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PITCHFORK EDGE DOMINATION IN GRAPHS

WASAN A. RHEEM!, MOHAMMED A. ABDLHUSEIN?*

1Department of Mathematics, College of Education for Pure Sciences, University of Thi-Qar, Thi-Qar, Iraq
2College of Education for Women, Shatrah University, Thi-Qar, 64001, Iraq

*Corresponding author: mmhd@shu.edu.iq

Received May 19, 2024

AsstracT. This study presents the pitchfork edge domination, a novel model of domination in graphs is
introduced here. Let G = (V, E) be a simple, finite and undirected graph without isolated edges. A set of
edges D. is said to be pitchfork edge dominating set if » < |[N(e) ((E — D.)| < s for every e € D., where
r and s are non-negative integers. That means every edge e € D. dominates at least ~ and at most s edges
of E — D.. The minimum cardinality for all pitchfork edge dominating sets in G is the pitchfork edge
domination number v, f.(G). Pitchfork edge domination at 7 = 1 and s = 2 is discussed in this paper.
There are certain limitations on v, f.(G) pertaining to the order, size, minimum degree and maximum
degree of the graph and other properties are proved here. Pitchfork edge domination is applied for some
well-known graphs.
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1. INTRODUCTION

Given a graph G = (V, E) of size m = |E| and order n = |V| that has no isolated edges. An edge
of degree 0 is regarded as an isolated edge. Deg(e) = deg(u) + deg(v) — 2 defines the degree of an
edge e = uv of a graph G as the number of edges that adjacent to it. The symbols A”(G) and §"(G)
indicate the maximum and minimum degrees of the graph G, respectively. The open neighborhood
of an edge e in G is the set that contains all edges that are adjacent to it, and it is represented by the
symbol N (e). Moreover, the closed neighborhood of e in G is N[e] = N(e) U {e}. The subgraph G[D,]
of a graph G induced by the edges of set D.. The complement graph G is the graph in which two
edges are adjacent if and only if they are not adjacent in a simple graph G. For specific terminology
related to graph theory, see [15,26,28]. The study of dominating sets is a broad field in graph theory.

See [16,17] for a thorough overview of domination. A subset D, C E is edge dominating set, if every
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e € E is either belongs to D, or adjacent with one or more edges from D.. If there is no proper edge
dominating subset in D,, then it is considered as a minimal edge dominating set. The cardinality of the
minimum edge dominating set is the edge domination number ~.(G). The terms domination number
and dominating set were first used by Ore [26] in 1962. According to the relevance of domination in a
variety of applications, several forms of domination have emerged based on their intended use. Some
researchers focused on the vertices domination and provided several definitions and characteristics
in their studies, such as [1,9,10,24,25,30]. While others concentrated on the edges domination, such
as [13,14,29]. Domination theory has continued to evolve, with researchers exploring various types of
domination from the prominent researchers who have contributed to this continuing discourse, V. R.
Kulli and N. D. Soner presented complementary edge domination in graphs in 1997 [21]. In 2000, V.
R. Kulli and B. Janakiram studied the nonsplit domination number of a graph [20]. Chin Lung Lu et
al. [22] presented the concepts of perfect edge domination and efficient edge domination in graphs
in 2002. However, disjoint dominating and total dominating sets in graphs were given by Michael A.
Henning et al. [18] in 2010. In 2017, A. A. Omran and Y. Rajihy [25] investigated several characteristics
of frame domination in graphs. The concepts of pitchfork domination and its inverse for corona and join
operations in graphs were presented in 2019 by M. Al-Harere and M. Abdlhusein [6]. In [8,11] many
properties were studied and the inverse pitchfork domination was found for certain complements of
graphs and for some operations such as corona and join in 2020. M. A. Abdhusein introduced stability
of inverse pitchfork domination [3] in 2021. Some modified types of pitchfork dominion and its inverse
are given by M. A. Abdlhusein and others [2,4,5,7,12] in 2022. S.J. Radhi et al. [27] proposed the
definition of arrow domination and its characteristics are established in 2021. A study on equality
co-neighborhood domination in graphs was conducted in 2022 by A. A. Omran et al. [23]. In [19] new
idea was given to construct new graphs from discrete topological space.

In this study, we work on the same definition of pitchfork vertex domination, but for edges, which is a
novel model of domination in graphs. This kind of domination is depends on the number of dominated
edges, that is useful for every kind of networks that needs these characteristics. Several bounds are
given for the pitchfork edge domination number concerned to size, order, minimum degree, maximum
degree of a graph and other attributes. Pitchfork edge domination is also determined for a known
graphs. Some questions are discussed here: is there a pitchfork edge domination in every undirected,
finite and simple graph G with no isolated edges? does the pitchfork edge domination appear on every
graph that has the pitchfork vertex domination? and is the converse true or not?

After that, we will review a table showing the pitchfork vertex domination and pitchfork edge domina-

tion for some well-known graphs.
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2. Prrcuarork EDGe DoMINATION

This section presents the definition of pitchfork edge domination, a novel model of graph domination.

Some characteristics for this kind of domination are presented.

Definition 2.1. Let G = (V, E) be a simple, finite and undirected graph with no isolated edges, a subset
D. C E(G)if r <|N(e)(\(E—D.)| < s Ve € D, wherer,s € Z*U{0} is called pitchfork edge dominating
set that means each edge in it dominates at least v and at most s edges outside the dominating set and denoted by

PEDS.

Definition 2.2. The subset D, C E(G) is called minimal pitchfork edge dominating set if there is not a proper
pitchfork edge dominating subset of D. and denoted by M PEDS.

Definition 2.3. A smallest pitchfork edge dominating set of a graph G is said to be minimum pitchfork edge

dominating set. Such set is referred as -y, . —set.

Definition 2.4. The minimum number of elements over all pitchfork edge dominating sets in a graph G is called

pitchfork edge domination number and denoted by v, .(G).

All results of the pitchfork edge domination in this paper are present for r = 1 and s = 2. We will
give two examples to explain the difference between edge domination in general and pitchfork edge

domination.

Example 2.5. A graph G has five vertices and four edges. Let the set of vertices is V(G) = {v1, v, v3,v4,v5}
and the set of edges is E(G) = {e1, ez, e3,es}. Since in Fig. (1a), the edge e3 dominates all other edges. So,
D, = {e3} is the minimum edge dominating set and ~.(G) = 1. In Fig. (1b), the edge e4 dominates e3, while
e1 dominates ez and es. Thus, the minimum pitchfork edge dominating set D, = {e1, e4} because in it each edge

dominates one or two edges. Then, ypre(G) = 2

™

Vg

(B) Ypre—set

(4) ye—set

FiGure 1. A pitchfork edge domination
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Example 2.6. Let G be a graph consists of eight vertices and ten edges, where the set of vertices is V(G) =
{v1,v2,...,vs} and the set of edges is E(G) = {e1, e, ..., e1n}. The edge es dominates ey, ez, e4 and es while
eg dominates eg, e7, eg and ey1o. Hence, the minimum edge dominating set in G is {es, es}. See Fig. (2a).

In Fig. (2b), the edge eq dominates es and es, the edge eo dominates es and ey, the edge eg dominates e and eg,
the edge e1o dominates e7 and es. Therefore, the minimum pitchfork edge dominating set is D, = {e1, €2, €9, €10}

because in it every edge dominates exactly two edges.

(A) ve—set (B) Vpre—set

Ficure 2. The pitchfork edge domination

The following example shows the difference between minimal and minimum pitchfork edge domi-

nating sets.

Example 2.7. In Fig. (3), the graph G has many minimal pitchfork edge dominating sets. Where: D, =
{e1, e3, eq, e9, e10} is minimal pitchfork edge dominating set of cardinality 5. D, = {es, es, es, e7} is minimal
pitchfork edge dominating set of cardinality 4. Since |D.| < |D.|, then D, is the minimum pitchfork edge
dominating set. Hence, ~p¢.(G) = |D.| = 4.

(o) (D)

Ficure 3. The minimal and minimum pitchfork edge dominating sets
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Proposition 2.8. Suppose that G(n, m) contains a pitchfork edge domination number ~y,¢.(G), then:
(1) m>2.
(2) The order of G is n > 3.
(3) A"(G)>1 and ¢"(G) > 1.
(4) 7e(G) < Ypre(G).
(5) Ypre(G) = 1.
(6) N(e)(\(E — D) # 0 Ve € D..
(7) N(e)(\De # 0 Ye' € E— De.
(8) N[D.] = E(G),
(9) 1<|N(e)n(E —D.)| <2 Ve € D,.

Theorem 2.9. Given a graph G and D, be a pitchfork edge dominating set in it, D, is the minimal pitchfork
edge dominating set if one of the following conditions holds:

(1) [IN(e)N(E = Dc)| =2, VecD..

(2) IN()ND,|=1, Ye € E—D..

(3) All edges of G| D] are isolated edges.

Proof. Considering D, be a PEDS in G, such that D, is not the M PEDS, that mean there exist at
least one edge say e € D,, such that the minimal pitchfork edge dominating set is D. — {e}. Then, we
address the above conditions as follows:

Case 1: There are two cases if the first condition is true:

Subcase 1. If one or two edges €1, e3 from E — D, which are dominated by only the edge e. Then, there
isno any edge in D, — {e} dominates e; or ez. Thus, D, — {e} isnota PEDS and this is a contradiction.
See Fig. (4a) in Example 2.10.

Subcase 2. If D, — {e} has one or more edges that dominate the two edges e; and ez which are different
from e. Suppose that there exist ¢’ € D, —{e} is adjacent to e. According to the first condition, each edge
dominates exactly two edges, that mean ¢’ dominates two edges and the edge e. Hence, ¢’ dominates
three edges and this is a contradiction. Therefore, D, — {e} is not pitchfork edge dominating set and
this is contradiction. See Fig. (4b) in Example 2.10.

Case 2: Assume that the second condition is holds, such that ¢’ € E — D, is dominated by only one
edge say e € D.. Then, there is no edge in D. — {e} dominates ¢’. As aresult, D, — {e} isnota PEDS.
See Fig. (4c) in Example 2.10.

Case 3: Assuming the third condition is true, meaning that e is not adjacent to any edge of D.. As a
result, no edge from D, — {e} dominates e. Therefore, the set D, — {e} is not pitchfork edge dominating
set. Hence, D, — {e} is not a PEDS in any of the above cases. Consequently, the minimal pitchfork

edge dominating set is D,. See Fig. (4d) in Example 2.10. O
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Example 2.10. Let G be a graph has ~y,t.(G) we have D. = {e, e3}. The edge e dominates e, and ey, the edge
ez dominates ey and ey. If we consider e outside the dominating set, then the edge ey does not has an edge that
dominates it, and this is a contradiction. Also, the edge e does not has an edge that dominates it, because es
dominates only two edges, and this is contradiction. See Fig. (4a). In Fig. (4b), Let D, = {e, ¢, e3} since all
the edges of D, dominate two edges of E — D.. Where e dominates ey and ey and the edge ' dominates e4 and
es, while the edge e3 dominates ey and es. If the edge e is removed from the dominating set D., then there exist
es € D, — {e} dominates e; and ey. Since there exist ¢’ € D, — {e} is adjacent to e, an edge e’ dominates two
edges and the edge e. Therefore, ¢’ dominates three edges and this is contradiction. Thus, D, — {e} is not PEDS.
In Fig. (4c), D, = {e1, es}, then in D. — {e;} there is no edge dominates es. Also, in D. — {e4} there is no
edge dominates e3. In Fig. (4d), let D, = {e1, eq, €7} every edge of D, is adjacent with only two edges from

E — D.. This means every two edges in D, are not adjacent.

€1
=3
€2
[
Ca 3
() Case 1
(a) Case 1
c gy :} = O E3 c £ g
(c) Case 2

(p) Case 3

FiGure 4. Minimal pitchfork edge dominating set

Theorem 2.11. Any graph G = (n,m) has a pitchfork edge domination number ~,s.(G), then:

(51 < se(G) <m—1

Proof. Assume that D, be 7, ¢.—set in G, then for the lower bound, in agreement with the definition of

the pitchfork edge domination. Since each edge in the dominating set dominates one or two edges, if
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we assume that each edge of the dominating set dominates only one. This means [ 5| < 7,.(G). But
if we assume that each edge in the dominating set dominates exactly two edges, then [3] < v, ¢.(G).
Since one or two edges of £ — D, are dominated by every edge e € D.. Therefore, the lower bound is
[ ] < Ypre(G).

The upper bound is proven by using the fact that, the set £ — D, can not be an empty set. So, it must

contain at least one edge. Hence, 'ypfe(G) <m-—1. O
Proposition 2.12. Suppose that G(n, m) be any graph then:

1e(G) < Yppe(G) <m —1
Proof. The proof is directed from Theorem 2.11. O

The relationship between a graph’s size and graph pitchfork edge domination number is found in

the following theorem.

Theorem 2.13. For any graph G = (n, m) having vy, r.(G), then:

m
2<m< (2> +7}%fe(G) - m’Ypfe(G>

Proof. Suppose that D, be a pitchfork edge dominating set of a graph G, then:

Case 1: Assume that G[D.]| and G[E — D,] are subgraphs contain only one edge such that G contains
few edges in order to show the lower bound. According to the pitchfork edge domination definition,
this edge of D. dominates only one edge of E — D.. Therefore, the total number of edges is equal to
m1 = |De| = Yppe(G) = 1and my = |E — D.| = 1. Consequently, the lower bound is 2 < m.

Case 2: To prove the upper bound, assume that G[D.] and G[E — D.| are two complete subgraphs such
that G has a largest possible number of edges and let the number of edges of D, and E — D, equals to

m1 and mo respectively. Then

_ |DeHDe - 1| _ 'Ypfe(')/pfe - 1)
! 2 2
_ |E — De||E — D, — 1] _ (m = ypre) (M — Ypre — 1)
2 2

m2

According to the definition of pitchfork edge domination, suppose that each edge of D, dominates two
edges from E — D, then the graph G has the number of edges equal to

m < my + mg

1 1
< 9 <7§fe - 7pfe> +5 (m2 — MYpfe — M — MYpfe + ’Ygfe + ’Ypfe)

2

m2—m

< Ypge — Mpfe +

In general, this is the upper bound.

The lower bound is sharp for G = P3 and the upper bound is sharp for G = Kj. 0
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3. PircHrork EDGE DOMINATION OF SOME GRAPHS

The pitchfork edge domination is specify for several families of graphs. The pitchfork edge domina-

tion number and the minimum pitchfork edge dominating set are studied here.

Theorem 3.1. For any path graph P,,, (n > 3) we have:

Yofe(Pn) = (3] ianO,Q(modB)
5] if n=1(mod3)

Proof. Let uy,us, ..., u, be the vertices and ey, e2, ..., e,_1 be the edges of P, and let D, C E(F,)

defined as:
{esic1,i=1,2,...,5} if n=0(mod3)

De=4q {esi—1,i=1,2,...,2} if n=1(mod3)
{esi—2,i=1,2,..., 28} if n=2(mod3)

To prove D, is PEDS, we shall talk about three cases:
Case1: If n = 0(mod3). Let D, = {e3;—1,i = 1,2,..., 5} every edge in D. dominates two edges except
the last edge where it dominates one edge. So, each edge in D, dominates one or two edges. Thus, D,
is a pitchfork edge dominating set and v, 7. = [%].
Case 2: If n = 1(mod3). Let D, = {egi—1,i = 1,2,..., ”T*l}, since every edge in D, adjacent exactly
two edges, then it dominates exactly two edges. Thus, D, is the pitchfork edge dominating set and
Yofe = L5]-
Case 3: If n =2 (mod3). Let D, = {egj—2,i =1,2,..., "TH}, the first and last edges of D, dominates
only one edge, while the rest of the edges of D, dominate two edges. Thus, D, is pitchfork edge
dominating set and v, 7. = [%].
To prove that D, is a minimum pitchfork edge dominating set in all the previous cases, assume that D/,
isa PEDS such that |D.| < |D,|. Then, there exist one or more edges of E — D, that are not dominated
by any edge of D.. This contradicts with the concept of the pitchfork edge dominating set. Therefore,
D, is a vy, s.—set. See Fig. (5).
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€5

e €2 5 e
o—*—o 0—=0—% 0 o
(A)n=0(mod3)
21 €3 £ Ba €5 5
(o O O——0 O oO——o0
(B) n =1 (mod3)
= €2 & g, & g 2
OO0 o0——o0 —0——— OO0

(c)n=2(mod3)

Ficure 5. The pitchfork edge domination of path graph

Theorem 3.2. Given a cycle graph C,, then:

n

Ypfe(Cn) = (51

Proof. To prove D, is the pitchfork edge dominating set in cycle graph. Let ey, e, . . ., e, be the edges of
a cycle graph of order n and D, C E(C),) such that

{631‘_2,7;:1,2...,%} ianO(modS)
De=4q {esi—2,i=1,2,...,22} if n=1(mod3)
{esi—o,i=1,2,..., 21} if n=2(mod3)

So, there are three cases to discuss as follows:

Case 1: If n = 0 (mod3). Let D, = {e3i—2,i = 1,2,..., %}, then every e € D, dominates exactly two
edges. Then, D.isa PEDS.

Case2: If n=1(mod3). Let D, = {e3;—2,i=1,2,..., ’%2}, then each edge of D. dominates two edges
expect the first and last edges which are dominate only one edge. Therefore, D, is a pitchfork edge
dominating set.

Case 3: If n = 2(mod3). Let D, = {e3;—2,1 = 1,2,..., ”T“}, then each edge of D, dominates two
edges. Hence, D, isa PEDS. Thus, in all of the previous cases D, is a pitchfork edge dominating set
and pfe(Cn) = 5]-

In all three of the above cases, the set D, is a minimum pitchfork edge dominating set, and the proof of

it is similar to the proof of Theorem 3.1.
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€1 €2
er €3
Eg s
&
(A)n=0(mod3) 5
(B) n =1(mod3)
=
1 e,
0O
€g €q

€4
(c)n=2(mod3)

Ficure 6. The pitchfork edge domination of cycle graph

Theorem 3.3. For a wheel graph W, then:
Tore(Wn) =n

Proof. To prove the pitchfork edge dominating set. So, there are two possibilities cases for choosing the
cardinality of D.:

Case 1: Let D, consists of all the edges that belong to the cycle C,, where the number of these edges are
equal to n, then each edge of D. dominates exactly two edges of £ — D.. Therefore, D, is a pitchfork
edge dominating set. Thus, v, ¢.(Wy) = |De| = n.

Case 2: Let D, consists of all edges that join the vertex of K; with all vertices of C,, and the number of
these edges are equal to n. Therefore, exactly two edges of E — D, are dominated by every edge of D..
Hence, vpfe(Wy) = |De| = n.

Assume that D), is a pitchfork edge dominating set, such as |D,| < |D.|. This indicates that some edges
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in D] dominate three edges of £ — D/, which is contradictory. This proves that D, in all above cases is
the MPEDS.

Q =
£g
€g
& 0 €2
Eg
Y EE

(&) Vpre(Wa) = 4

(B> foe(W5) =5

Ficure 7. The pitchfork edge domination of wheel graph

Theorem 3.4. For a complete graph of order n, (n > 3) and size m then:

1 ifn=3
foe(Kn) - 3 lfn: 4
m— %] ifn>4

Proof. To prove the pitchfork edge dominating set there are two cases.

Case 1: If n = 3, since K3 has three edges and every edge of these edges is adjacent with the other two
edges. We take one of these edges that it dominates the other two edges.

Case 2: Since K4 has six edges and according to the definition of pitchfork edge domination, that every
edge dominates at most two edges, let D, is any three adjacent edges that have one common vertex. So,
Vofe(Ka) = 3.

Case 3: If n > 4, let us label {e;,i = 1,2,...,n} be the set of the outer edges that represent the outer
circle of K,,. Suppose that D, = E — {¢;, i is even number}. Then, there are two subcases as follows:
Subcase 1: If n is even, therefore exactly two edges are dominated by every edge of D.. So, D, is
pitchfork edge dominating set.

Subcase 2: If n is odd, then every edge of D. dominates two edges except e, e, and all the edges which
are adjacent with them by one common vertex. These edges dominate only one edge. Thus, D, is
pitchfork edge dominating set.

The proof that D, is a 7, ¢.—set in each of the given cases, assume that D, is pitchfork edge dominating
set and |D,| < |D.|, then there exist some edges of D/ dominate three edges of E — D.. The definition

of pitchfork edge domination will contradiction to this. Thus, D, is v, . —set. See Fig. (8).
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g g9
=0 7
Gl €
z €3 €7
94 92
23 €3
€3

(&) Vpfe(K3) =1 (B) Ypre(Ks) =3
(€) Ypre(Ks) =m—2=38
g7 2y

Eg £y

= €2

= £z
g €3
=F) €3
=
(D) Ypfe(Keg) =m —3 =12 (B) Ypse(K7) =m —3 =18

(¥) Ypse(Ks) = m — 4 = 24

Ficure 8. The pitchfork edge domination of complete graph
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a
Proposition 3.5. Suppose that H,, be a helm graph of order n and H,, be a big helm graph of order n + 1, then:
rypfe(Hn) = 'Ypfe(/Hn) =2n

Proof. Assume that D, be a set of all edges of W),. In the graph H,, every edge of C;, dominates exactly
two edges of the single edges that joined with each vertex of C),. While, the edges which are joining C,
to K1, each edge of them dominates one edge of the single edges. In the graph H,, each edge of D,
dominates exactly two edges of the single edges that joined with each vertex of W,,. Therefore, D, is a
pitchfork edge dominating set.

To prove D, is a minimum pitchfork edge dominating set, if any edge e is delete from D,, then we get

some edges in D, — {e} dominate three edges of £ — D.. Hence, D, is the v, .—set. See Fig. (9).

O 0O

N AN

(A) Hn (B> Hn

FIGURE 9. 7, f.—sets of helm and big helm graphs

Theorem 3.6. A bipartite complete graph has a pitchfork edge domination number, such that:

1 fn=1Am=2
m—2 fn=1Am>2
’Ypfe(Kn,m): .
m ifn=2,3"Am>2

m(n—2) ifn,m >4

Proof. Considering two disjoint sets of vertices of K, ,,, as A1 and Ay such that |[A;| = n and |Az| = m.
The following four cases are obtained:

Case 1: If n = 1 A'm = 2, since K » has two edges. We take one of these edges to dominate the other
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edge.

Case 2: If n = 1 A'm > 2, since all vertices of A, are adjacent with one common vertex of A;, then the
number of the edges are equal to m. Let D, represent the set of all edges except two edges. Then, exactly
two edges are dominated by each edge of D.. So, D, is the PEDS and |D.| = vpfe(Knm) = m — 2.
Case 3: If n = 2,3 Am > 2, let D, be the set of all edges that joined one vertex of A; with all vertices of
Aj where these edges are equal to |Az| = m. If n = 2, then each edge of D, is dominates exactly one
edge which is joined the other vertex of A; with the vertices of A;. If n = 3, then each edge of D, is
dominates exactly two edges which are joined the two vertices of A; with the vertices of A;. Therefore,
D. is the pitchfork edge dominating set and v, e (Kn,m) = |De| = m.

Case 4: If n,m > 4, assume that D, consists all the edges that joined n — 2 vertices from A; with all
vertices of A,, then each edge in the pitchfork edge dominating set D. dominates exactly two edges
from E — D.. Thus, D, is v, . —set. Since each vertex of n — 2 vertices from A; has m edges where it is
joined with all vertices of As. Hence, |D.| = m(n — 2) = vpe(Knm)-

To show that D, in all the previous cases is a 7, f.—set. Assume that D, is a pitchfork edge dominating
set such that |D.| < |D,|. Then, either one or more edges of E — D!, are not dominated by D., or there
are some edges of D/ dominate more than two edges of E — D/. This definition of pitchfork edge

dominating set is disagreement with this. Thus, D, is a minimum pitchfork edge dominating set. See

Fig. (10).

(B) Ypre(Ki5) =m—2=

() Wre(K12) =1 3
(®) Vpse(B33) =m =3 (B) Ypse(Kaa) = m(n—2) =8

Ficure 10. The pitchfork edge domination of a complete bipartite graph
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Lastly, the following important question will be asked by everyone who has read pitchfork edge
domination: does each graph G has pitchfork edge domination? does the pitchfork edge domination
appear on every graph that has the pitchfork vertex domination? and is the converse true or not? the
answer is yes for the first question where every finite, undirect and simple graph of order n > 3 without
isolated edges has pitchfork edge domination. For the second question, the answer is no, where assume
that 7" be a tree of order n > 13. From every four adjacent edges that have one common vertex, we
choose two edges to form the set D.. So, D, = {es, e, €5, €6, €9}, since all the edges of D. dominates
exactly two edges of E — D.. Therefore, D, isa PEDS. Thus, T having pitchfork edge domination
but it has no pitchfork vertex domination. Since 7" having one vertex u adjacent with three support
vertices wq, w2 and ws. Since every support vertex adjacent with more than two pendant vertices,
then the pendants belong to pitchfork vertex dominating set. If u € D, then « dominates all support
vertices wi, wy and ws. As a result, three vertices are dominated by u, which is contradictory with
the pitchfork definition. If u ¢ D, then there is no v € D such that v dominates u. Therefore, 7" has

no pitchfork vertex dominating set. The converse has the same answer to the first question. See Fig. (11).

=]

FiGure 11. Tree graph
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The following table reviews the comparable between a pitchfork vertex domination and the pitchfork

edge domination for some graphs. Where 7, ¢(G) means the pitchfork vertex domination number.

Graph(G) Ypf(G) Ypfe(G)
" [%] if n=0,2(mod3)
Path graph Ypf(Pn) = [%] Ypfe(Pn) = 3
I_%J if n=1(mod3)
Cycle graph s (Cn) = [3] Tpse(Cn) = 5]
1 ifn=3
Complete graph | v,r(Kn) =n—2, forn >3 Ypfe(Kn) = 3 ifn=4
m—|g| ifn#4
1 ifn=1Am=2
m, ifn=2Am<3orn=1Am > 2
) . m—2 ifn=1Am>2
Bipartite com- | v, (Kn,m) = m—1, ifn=2m2>3 Ypfe(Hn,m) =
m ifn=2,3Am2>2
plete n+m—4, if n,m>2
m(n—2) ifn,m>4
227 -1, ifn=1 (mod4)
Wheel graph Yof (Wn) = * Ypfe(Wn) =n
2171, otherwise
Helm graph Ypf(Hn) =n, forn >3 Vpfe(Hn) =2n
Big helm graph | v,5(Hn) =n+1 Tofe(Hn) = 2n

TabLE 1. Pitchfork vertex domination and pitchfork edge domination

4. CONCLUSION

A novel type of domination known as “pitchfork edge domination” is introduced here. The relation
between pitchfork edge domination number and the order, size, minimum degree and maximum degree

are determined. In this paper the domination number was assessed for several standard graphs.
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