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1. INTRODUCTION

In 1961, Marcus [19] introduced and studied the notion of quasi continuous functions. Popa [26]
introduced and investigated the concept of almost quasi continuous functions. Neubrunnovaa [20]
showed that quasi continuity is equivalent to semi-continuity due to Levine [17]. Popa and Stan [27]
introduced and studied the notion of weakly quasi continuous functions. Weak quasi continuity is
implied by quasi continuity and weak continuity [158] which are independent of each other. It is
shown in [23] that weak quasi continuity is equivalent to weak semi-continuity due to Arya and
Bhamini [1] and Kar and Bhattacharyya [15]. Duangphui et al. [14] introduced and investigated
the concept of almost (1, 1/) ™™ -continuous functions. Moreover, some characterizations of strongly
6(A, p)-continuous functions, (A, sp)-continuous functions, x-continuous functions, 6-.#-continuous
functions, pairwise almost M-continuous functions and almost (g, m)-continuous functions were
presented in [28], [31], [4], [7], [12] and [13], respectively. Banzara and Crivat [2] introduced and
studied the concept of quasi continuous multifunctions. Popa and Noiri [24] introduced the concept of
almost quasi continuous multifunctions and investigated some characterizations of such multifunctions.

Noiri and Popa [22] introduced and studied the notion of weakly quasi continuous multifunctions.
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Furthermore, several characterizations of weakly quasi continuous multifunctions have been obtained
in [24].

In 1995, Popa and Noiri [25] introduced and investigated the concepts of upper and lower §-quasi
continuous multifunctions. Moreover, some characterizations of upper and lower #-quasi continuous
multifunctions were investigated in [21]. In [9], the author introduced and studied the notions of almost
quasi x-continuous multifunctions and weakly quasi x-continuous multifunctions. In particular, some
characterizations of almost x-continuous multifunctions, almost /3(*)-continuous multifunctions and
weakly quasi (A, sp)-continuous multifunctions were studied in [10], [6] and [30], respectively. Laprom
etal. [16] introduced and investigated the concept of almost 3(71, T2)-continuous multifunctions. In [32],
the present authors introduced and studied the notion of almost (71, 72)a-continuous multifunctions.
Furthermore, some characterizations of almost (7, 72)d-semicontinuous multifunctions, almost weakly
(71, 72)-continuous multifunctions and almost (7, 73)-continuous functions were established in [8], [5]
and [3], respectively. In this paper, we introduce the notion of almost quasi (71, 72)-continuous functions.

We also investigate some characterizations of almost quasi (71, 72)-continuous functions.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 71, ) and (Y, 01, 02) (or simply X and Y') always mean
bitopological spaces on which no separation axioms are assumed unless explicitly stated. Let A be
a subset of a bitopological space (X, 71, 72). The closure of A and the interior of A with respect to 7;
are denoted by 7;-Cl(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a bitopological space
(X, 11, 72) is called 1y mo-closed [11] if A = 71-Cl(72-CI(A)). The complement of a 7 72-closed set is called
T172-0pen. Let A be a subset of a bitopological space (X, 71, 72). The intersection of all 71 72-closed sets
of X containing A is called the 7y 7>-closure [11] of A and is denoted by 7172-CI(A). The union of all

T1T2-0pen sets of X contained in A is called the 7y mo-interior [11] of A and is denoted by 71 72-Int(A).

Lemma 1. [11] Let A and B be subsets of a bitopological space (X, 11, 12). For the T mo-closure, the following
properties hold:

(1) A C mim-CI(A) and 1y172-Cl(T172-Cl(A)) = T172-CI(A).

(2) If A C B, then 1y12-CI(A) C 11712-Cl(B).

(3) mima-CI(A) is T1m2-closed.

(4) Ais Tymo-closed if and only if A = 11 12-CI(A).

(5) mm-Cl(X —A) =X — mime-Int(A).

A subset A of a bitopological space (X, 71, 72) is said to be (71, 72)r-open [32] (resp. (1, T2)s-open
[8], (11, T2)p-open [8], (11, 72)B-open [8]) if A = 1mo-Int(7172-CL(A)) (resp. A C 7112-Cl(1172-Int(A4)),
A C mimp-Int(m72-Cl(A)), A C 71 72-Cl(1172-Int(7172-CI(A)))). The complement of a (71, 72)r-open (resp.
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(11, T2)s-open, (71, T2)p-open, (11, T2)3-open) set is said to be (71, 72)r-closed, (71, m2)s-closed, (71, T2)p-
closed, (11, 12)B-closed. A subset A of a bitopological space (X, 71, 72) is said to be a(71, 72)-open [29] if
A C myma-Int(my 72-Cl(1172-Int(A))). The complement of an «a(71, 72)-open set is called a(ry, m2)-closed.
Let A be a subset of a bitopological space (X, 71, 72). The intersection of all (71, 72)s-closed sets of
X containing A is called the (7, 72)s-closure [8] of A and is denoted by (71, 72)-sCl(A). The union
of all (71, 72)s-open sets of X contained in A is called the (7, 72)s-interior [8] of A and is denoted by

(Tl, Tg)-SInt(A).

Lemma 2. For a subset A of a bitopological space (X, 11, T2), the following properties hold:

(1) (Tl, TQ)-SCZ(A) = T1T2—Int<T1T2—Cl(A)) UA [ ],‘
(2) (Tl, TQ)—Sli’lt(A) = T1T2—Cl(7’17’2—[1’lt(z4)) N A.

3. ALMOST QUASI (T, T2)-CONTINUOUS FUNCTIONS

We begin this section by introducing the notion of almost quasi (71, 72)-continuous functions.

Definition 1. A function f : (X, 71,72) — (Y,01,02) is said to be almost quasi (11, T2)-continuous at a
point x € X if for every oy09-open set V of Y containing f(x) and each Tymo-open set U of X containing
x, there exists a nonempty Tm2-open set G such that G C U and f(G) C (o1,02)-sCI(V). A function
[ (X, 7m,m) — (Y, 01, 02) is said to be almost quasi (71, T2)-continuous if f is almost quasi (11, T2)-continuous

at each point of X.

Theorem 1. For a function f : (X, 11,m2) = (Y, 01, 02), the following properties are equivalent:

(1) f is almost quasi (11, T2)-continuous at v € X;
(2) for every o1o9-open set V of Y containing f(x), there exists a (11, 72)s-open set U of X containing x
such that f(U) C (o1, 02)-sCI(V);

(3) x € (11, 72)-sInt(f~1((01,02)-sCI(V))) for every o109-open set V of Y containing f(x);
(4) z € mmo-Cl(mimo-Int(f~1((01, 02)-sCI(V')))) for every o109-open set V of Y containing f(x).

Proof. (1) = (2): Let % () the family of all 7 72-open sets of X containing x. Let V be any o 02-open set
of Y containing f(x). For each H € % (x), there exists a nonempty 7 m2-open set G such that Gy C H,
[(Gr) C (01,02)-sCL(V). LetW = U{Gy | H € % (z)}. Then W is Ty mp-openin X and = € 73 7o-Cl(W).
PutU = W U {z}, then U is a (71, 72)s-open set of X containing = and f(U) C (o1, 02)-sCL(V).

(2) = (3): Let V be any oj02-open set of Y containing f(z). Then, there exists a (71, 72)s-open set U
of X containing z such that f(U) C (01, 02)-sCl(V). Thus, z € U C f~*((01,02)-sCl(V)) and hence

rxeUC (7'1,7'2)-SInt(f*1((01,02)-SC1(V))).
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(3) = (4): Let V be any o 02-open set of Y containing f (). By (3), z € (11, 72)-sInt(f =1 ((o1, o2)-sCL(V))).
Now, put

U = (11, 72)-sInt(f (1, 02)-sCL(V))).
Then, we have U is (71, 72)s-open in X and by Lemma 2,
x € U C 1179-Cl(1172-Int(U))
C 1i1o-Cl(ryro-Int(f 1 ((01, 02)-sCL(V)))).

(4) = (1): Let U be any 7 m2-open set of X containing x and V be any o;02-open set of Y containing

f(x). Then, we have
2 € Tmp-Cl(mro-Int(f L (01, 02)-sCL(V))))
and hence U N 7y ma-Int(f~1((01, 02)-sCI(V))) # 0. Put
W = U N rimo-Int(f (01, 02)-sCL(V))).

Then, we have W is a nonempty 71 72-open set of X such that W C U, f(W) C (o1, 02)-sCL(V'). This

shows that f is almost quasi (71, 72)-continuous at . O

Theorem 2. For a function f : (X, 11, 72) — (Y, 01, 02), the following properties are equivalent:
(1) f is almost quasi (11, T2)-continuous;
(2) foreach x € X and every oy02-open set V of Y containing f(x), there exists a (11, 72)s-open set U of
X containing x such that f(U) C (o1, 02)-sCI(V);
(3) f~YV) is (11, 72)s-open in X for every (o1, 02)r-open set V of Y;
(4) f~YV) C (11, m2)-sInt(f~L((o1,02)-sCL(V'))) for every o109-0pen sets V of Y;
(5) (11, m2)sCl(f~(o102-Cl(c109-Int(0109-Cl(B))))) C f~(o102-Cl(B)) for every subset B of Y;
(6) f~YV) C mima-Cl(rimo-Int(f 1 ((01, 02)-sCI(V)))) for every oyo2-0pen set V of Y.

Proof. (1) = (2): The proof follows from Theorem 1.
(2) = (3): Let V be any (01, 02)r-open set of Y and = € f~1(V). Then, we have f(x) € V and there
exists a (1, T2)s-open set U of X containing z such that f(U) C V. Thus, z € U C f~(V) and hence

z € (11, m)-sInt(f~H(V)).

Therefore, f~1(V)) C (71, 72)-sInt(f~(V)). This shows that f~1(V) is (1, 72)s-open in X.

(3) = (4): Let V be any oj09-open set of Y and # € f~!(V). Then, we have f(z) € V C
(01,09)-sCI(V). Thus, x € f1((01,02)-sCl(V)). By Lemma 2, (01, 09)-sCl(V) is (o1, 02)r-open in
Y. Then by (3), f~1((01, 02)-sCIL(V)) is (71, T2)s-open in X and

T € (7'1, TQ)-SInt(ffl((O'l, 0’2)-SC1(V))).
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Thus, f~4(V) C (11, 72)-sInt(f~((c1, 72)-sCL(V))).
(4) = (5): Let B be any subset of Y. Then, we have Y — 0102-Cl(B) is 0102-open in Y. By (4) and

Lemma 2,
X — fH(o102-CI(B))
= fYY — 6102-CI(B))
C (11, m2)-sInt(f~((01, 02)-sCI(Y — 0102-CI(B))))
= (11, 72)-sInt(X — f~(0102-Cl(o109-Int(0152-CI(B)))))
= X — (11, 72)-sCl(f~(102-Cl(0109-Int(0109-C1(B)))))
and hence

(71, 72)-sCl(f ! (o109-Cl(0109-Int(0109-C1(B))))) C f~*(5102-Cl(B)).
(5) = (6): Let V be any o109-open set of Y. Then Y — V is oy 02-closed in Y. By (5) and Lemma 2,
Timo-Int(7y70-Cl(f 1 (0109-Cl(g109-Int(Y — V))))) C f~HY - V)
=X - f(v).
Moreover, we have

T17o-Int(7y70-Cl(f = (0109-Cl(109-Int(Y — V)))))

= i ro-Int(117o-Cl(f (Y — o109-Int(0109-C1(V)))))

= o-Int(r172-CU(X — f~((01,09)-sCL(V))))

= X — nr-Cl(ryr-Int(f 71 (01, 09)-sCL(V)))).

Thus, fﬁl(V) - TlTQ'Cl(TlTQ'Int(fil((0'1, Jg)-SCl(V))))
(6) = (1): Letz € X and V be any oj02-open set of Y containing f(x). By (6), we have

z € fH V) C mm-Cl(rym-Int(f (01, 02)-sCL(V))))

andby Lemma?2,z € f~1(V) C (11, m2)-sInt(f~1((o1, 02)-sCL(V))). PutU = (71, 72)-sInt(f 1 ((o1, 02)-sC1(V))),

then U is (11, 72)s-open set of X containing z such that f(U) C (o1, 02)-sCl(V'). This shows that f is

almost quasi (7, 72)-continuous. O

Theorem 3. For a function f : (X, i, 1) — (Y, 01, 02), the following properties are equivalent:

(1) f is almost quasi (11, T2)-continuous;

(2) (11, 72)-sCL(f~2(V)) C f~Y(0109-CI(V')) for every (o1, 02)B-open set V of Y;

(3) (11, m2)-sCL(f~2(V)) C f~Yo102-CI(V')) for every (o1, 02)s-open set V of Y;

(4) f~YV) C (11, m2)-sInt(f~L(o109-Int(c102-CL(V)))) for every (o1, 02)p-open set V of Y.
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Proof. The proof follows from Theorem 2. 0
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