spaces. Let C' be a nonempty, closed and convex subset
of Hy.Let S : Hy — Hj be a nonexpansive mapping and let B : H; — H» be a bounded linear operator.
Suppose that C N B~1F(S) # (. Let v > 0 and z* € H;. Then the following are equivalent.
(i) & = Po(l —vB*(I - 8)B)a*;

(i) 0 € B*(I — S)Bz* + Nox™;

(iii) z* € C N B7LF(S).
. Lemma 2.4 [18] Let E be a uniformly convex Banach space, B, (0) := {z € E : ||z|| < r} be a closed
ball with center 0 and radius » > 0. Then there exists a continuous strictly increasing and convex

function g : [0, 00) — [0, 00) with g(0) = 0 such that

m
E Ann
n=1

2 m
<Y Nallzall® = XX (|2 — )
n=1

foranyi,j € N, i < j, where {z1, 22, - , 2} C B,(0) and A\, > 0, Tzn: A, = 1.

Lemma 2.5 [23] Let H; and H> be real Hilbert spaces. Let B : H; —T;:é[Q be a bounded linear operator
with B # 0, and S : Hy — H» be a nonexpansive mapping. Then B*(I — S)B is m-ism.

Lemma 2.6 [24] Let C be a nonempty, closed and convex subset of a real Hilbert space H and T : C' — C
be a nonexpansive mapping. Then I — T' is demiclosed at 0, i.e., if {x,,} converges weakly to € C' and
{zy, — Tz, } converges strongly to 0, then x = Tx.

Lemma 2.7 [25] Let H be a real Hilbert space and S : H — H be k-strictly pseudocontractive mapping

with k£ € [0,1). Let T}, := pd + (1 — u)S, where 11 € [3,1). Then,
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(1) F(S) = F(T,),

(ii) T,, is a nonexpansive mapping.

Lemma 2.8 [6] Let C be a nonempty, closed and convex subset of a real Hilbert space H. Given z € H

and z € C. Then z = Pcx if and only if the following inequality holds.
(x—z,2z—y)>0,Vyel.

Lemma 2.9 [19] Let {cy, } be sequence of nonnegative real numbers, {a, } be sequence of real numbers
o0

in (0, 1) such that ) a, = co and {b, } be a sequence of real numbers. Assume that
n=1

ant1 < (1 — apn)an + anby, Vn > 1.

If lim sup by, < 0 for every subsequence {ay, } of {a,} satisfying the condition
k€oco

liminf(ay,, , — an,) >0,
k€oo

then lim a; = 0.
k—o0
3. MaIN Resurrs

In this article, we modified viscosity technique for solving the solution of the system of variational
inequality problem, as well as the fixed point of single-valued p-strictly pseudocontractive mappings
and finite families of multi-valued quasi-nonexpansive mappings within real Hilbert spaces. We also
establish a strong convergence result, present some consequences and application to validate our result.
Our main result is stated as follows:

Theorem 3.1 Let H; and H; be a real Hilbert spaces and C and ) be nonempty, closed and convex
subsets of H; and H; respectively. Let T' : Hy — Hj be p-strictly pseudocontractive mapping and
B : Hy — Hj be a bounded linear operator with B* being the adjoint of B such that B # 0. Let
Vi : Hi — CB(H;) be a finite family of multi-valued quasi-nonexpansive mappings and for each

m
i > 1, V; is demiclosed at 0 and () F(V;) # 0. Fori = 1,2,--- ,m, S; : Hi — H; be finite o;-inverse
i=1

strongly monotone mappings. Assume that A := {g € () (F(V;) N S;*(0)) : Bg € F(T)} is nonempty
j=1
and g : H; — H; is a contraction mapping with coefficient p1 € (0, 1), then the sequence {z,,} generated

for arbitrary x1,u € H; is defined by:
un = Po(xy — o B*({ — Uy)Bxy,),
yn = (I — ™A™ Yool —a@AP8y) o (I —aWAV S )u, (8)

m .
Tn+1 = Ung(yn) =+ (ﬁn,O - nn)yn + Z ﬁnﬂ'z;w
=1

where U, := yI + (I — )T with y € [p,1), 2}, € Viyn,{m} C [a,b] for some a,b € (0, ”31”2) and
{nn}, {Bn,} are sequences in (0,1) that satisfy the following conditions:
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(i) Jim . =0and 3 5, = oc,
(ii) for each 1>1, hm 1111f Bn,08n,i > 0and n, < B, foreachi > 1,
(iii) foreachp € ﬂ F(S;),S;p = {p}, foreachi > 1,
(iv) {a®DXO} [lczl, b;] C (0,20;), foreach i > 1.
Then the sequence {z, } converges strongly to ¢ = Pag(q).
Proof. From Lemma 2.5, Lemma 2.2 (ii), (iii) and (iv), we obtain that Po(/ — v,B*({ — U,)B) is
w—averaged. This implies that Po(I —~,B*(I —U,)B) = (1 —0,)I + 0,Uy,, where 6,, = M

and U, is nonexpansive for each n > 1. Thus, u,, can be re-written as

Up = (1 = 0p)zy + 6, Upzy,. (9)
Also, let
7(3) = - a(l))\g)Sl)un

W= (1= a8y

(10)

(m) =y,=UI— a(m))\glm)Sm)l/)ém_l).

Now, by applying Lemma 2.5 and the fact that S; is o-inverse strongly monotone, then we can rewrite
) as

W = (1= 0 un + 650 D u, (11)

(1)

(1)
where D;,’ is a nonexpansive mapping and o) = % Vn € N. From (11) and Lemma 2.1, it is

obvious that

[ = plI* = 1|1 = 659)un + 60 DM uy, — pl|?
< (1 =0 lun = plI? + 0D up = pl* = 00 (1 = 08 IDH e, — |
< Jun = pl* = 650 (1 ~ 9%1))!!D£1)un — % (12)
Following the same argument as in (12) fori € {2,3,4,--- ,m}, we obtain
[ = pl? < ed ™" = pl* = 09 (1 = 081Dy = — iV, (13)

From (11) and Lemma 2.1, we obtain that
[[un — p||2 = [|(1 = bn)xp + OnUnzn _pH2
< (1= dp)llwn — pH2 + 6n||[Unan — plI* = 6 (1 - 0 ) |[Unan — anQ

< lzn — pH2 = 6n(1 = 0n)[|Unp, — an2 (14)
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Using (8), the convexity of ||.||? and the Cauchy-Schwarz inequality, we have

m
|2nt1 = PI* = 1109 (Wn) + (Buo = Mn)yn + Zﬁn,ﬂ% —pl?
= 11(Bn.o — 1) (Y +Zﬁmz — ) + 1 (9(yn) — D)

< (Bno = m)llyn — pl* + Zﬂn,i\lszl —l* + mallg(yn) — pII?
=1

< (Bro = ) lyn — 21>+ Brild(zni, Vi(0)))? + mallg(yn) — 9(p) + 9(p) — pI?

=1

< (Bno = m)llyn — 2l + D H*(Vign, Vi) + 0 [ll9(vn) — 9(p)II?
=1

+ lg(p) — pII* + 2{g(yn) — 9(p), 9(p) — P)]

m
< (Buo =)y = 21> + Y Buillyn = plI* + na[ll9(yn) — 9(0)|?
i=1

+ lg(p) — pII* + 2ll9(yn) — 9®) |l llg(p) — plI]

< (L =) llyn — I + 200 [12(|lyn — pII> + lg(p) — pII*]- (15)

On substituting (12) and (13) in (15), we get

|1 = pl* < (1= (1= 2%)m0) [lun = plI* = 00 (1 = 05| DDy, — |
= 0 (1= 01D DY — DI 4 24l9(p) - pII? (16)

(1= (1 =26 m)lzn — pII? + 200 ll9(p) — p||?

2[lg(p) — plI*

= (1= (1= 2p")ma)llzn = pII* + (1 = 2070, = o2

2 g p

_ 2
||2 2Hg<p) p” }

§maX{||l'1—p o2

Hence, {z,} is bounded. Consequently, {u,}, {y,} and {z,} are bounded sequences.

By applying Lemma 2.1 in (8), (12) and (14), we obtain that

m
|#nt1 = pI* = 1109 (Wn) + (Buo = m)yn + Y _ Buizi — pl>
=1

= 1(Bno = M) (Wn — D) + > Builz =1’ = p) + mulg(yn) — p)I’
=1
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<N (Bno = 1) Wn =) + Y Bui(zh = P)I* + 10 (@nt1 — p, g(yn) — p)
i=1
m . )
< [(Buo = n)llyn — 2l + > Buillzl = lI°]” + 200 (@ns1 — p,g(yn) — p)
i=1
< (1 =m0)lyn = pI* + 200 (201 = P, 9(yn) = p)
< (1= mm)llun = plI* = (1= 1)6 (1 = O DMy — |
— = (L= )00 (1= 07| DYDY — {2 4 200 (i1 — 9, g(yn) — D)
< (1 =n)|lzn —pl* = (1 - nn)HS)(l - 9121))”1)7(11)“71 — u?
== (L= )0 (1 = 0 DD — 2
= n(1 = 6n)(1 — ) |Unan — =Tn”2 + 20 (@41 — P, 9(Yn) — D). (17)
Suppose that there exists a subsequence {x,, } of {z,} satisfying the condition
limsup {[|zn, — plI* = [#n,,, —pll} 0. (18)
k—ro0
Consider such a sequence, then we obtain from (17) that
lim sup (57%(1 - 6nk)(1 - nnk)HUnkxnk - $nk||2) < limsup ((1 - Unk)H%k - p||2 - ||$mc+1 _p||2
k—o0 k—o00
+ 200, (T — 25 9(Yny,) — 1))
< limsup (||zn, — plI* = |20, — pI)
k—o00
o 2 2
= —timinf (e, — oI = 1, — pI)
<0. (19)
Since 4y, = ngﬂ, then by the condition on v, , we obtain that
klggo ||Unkxnk — Ty, | =0. (20)

Following the same approach as in (19), we have

limsup (1 — 10, )05 (1 = 65 1D5) 1wy, — iy |I*+

k—oo

k

o (L= )OS (1= 00Dyl ™Y — 9 D?)
< limsup (||zn, = pl? = |20y, — 2I°)
k—o0

. 2 2

<0. (21)
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It is obvious from (21) that
Jim (D, = un, || = D) — )| = - = | DE Y VI = (22)
From (10) and (22), we have that
Jim (60 =t | = (942 = 6D = -~ = llgm, — V) = (23)
On summing up (22) and (23), we obtain
Jim [lyn, =t | = 0. (24)
From Lemma 2.1 and Lemma 2.4, we have
rues =l = D)+ (o =i+ 3 st =1
= |Bn.0(yn +Zﬁm — )1 (9(Yn) — yn)|I?
= (18,0 (¥n +Zﬁm —)II> + 1llg(yn) — ynll®
+ 209 (Yn) = Yns Bro(y +Zﬁm )
< Ny = 2I* = BuoBniblllyn — 2 + 12 ll9(yn) — yul?
+ 27(9(Yn) = Yns B0 (Yn — P) + Zﬂm % = p))
< lun = pl* = BaoBnih(yn = 23l1) + 1 [1019(Yn) — yal®
+2(g(yn) = Yn: Buo(y +Z/J’m (21, = P))
< llzn = 2l = BroBuih(lyn — 2ull) + 1 [1allg (Yn) — yall®
+2(g(yn) — Yn, Bno(y +Z/8nz %, = p)) (25)
Thus, by applying (18) and using the same approach as in (21), we have
i sup [l — 2 | (26)

k—oo
m .
©3 Buni(zh —0) — [nes —pﬂ
=1

: 2 2
< Jim |l = pIP = ., =]
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= —liminf |||z, —plI*> = |n, —pl?
k—o0
<0.
Thus,
T B, 0By bl — 2, || = 0.
Hence, by condition (2) of (8), we get
Tim By, — 2, | = 0.
Using the condition of h as stated in Lemma 2.4, we obtain that
Jinn llyn, = zh, || = 0.
Thus
lim d(ynwv;ynk) < lim thnk - Z;k” =0.
k—o0 k—o0
Also from (9) and (20), we have
lim ||unk - xnk” = lim 6nk”Unk$nk - xnk” =0,
k—o0 k—o0

and from condition (1) of (8), we get

kh—>r<r>lo Hxnk-‘rl - ynk” = klggo nnng(ynk) - ynk” =0.

From (24) and (32), we obtain
khm Hynk - xnk” = 0.
—00
Similarly, from (33) and (34), we obtain that

klglc}o ”xnk+1 - xnkH =0.

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

Since {z, } is bounded, there exists a subsequence {xy, } which converges weakly to g € H;. Also,

since {un, } and {yn,} are bounded, there exist subsequences {un, } of {u,,} and {yn, } of {yn,}

which converge weakly to ¢ respectively. Now, applying (31) and Lemma 2.6 fori =1,2,--- ,m, we

obtain that ¢ € F'(V;) and thus g € () F(V;). In addition, using (24) and Lemma 2.6, we obtain that
i=1

q € S;710),i = 1,2,--- ,m. By Lemma 2.5 and the fact that { B*(I — U,)Bx,, } is bounded. It then

follows from the firmly nonexpansive property of Pc that

|| Po(I — fynle*(I — UV)B)xnkl — Pc(I —7B*(I — UA,)B)xnle

< vy, =7 1B = Uy)Bay,, || = 0, I = oo.

(36)
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Thus, we obtain from (32) that
lim [Juy, — Po(I —FB*(I = Uy)B)y, || =0,
k—o0

which implies from Lemma 2.6 that ¢ € F'(Pc(I —7B*(I — U,)B)). Hence, by Lemma 2.3, we get
g€ CNBFU,),
which implies that Bz € F'(Uy) = F(T). Therefore, we conclude that ¢ € A.

Next, we show that lim sup(z,, , — q,g(ynkl) —q) < 0, where ¢ = Pag(q). Now, since {a:nkl} con-
k—00

verges weakly to p, we obtain from the property of Pa and (34) that

lim Sup<xnkl+1 —q, g(ynkl) - Q> = lim <xnkl+1 - q;g(‘rnkl) - Q>
k—o0 =00

=({p—-q9(p) —q).

Hence, we obtain that

limsup(zn,, +1 = ¢,9(Un,,) —a) < (P —4,9(p) —q) < 0. (37)

k—o00

From (17), we have that

[Znt1 — ql* < (X = n)lzn — qll* + 270 (@ns1 — ¢, 9(yn) — q). (38)

On substituting (37) into (38) and applying Lemma 2.9, we conclude that {x,,} converges strongly to ¢
as required.

We now state some consequences of our main result.

Corollary 3.2 Let H; and H> be a real Hilbert spaces and C' be a nonempty, closed and convex subset
of Hy. Let T : Hy — H5 be a nonexpansive mapping and B : H; — H; be a bounded linear operator
with B* being the adjoint of B such that B # 0. Let V; : Hy — CB(H;) be a finite family of multi-
valued quasi-nonexpansive mappings and for each ¢ > 1, V; is demiclosed at 0 and F] F(V;) # 0.
Fori=1,2,---,m,S : Hi — H; be o-inverse strongly monotone mapping. Assume ch:alt A:={qe

ﬁ F(V;)NS~Y(0) : Bq € F(T)}isnonemptyand g : H; — H; is a contraction mapping with coefficient
L:é (0, 1), then the sequence {z,,} generated for arbitrary x;,u € H; is defined by:
un = Po(xn — mB*(I — T)Bxy,),
Yn = (I — arpSm)un (39)
Tnt1 = Nng(Yn) + (Bno = 1hn)yn + ;anl BriZn,

where 2z}, € Viyn, {7} C [a,b] for some a,b € (0, HBlHQ) and {n,}, {Bn,} are sequences in (0,1) that

satisfy the following conditions:

(i) ILm N, =0and > n, = oo,

n=1
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(ii) for eachi > 1, liminf 3, 983, > 0 and n,, < B, for eachi > 1,
n—o0

(iii) foreachp € ﬁ F(S;),Sjp = {p}, foreach i > 1,

(iv) {aAn} C [a,0] € (0,20).
Then the sequence {x, } converges strongly to ¢ = Pag(q).
Theorem 3.3 Let H; and H> be a real Hilbert spaces, C' and ) be nonempty, closed and convex subsets
of Hy and H; respectively. Let f : Hy — H> be f-inverse strongly monotone mapping and B : H; — H»
be a bounded linear operator with B* being the adjoint of B such that B # 0. Let V; : Hy — CB(H;) be

a finite family of multi-valued quasi-nonexpansive mappings and for each i > 1, V; is demiclosed at 0

and () F(V;) #0.Fori=1,2,--- ,m,S; : Hi — H; be finite o;-inverse strongly monotone mappings.
i=1
Assume that A := {g € N (F(V;) N S;1(0)) : Bg € VI(Q, f)} is nonempty and g : H; — Hj is
=1
a contraction mapping with coefficient ;1 € (0, 1), then the sequence {z, } generated for arbitrary
x1,u € Hj is defined by:
up, = Po(zp — yB*(I — Po(I — 6f))Bzxy),
Yo = (I —a™A™G Yo oI —a@APS,) o (I —a®WAV S u, (40)

m .
Tn+l = nng(yn) + (/Bn,O - nn)yn + Z /Bmizin
1=1

where 2, € Viyn, {1} C [a,b] for some a,b € (0, UBIHQ) and {n,}, {Bn,i} are sequences in (0,1) that

satisfy the following conditions:

(i) Jim . =0and 3 5, = oc,
(ii) for each 1>1, hm 1nf Bn,08n,; > 0and n, < B, foreachi > 1,
(iii) foreachp € ﬂ F(S;),S;p = {p}, foreachi > 1,
(iv) {a@AOY ¢ [al, bi] C (0,20;), for each i > 1.
Then the sequence {z,,} converges strongly to ¢ = Pag(q).
Proof. Using Lemma 2.8, we can easily see that ¢ € VI(Q, F') if and only if z = Po(I — 6f) forw > 0,
and for 6 € (0,2w), Po(I — 6f) is nonexpansive. On substituting U, = Pg(I — 0f) in (8), the result

follows.

4. APPLICATION

In this section, we apply our results to solve split minimization problem.

4.1. Computing Split Minimization Problem. For a nonempty, closed and convex subset of a real

Hilbert space H, the convex minimization problem is to find p € C' such that

¢(p) = min ¢(z), (41)

zeC
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where ¢ is a real-valued convex function. We denote by argmingcc¢(z), the solution set of (41).
Lemma 4.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H and ¢ be a convex
function of H into R. If ¢ is differentiable, then ¢ is a solution of (41) if and only if ¢ € VI(C, </ f).
Proof. Let g be a solution of (41). Foreachx € C, ¢+ p(z — q) € C, p € (0,1). Since ¢ is differentiable,

we have

P(q+ p(x —q)) — ¢(q) > 0.

(Vo(g),r —q) = lim

p—rot P

Conversely, if ¢ € VI(C,v7¢),ie. (V¢(q),x —q) >0, Yz € C. Since ¢ is convex, we have

o(z) > ¢(q) +(Vé(a),r — q) > ¢(q)-

Hence, ¢ is a solution of (41).

By applying Theorem 3.3 and Lemma 4.1, we obtain the following result:

Theorem 4.2 Let H; and H be a real Hilbert spaces, C' and Q be nonempty, closed and convex subsets
of Hy and Hj respectively. Let ¢ : Hy» — R be a differentiable convex function and 57¢ be §-inverse
strongly monotone mapping. Let B : H; — H> be a bounded linear operator with B* being the adjoint
of B such that B # 0. Let V; : H; — CB(H;) be a finite family of multi-valued quasi-nonexpansive
mappings and for each i > 1, V; is demiclosed at 0 and ﬁ F(V;)#0.Fori=1,2,--- ,m,S;: H — H;

=1

be finite o;-inverse strongly monotone mappings. Assume that A := {g € (" (F(V;) N S; (0)): Bq €
j=1
argmingeq¢(y)} is nonempty and ¢ : Hy — H; is a contraction mapping with coefficient 4 € (0, 1),

then the sequence {z,} generated for arbitrary z,u € H; is defined by:
un = Po(xn —B*(I — Po(I — 0~y ¢))Bxy),
yn = (I —a™A\™g Yo o —a@APS) o (I —a®WAV S )uy, (42)
Tnt1l = nng(yn) + (/Bn,O - 77n>yn + ;/Bn,zzylw

where z!, € Viy,, 0 € (0,2w), {n} C [a, b] for some a,b € (0, ‘B}HQ) and {n,}, {fn:} are sequences in

(0,1) that satisfy the following conditions:

(i) lim 7, =0and Z T = 00,
(ii) f rozach 1> 1, hm mf Bn,08n,; > 0and n, < B, foreachi > 1,
(iii) foreachp € ﬂ F(S;),Sjp = {p}, foreach i > 1,
(iv) {a@AOY [a, bi] C (0,20;), for each i > 1.
Then the sequence {z, } converges strongly to ¢ = Pag(q).
Proof. Putting f = /¢ in Theorem 3.3, we get the desired result by Lemma 4.1.

Remarks 4.3 In our result, it is worth-mentioning that we establish a strong convergence result which

is more desirable to the weak convergence obtained in [7,21]. Also, we were able to dispense the
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compactness condition during the course of establishing our strong convergence result. Lastly, the

method of proof employed in our article looks simple and understanding.
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