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AsstrRACT. In this paper, we provide two closed-form formulas for the nth derivative of the power—
exponential function z°®. Some applications are also presented.
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1. INTRODUCTION

For non-negative integers n and k, Comtet introduced in [2, pp. 139-140] a sequence of numbers

b(n, k) that satisfy the identity

(14 7T)In(1 + T)]* anka )

k!

Comtet also presented the explicit formula

b(n, k) = En: </i> kks(n, 1),

1=k
where s(n, ) are the Stirling numbers of the first kind. The numbers b(n, k) were later called Comtet’s

numbers (see [1,3]). A formula for the nth derivative of the functions x** was first given in [2, p. 140]

by

(29 = gn axz( > lnwjnibn—tygaz)—kk—J). )

=0
In [1], two new formulas for the nth derivative of the power—exponential function z* were given. Here
we will establish two new formulas for the nth derivative of the functions 2%, for any a # 0, by using

the tools given in [1].
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2. PRELIMINARIES

For any z € C and m € N, the binomial coefficient () is defined by

<z> _2=1) o (z-m+ )

m m)!

and (j) = 1. Hence, for integers 0 < j < n, we have

(7))

The Faa di Bruno formula (see [2, Theorem C, p. 139] or [1, p. 3]) is a formula for the nth derivative of

a composition function f o u(z) given by

L fou Z £99 () B (4 @), (0), a0 2) )

where B,, (21, Z2, ..., Zn_k+1) are the partial Bell polynomials. For integers n > k > 0, the partial Bell

polynomials B, . satisfy the following identities:

By (aﬂxla af’zs, . .. ,Oéﬁ"*kﬂwn—ml) =a"B" By (71,72, .., Tnkt1) (5)
and
k n
Bug (71,22, ..., Tp_py1) = Z <l>$lan—l,k—l(07-T2a e T fey1)- (6)
1=0

The proofs of both indentities can be found in [2, pp. 135-136].

Lemma 1. [I, Lemma 1, p.4] For integers n > k > 0, we have

_ 1y (=1) s(l+7,9) j
By (0,00,1020 .. (n—k —1)!) = (=1) ka—:o 5 ) (n—kz—l) (7)

and

k
Bpi (0,014,152, (n—k— 1)) = (=1)"* > "(~1)/ <k ﬁj)b(n —k+7,7) (8)

=0

3. TWO NEW FORMULAS FOR THE N'TH DERIVATIVE OF 2%

Theorem 2. Let a # 0,n € Nand x > 0. We have

(maa:)(n) = nlptt— nzn: ax kzk: lnx Tik S m+] .7 ] (9)
(m+7)! \n—k—m

k=0 Jj=

and

k
(2%)™) = 2927 N (ax)k Z (?)b(n — i k—j) (Inz) . (10)
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Proof. Let u(z) = axInz. By Faa di Bruno’s formula, we obtain
n) n
(:Eax)(n) — <eaxlnm>( _ Z (eu)(k) Bn,k <"U,/((L‘), 'LL”(]I), o 7u(nfl~c+1) (:IZ))
k=0

a a 2a g (n—k—D!
_ amlanBnk< 1—|—]n1:) E,—?,F,...,a(_l)n k—Hk).

By the identity (6), we have

20 (n ax a a 2la _\n—k+1 (’/L—k‘— 1)'
. kz()%( > (14 ) Boypey (ox o 2o aeapbn koD,
By the identity (5) withz1 =0,2; = (j —2)!forj=2,...,n—k+1,a=azrand § = —%,we derive

. B 1 n—I
(2%) (™ xaxzz< ) (14 Inz) (az)* l<—x> Bu 15— (0,01,11,2! ... (n— &k —1)!)

k=0 1=0
n k

= (=" (az)* > <7> (~1)' (1 +Inz) By (0,0,1,2) ... (n—k—1)1). (11)

k=0 =0

Applying the identity (7) into the identity (11), it becomes

n k
(l,ax)(n): ax— NZCLSL‘ Z() 1—|—lna:) (_1)n—k(n_l)!
k=0
k—1 n_k8m+jj ]
XZ —l—]'z_ (m+j)! (n—k—m)
7=0 m=0
k-l n—k .
! Zsm—i-j] j
—l—]'m:O (m+j)! \n—k—m)’

By rearranging the order of summations with indices [ and j, and using the fact that

n

_ g Z e i 1 —i— Inx)
1=0

k=0

M

J=0

k—j .
i <k - J) (-1)' (1 +Inz) = (—=1)"7 (Inz)F

we obtain

(1) (1 + )
k—j— D!
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This proves the formula (9). To derive the formula (10), we apply the identity (6) to the identity (11)

and rearranging the order of summations. We get

ax\(n) __ 1)7 g 0T—" . k a n 1l 141 l 1 n—k — 1[ n—I b k ..
(@) = (1St S (7 )nr e mat o () Y- k)

k—

z:(j(_l)l <7Z> <n _n(;ij)> (1+Inz)

k
=27 (a2)" (=) Y _(=1)b(n —k +j.) <k: ’ j) (1" ()t

n

k
— par—n Z(a:ﬁ)k<—1>k Z(_D]b(n —k+ j,j)

B
Il
o

by
Il
=)

as desired. O

Corollary 3. For a # 0, we have

2% — [ a* S(m"k)< F )] (z—1)", |z—1<1 (12)
m: n—m
n=0 Lk=0 m=k
and
% = i Zn:akb(n k) (z= 1" lz—1] <1 (13)
- =0 Lk=0 7 nt .

Proof. From the formulas (9) and (10), by taking # — 1, the Taylor expansion of 2 are of the forms
(12) and (13) respectively. O

4. APPLICATIONS

In this section we present a nice application of the Taylor series in Corollary 3. Let a = —1. Then,

from the formula (12), the Taylor series expansion of f(z) = ~* around 1 is

0o J J
f(@) = [ <—1>kzs(m’k>( ¢ )](w—l)f', e 1)< L. (14)

m! j—m
j=0 Lk=0 m=k
For any integer n > 2, we have
f(nh) = nw = Yn.
Therefore, {/n can be expressed in the form

k=0 m=k
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Especially when n = 2, we get

> (—1) [ s(m, k) k
\/522)(2]-) Z kz - ( m)] (16)

k=0 =k

Next we will compare the rate of convergence of the series (16) to other forms that were derived from
Taylor series expansions of other well-known functions. The first function which is mostly mentioned
to when ones want to estimate the value of v/2 by using Taylor series approximation is the function
vz + 1. Ones can directly derive that the Maclaurin series expansions of the function v/z + 1 is

n 1(271)
Vel Z4n a)2(2n — 1)

" (17)
Plugging x = 1 into (17), we obtain
(2n) (20 (-1t
V2= Z4”71' 1)_7;]<n>4"(2n—1)' (18)

The function (1 — x)~1/2 is another function that is easy to find its Maclaurin series expansion. We have

o0

en)!
;04”(%!)2% , x| < 1. (19)

vl
I

(1—2)”

Plugging = = % into (19), it yields

V2= ign 7 2(2:)8171‘ (20)

To compare the rate of convergent, let

ax - f—Z = [ S S(Z’;’!’“)(nfm)”,
k=
=2 (W) |

=2 ()5

The table below shows how fast each formula converges to /2.
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an

by

CN

© 0 N Ul ok W N2

—_
(e]

0.085786438
0.023286438
0.002453105
0.000151062
0.000020854
0.000044250
0.000028750
0.000012861
0.000005401

0.039213562
0.023286438
0.015776062
0.011567688
0.008940124
0.007173157
0.005918884
0.004991150
0.004282379

0.070463562
0.031401062
0.014311218
0.006620789
0.003096008
0.001459503
0.000692391
0.000330144
0.000158077

Tasie 1. The errors of the approximations of v/2 by the formulas (16), (18), and (20)

As we can see, the series (16) gives the best estimate of V2 among those three series. However, the

disadvantages of the formula (16) are that it is hard to compute and time consumption.
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