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1. Introduction

Nobusawa [6] proposed the idea of Γ-rings, a generalization of rings. Vandiver [10] introduced and
examined the idea of a semiring in detail. Rao [9] proposed Γ-semirings (GSRs) to generalise the ideas
behind rings, Γ-rings, and semirings. In algebraic structures, ideals are crucial. Bi-ideals are introduced
as a generalization of quasi-ideals in various algebraic systems. Many authors have expanded the
notion of bi-ideals from semigroups to semirings by developing quasi-ideals; subsequently, Jagatap
and Pawar [4] presented the concept of bi-ideals in GSRs.

In 1965, Zadeh [11] established the idea of fuzzy subsets of a set. Fuzzy sets have several extensions,
including intuitionistic fuzzy sets, interval-valued fuzzy sets, vague sets, neutrosophic sets, etc., which
were developed. The idea of bipolar fuzzy sets, which is a significant extension of fuzzy sets whose
membership degree interval is extended from the interval [0, 1] to the interval [−1, 1], was first suggested
by Zhang [12] in 1994. Jun and Lee [5] have developed bipolar fuzzy sets (BFSs), a generalization
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of fuzzy sets. Numerous scholars studied various algebraic structures, such as semigroups, groups,
semirings, rings, etc., to build the BFS theory. In 2023, we continued the study of BFS theory by
introducing bipolar fuzzy Γ-semirings [7] and bipolar fuzzy ideals [8] on GSRs. Currently, we are
investigating the BFBIs of GSRs.

2. Preliminaries

In this section, we recall some basic concepts and definitions that we will need in the sequel.

Definition 2.1. [1] Let D and Γ be two additive commutative semigroups. Then D is called a Γ-
semiring (GSR) if there exists a mappingD×Γ×D → D image denoted by ċα̇ṗ for ċ, ṗ ∈ D and α̇ ∈ Γ,
satisfying the following conditions:
(i) ċα̇(ṗ+ u̇) = ċα̇ṗ+ ċα̇u̇,
(ii) (ċ+ ṗ)α̇u̇ = ċα̇u̇+ ṗα̇u̇,
(iii) ċ(α̇+ β̇)u̇ = ċα̇u̇+ ċβ̇u̇,
(iv) ċα̇(ṗβ̇u̇) = (ċα̇ṗ)β̇u̇, for all ċ, ṗ, u̇ ∈ D, α̇, β̇ ∈ Γ.

Definition 2.2. [11] Let ∨ be any non-empty set. A mapping ξ : ∨ → [0, 1] is called a fuzzy set of ∨.

Definition 2.3. [12] Let ∨ be the universe of discourse. A bipolar fuzzy set ξ in ∨ is an object having
the form ξ := {(v̇, ξ−(v̇), ξ+(v̇)) : v̇ ∈ ∨}, where ξ− : ∨ → [−1, 0] and ξ+ : ∨ → [0, 1] are mappings.

For the sake of simplicity, we shall use the symbol ξ = {∨; ξ−, ξ+} for the bipolar fuzzy set ξ :=

{(v̇, ξ−(v̇), ξ+(v̇)) : v̇ ∈ ∨}, and use the notion of bipolar fuzzy sets instead of the notion of bipolar
fuzzy sets.

Definition 2.4. [12] Let ξ = {∨; ξ−, ξ+} be a bipolar fuzzy set and s × t ∈ [−1, 0] × [0, 1], the sets
ξNs = {v̇ ∈ ∨ : ξ−(v̇) ≤ s} and ξPt = {v̇ ∈ ∨ : ξ+(v̇) ≥ t} are called negative s-cut and positive t-cut,
respectively. For s× t ∈ [−1, 0]× [0, 1], the set ξ(s,t) = ξNs ∩ ξPt is called the (s, t)-set of ξ = {∨; ξ−, ξ+}.

Definition 2.5. [12] Let ξ = {∨; ξ−, ξ+} and η = {∨; η−, η+} be two bipolar fuzzy sets of a universe of
discourse ∨. The intersection of ξ and η is defined as

(ξ− ∩ η−)(v̇) = min{ξ−(v̇), η−(v̇)} and (ξ+ ∩ η+)(v̇) = min{ξ+(v̇), η+(v̇)}, for all v̇ ∈ ∨.
The union of ξ and η is defined as

(ξ− ∪ η−)(v̇) = max{ξ−(v̇), η−(v̇)} and (ξ+ ∪ η+)(v̇) = max{ξ+(v̇), η+(v̇)}, for all v̇ ∈ ∨.
A bipolar fuzzy set ξ is contained in another bipolar fuzzy set η, written with ξ ⊆ η if

ξ−(v̇) ≥ η−(v̇) and ξ+(v̇) ≤ η+(v̇), for all v̇ ∈ ∨.

Definition 2.6. [3] Let J : K → L be a homomorphism from a setK onto a setL and let ξ = {K; ξ−, ξ+}

be a bipolar fuzzy set of K and η = {L; η−, η+} be a bipolar fuzzy set of L, then the homomorphic
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image J(ξ) of ξ is J(ξ) = {L; (J(ξ))−, (J(ξ))+} defined as for all v̇ ∈ L,

(J(ξ))−(v̇) =

 inf{ξ−(u̇) : u̇ ∈ J−1(v̇)}, if J−1(v̇) 6= ∅

0, otherwise

and

(J(ξ))+(v̇) =

 sup{ξ+(u̇) : u̇ ∈ J−1(v̇)}, if J−1(v̇) 6= ∅

0, otherwise.

The pre-image J−1(η) of η under J is a bipolar fuzzy set defined as (J−1(η))
−

(u̇) = η−(J(u̇)) and
(J−1(η))

+
(u̇) = η+(J(u̇)), for all u̇ ∈ K.

Definition 2.7. [1] Let ∨ be a subset of a Γ-semiring D. The characteristic function of ∨ taking values
in [0, 1] is a fuzzy set δ∨ given by

δ∨(v̇) =

 1, if v̇ ∈ ∨
0, otherwise.

Then δ∨ is a fuzzy characteristic function of ∨.

Definition 2.8. [7] Let ∨ be a subset of a Γ-semiring D. The bipolar fuzzy characteristic function δ∨ of
∨ is given by

δ+∨ (v̇) =

 1, if v̇ ∈ ∨
0, otherwise

and δ−∨ (v̇) =

 −1, if v̇ ∈ ∨
0, otherwise.

Then δ∨ is a bipolar fuzzy characteristic function of ∨.

Definition 2.9. [1] A bipolar fuzzy set ξ = {D; ξ−, ξ+} in D is called a bipolar fuzzy Γ-semiring of D
if it satisfies the following properties: for all ċ, ṗ ∈ D and γ̈ ∈ Γ,
(i) ξ−(ċ+ ṗ) ≤ max{ξ−(ċ), ξ−(ṗ)},
(ii) ξ−(ċγ̈ṗ) ≤ max{ξ−(ċ), ξ−(ṗ)},
(iii) ξ+(ċ+ ṗ) ≥ min{ξ+(ċ), ξ+(ṗ)},
(iv) ξ+(ċγ̈ṗ) ≥ min{ξ+(ċ), ξ+(ṗ)}.

Definition 2.10. [2] A non-empty subset ∨ of a Γ-semiring D is said to be a bi-ideal of D if ∨ is a
sub-Γ-semiring of D and ∨ΓDΓ∨ ⊆ ∨.

Definition 2.11. [2] Let ξ be a fuzzy set in a Γ-semiring D. Then ξ is called a fuzzy bi-ideal of D if for
any ċ, ṗ, u̇ ∈ D and α̇, β̇ ∈ Γ,
(i) ξ(ċ+ ṗ) ≥ min{ξ(ċ), ξ(ṗ)},
(ii) ξ(ċα̇ṗβ̇u̇) ≥ min{ξ(ċ), ξ(u̇)}.
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3. Main Results

This session introduces and studies BFBIs and discusses their properties. After this, we will replace
D as a Γ-semiring.

Definition 3.1. A BFS ξ = (D; ξ+, ξ−) of D is called a bipolar fuzzy bi-ideal (BFBI) of D if for any
ċ, ṗ, u̇ ∈ D and α̇, β̇ ∈ Γ,
(i) ξ−(ċ+ ṗ) ≤ max{ξ−(ċ), ξ−(ṗ)},
(ii) ξ−(ċα̇ṗβ̇u̇) ≤ max{ξ−(ċ), ξ−(u̇)},
(iii) ξ+(ċ+ ṗ) ≥ min{ξ+(ċ), ξ+(ṗ)},
(iv) ξ+(ċα̇ṗβ̇u̇) ≥ min{ξ+(ċ), ξ+(u̇)}.

Theorem 3.2. A BFS ξ = (D; ξ−, ξ+) ofD is a BFBI ofD if and only if for all s× t ∈ [−1, 0]× [0, 1], ∅ 6= ξNs

and ∅ 6= ξPt are bi-ideals of D.

Proof. Let ξ = (D; ξ−, ξ+) be a BFBI of D. Let s × t ∈ [−1, 0] × [0, 1] be such that ξNs 6= ∅ and ξPt 6= ∅.
Let ḋ, ġ, j̇ ∈ ξNs , ċ, ṗ, u̇ ∈ ξPt , and α̇, β̇ ∈ Γ. Then ξ−(ḋ) ≤ s, ξ−(ġ) ≤ s, ξ−(j̇) ≤ s and ξ+(ċ) ≥ t, ξ+(ṗ) ≥

t, ξ+(u̇) ≥ t. Since ξ = (D; ξ−, ξ+) is a BFBI of D, we have
(i) ξ−(ḋ+ ġ) ≤ max{ξ−(ḋ), ξ−(ġ)} ≤ s,
(ii) ξ−(ḋα̇ġβ̇j̇) ≤ max{ξ−(ḋ), ξ−(j̇)} ≤ s,
(iii) ξ+(ċ+ ṗ) ≥ min{ξ+(ċ), ξ+(ṗ)} ≥ t,
(iv) ξ+(ċα̇ṗβ̇u̇) ≥ min{ξ+(ċ), ξ+(u̇)} ≥ t.
Then (ḋ+ ġ) ∈ ξNs , ḋα̇ġβ̇j̇ ∈ ξNs and ċ+ ṗ ∈ ξPt , ċα̇ṗβ̇u̇ ∈ ξPt . Thus, ξNs and ξPt are bi-ideals of D.

Conversely, suppose that for all s × t ∈ [−1, 0] × [0, 1], ∅ 6= ξNs and ∅ 6= ξPt are bi-ideals of D. Let
ḋ, ġ, j̇ ∈ ξNs , ċ, ṗ, u̇ ∈ ξPt , and α̇, β̇ ∈ Γ. Then ḋ + ġ ∈ ξNs , ḋα̇ġβ̇j̇ ∈ ξNs and ċ + ṗ ∈ ξPt , ċα̇ṗβ̇u̇ ∈ ξPt .
Choose s = max{ξ−(ḋ), ξ−(ġ), ξ−(j̇)}. Let ξ−(ḋ) ≤ s1, ξ−(ġ) ≤ s2, ξ−(j̇) ≤ s3, and s1 ≤ s2 ≤ s3 ≤ s.
(i) ξ−(ḋ+ ġ) ≤ max{ξ−(ḋ), ξ−(ġ)} ≤ max{s1, s2} = s2 ≤ s,
(ii) ξ−(ḋα̇ġβ̇j̇) ≤ max{ξ−(ḋ), ξ−(j̇)} ≤ max{s1, s3} = s3 ≤ s.
Choose t = min{ξ+(ċ), ξ+(ṗ), ξ+(u̇)}. Let ξ+(ċ) ≥ t1, ξ+(ṗ) ≥ t2, ξ+(u̇) ≥ t3, and t1 ≥ t2 ≥ t3 ≥ t.
(iii) ξ+(ċ+ ṗ) ≥ min{ξ+(ċ), ξ+(ṗ)} ≥ min{t1, t2} = t2 ≥ t,
(iv) ξ+(ċα̇ṗβ̇u̇) ≥ min{ξ+(ċ), ξ+(u̇)} ≥ min{t1, t3} = t3 ≥ t.
Hence, ξ = (D; ξ−, ξ+) is a BFBI of D. �

Theorem 3.3. If ξ = (D; ξ−, ξ+) and η = (D; η−, η+) are two BFBIs of D, then ξ ∩ η is a BFBI of D.

Proof. Assume that ξ = (D; ξ−, ξ+) and η = (D; η−, η+) are BFBIs of D. Let ċ, ṗ, u̇ ∈ D and α̇, β̇ ∈ Γ.
Then

(ξ− ∩ η−)(ċ+ ṗ) = min{ξ−(ċ+ ṗ), η−(ċ+ ṗ)}
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≤ min{max{ξ−(ċ), ξ−(ṗ)},max{η−(ċ), η−(ṗ)}}

≤ min{max{ξ−(ċ), η−(ċ)},max{ξ−(ṗ), η−(ṗ)}}

≤ max{min{ξ−(ċ), η−(ċ)},min{ξ−(ṗ), η−(ṗ)}}

= max{(ξ− ∩ η−)(ċ), (ξ− ∩ η−)(ṗ)},

(ξ− ∩ η−)(ċα̇ṗβ̇u̇) = min{ξ−(ċα̇ṗβ̇u̇), η−(ċα̇ṗβ̇u̇)}

≤ min{max{ξ−(ċ), ξ−(u̇)},max{η−(ċ), η−(u̇)}}

≤ min{max{ξ−(ċ), η−(ċ)},max{ξ−(u̇), η−(u̇)}}

≤ max{min{ξ−(ċ), η−(ċ)},min{ξ−(u̇), η−(u̇)}}

= max{(ξ− ∩ η−)(ċ), (ξ− ∩ η−)(u̇)},

(ξ+ ∩ η+)(ċ+ ṗ) = min{ξ+(ċ+ ṗ), η+(ċ+ ṗ)}

≥ min{min{ξ+(ċ), ξ+(ṗ)},min{η+(ċ), η+(ṗ)}}

= min{min{ξ+(ċ), η+(ċ)},min{ξ+(ṗ), η+(ṗ)}}

= min{(ξ+ ∩ η+)(ċ), (ξ+ ∩ η+)(ṗ)},

(ξ+ ∩ η+)(ċα̇ṗβ̇u̇) = min{ξ+(ċα̇ṗβ̇u̇), η+(ċα̇ṗβ̇u̇)}

≥ min{min{ξ+(ċ), ξ+(u̇)},min{η+(ċ), η+(u̇)}}

= min{min{ξ+(ċ), η+(ċ)},min{ξ+(u̇), η+(u̇)}}

= min{(ξ+ ∩ η+)(ċ), (ξ+ ∩ η+)(u̇)}.

Hence, ξ ∩ η is a BFBI of D. �

Theorem 3.4. If ξ = (D; ξ−, ξ+) and η = (D; η−, η+) are two BFBIs of D, then ξ ∪ η is a BFBI of D when

ξ ⊆ η or η ⊆ ξ.

Proof. Suppose ξ ⊆ η. Let ċ, ṗ, u̇ ∈ D and α̇, β̇ ∈ Γ. Then

(ξ− ∪ η−)(ċ+ ṗ) = max{ξ−(ċ+ ṗ), η−(ċ+ ṗ)}

= ξ−(ċ+ ṗ)

≤ max{ξ−(ċ), ξ−(ṗ)}

= max{max{ξ−(ċ), η−(ċ)},max{ξ−(ṗ), η−(ṗ)}}

= max{(ξ− ∪ η−)(ċ), (ξ− ∪ η−)(ṗ)},
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(ξ− ∪ η−)(ċα̇ṗβ̇u̇) = max{ξ−(ċα̇ṗβ̇u̇), η−(ċα̇ṗβ̇u̇)}

= ξ−(ċα̇ṗβ̇u̇)

≤ max{ξ−(ċ), ξ−(u̇)}

≤ max{max{ξ−(ċ), η−(ċ)},max{ξ−(u̇), η−(u̇)}}

= max{(ξ− ∪ η−)(ċ), (ξ− ∪ η−)(u̇)},

(ξ+ ∪ η+)(ċ+ ṗ) = max{ξ+(ċ+ ṗ), η+(ċ+ ṗ)}

= η+(ċ+ ṗ)

≥ min{η+(ċ), η+(ṗ)}

= min{max{ξ+(ċ), η+(ċ)},max{ξ+(ṗ), η+(ṗ)}}

= min{(ξ+ ∪ η+)(ċ), (ξ+ ∪ η+)(ṗ)},

(ξ+ ∪ η+)(ċα̇ṗβ̇u̇) = max{ξ+(ċα̇ṗβ̇u̇), η+(ċα̇ṗβ̇u̇)}

= η+(ċα̇ṗβ̇u̇)

≥ min{η+(ċ), η+(u̇)}

= min{max{ξ+(ċ), η+(ċ)},max{ξ+(u̇), η+(u̇)}}

= min{(ξ+ ∪ η+)(ċ), (ξ+ ∪ η+)(u̇)}.

Hence, ξ ∪ η is a BFBI of D. Similarly, if η ⊆ ξ, then ξ ∪ η is a BFBI of D. �

Theorem 3.5. Let g be a homomorphism from a Γ-semiring C onto a Γ-semiring D. If η is a BFBI of D, then

the homomorphic pre-image g−1(η) of η is a BFBI of C.

Proof. Assume that η is a BFBI of D. Let ċ, ṗ, u̇ ∈ C and α̇, β̇ ∈ Γ. Then

(g−1(η)−)(ċ+ ṗ) = η−(g(ċ+ ṗ))

= η−(g(ċ) + g(ṗ))

≤ max
{
η−(g(ċ)), η−(g(ṗ))

}
= max

{
(g−1(η)−)(ċ), (g−1(η)−)(ṗ)

}
,

(g−1(η)−)(ċα̇ṗβ̇u̇) = η−(g(ċα̇ṗβ̇u̇))

= η−(g(ċ)α̇g(ṗ)β̇g(u̇))

≤ max
{
η−(g(ċ)), η−(g(u̇))

}
= max

{
(g−1(η)−)(ċ), (g−1(η)−)(u̇)

}
,
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(g−1(η)+)(ċ+ ṗ) = η+(g(ċ+ ṗ))

= η+(g(ċ) + g(ṗ))

≥ min
{
η+(g(ċ)), η+(g(ṗ))

}
= min

{
(g−1(η)+)(ċ), (g−1(η)+)(ṗ)

}
,

(g−1(η)+)(ċα̇ṗβ̇u̇) = η+(g(ċα̇ṗβ̇u̇))

= η+(g(ċ)α̇g(ṗ)β̇g(u̇))

≥ min
{
η+(g(ċ)), η+(g(u̇))

}
= min

{
(g−1(η)+)(ċ), (g−1(η)+)(u̇)

}
.

Hence, g−1(η) is a BFBI of C. �

Theorem 3.6. Let g be a homomorphism from a Γ-semiring C onto a Γ-semiringD. If ξ is a BFBI of C, then the

homomorphic image g(ξ) of ξ is a BFBI of D.

Proof. Assume that ξ is a BFBI of C. Let ċ, ṗ, u̇ ∈ D and α̇, β̇ ∈ Γ. Now, g−1(ċ), g−1(ṗ), and g−1(u̇) are
non-empty. Since g is a homomorphism and there exist ḋ, ġ, j̇ ∈ C such that g(ḋ) = ċ, g(ġ) = ṗ, and
g(j̇) = u̇, we have that ḋ+ ġ ∈ g−1(ċ+ ṗ) and ḋα̇ġβ̇j̇ ∈ g−1(ċα̇ṗβ̇u̇). Then

(g(ξ))−(ċ+ ṗ) = inf{ξ−(u̇) : u̇ ∈ g−1(ċ+ ṗ)}

= inf{ξ−(ḋ+ ġ) : ḋ ∈ g−1(n), ġ ∈ g−1(ṗ)}

≤ inf{max{ξ−(ḋ), ξ−(ġ)} : ḋ ∈ g−1(ċ), ġ ∈ g−1(ṗ)}

≤ max{inf{ξ−(ḋ) : ḋ ∈ g−1(ċ)}, inf{ξ−(ġ) : ġ ∈ g−1(ṗ)}}

= max{(g(ξ))−(ċ), (g(ξ))−(ṗ)},

(g(ξ))−(ċα̇ṗβ̇u̇) = inf{ξ−(u̇) : u̇ ∈ g−1(ċα̇ṗβ̇u̇)}

= inf{ξ−(ḋα̇ġβ̇j̇) : ḋ ∈ g−1(ċ), ġ ∈ g−1(ṗ), j̇ ∈ g−1(u̇)}

≤ inf{max{ξ−(ḋ), ξ−(j̇)} : ḋ ∈ g−1(ċ), j̇ ∈ g−1(u̇)}

≤ max{inf{ξ−(ḋ) : ḋ ∈ g−1(ċ)}, inf{ξ−(j̇) : ġ ∈ g−1(u̇)}}

= max{(g(ξ))−(ċ), (g(ξ))−(u̇)},

(g(ξ))+(ċ+ ṗ) = sup{ξ+(u̇) : u̇ ∈ g−1(ċ+ ṗ)}

= sup{ξ+(ḋ+ ġ) : ḋ ∈ g−1(n), ġ ∈ g−1(ṗ)}

≥ sup{min{ξ+(ḋ), ξ+(ġ)} : ḋ ∈ g−1(ċ), ġ ∈ g−1(ṗ)}
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≥ min{sup{ξ+(ḋ) : ḋ ∈ g−1(ċ)}, sup{ξ+(ġ) : ġ ∈ g−1(ṗ)}}

= min{(g(ξ))+(ċ), (g(ξ))+(ṗ)},

(g(ξ))+(ċα̇ṗβ̇u̇) = sup{ξ+(u̇) : u̇ ∈ g−1(ċα̇ṗβ̇u̇)}

= sup{ξ+(ḋα̇ġβ̇j̇) : ḋ ∈ g−1(ċ), ġ ∈ g−1(ṗ), j̇ ∈ g−1(u̇)}

≥ sup{min{ξ+(ḋ), ξ+(j̇)} : ḋ ∈ g−1(ċ), j̇ ∈ g−1(u̇)}

≥ min{sup{ξ+(ḋ) : ḋ ∈ g−1(ċ)}, sup{ξ+(j̇) : ġ ∈ g−1(u̇)}}

= min{(g(ξ))+(ċ), (g(ξ))+(u̇)}.

Hence, g(ξ) is a BFBI of a D. �

Theorem 3.7. Let B be a non-empty subset of D. Then the bipolar fuzzy characteristic function δB of B is a

BFBI of D if and only if B is a bi-ideal of D.

Proof. Assume that δB is a BFBI of D. Let ċ, ṗ, u̇ ∈ D and α̇, β̇ ∈ Γ. Then
(i) ċ, ṗ ∈ B ⇒ δ−B(ċ+ ṗ) ≤ max{δ−B(ċ), δ−B(ṗ)} = max{−1,−1} = −1⇒ ċ+ ṗ ∈ B.
(ii) ċ, u̇ ∈ B ⇒ δ−B(ċα̇ṗβ̇u̇) ≤ max{δ−B(ċ), δ−B(u̇)} = max{−1,−1} = −1⇒ ċα̇ṗβ̇u̇ ∈ B.
Hence, B is a bi-ideal of D.

Conversely, assume that B is a bi-ideal of D.
Case 1: If ċ, ṗ, u̇ ∈ B and α̇, β̇ ∈ Γ. Then ċ+ ṗ ∈ B and ċα̇ṗβ̇u̇ ∈ B. Thus

(i)δB−(ċ+ ṗ) = −1 = max{δB−(ċ), δB
−(ṗ)},

(ii) δB−(ċα̇ṗβ̇u̇) = −1 = max{δB−(ċ), δB
−(u̇)},

(iii) δB+(ċ+ ṗ) = 1 = min{δB+(ċ), δB
+(ṗ)},

(iv) δB+(ċα̇ṗβ̇u̇) = 1 = min{δB+(ċ), δB
+(u̇)}.

Case 2: If ċ, ṗ, u̇ /∈ B and α̇, β̇ ∈ Γ. Then δ+B(ċ) = δ+B(ṗ) = δ+B(u̇) = 0 and δ−B(ċ) = δ−B(ṗ) = δ−B(u̇) = 0.
Thus
(i) δB−(ċ+ ṗ) ≤ 0 = max{δB−(ċ), δB

−(ṗ)},
(ii) δB−(ċα̇ṗβ̇u̇) ≤ 0 = max{δB−(ċ), δB

−(u̇)},
(iii) δB+(ċ+ ṗ) ≥ 0 = min{δB+(ċ), δB

+(ṗ)},
(iv) δB+(ċα̇ṗβ̇u̇) ≥ 0 = min{δB+(ċ), δB

+(u̇)}.
Case 3: If ċ, ṗ ∈ B, u̇ /∈ B, and α̇, β̇ ∈ Γ. Then δ+B(ċ) = δ+B(ṗ) = 1, δ+B(u̇) = 0 and δ−B(ċ) = δ−B(ṗ) =

−1, δ−B(u̇) = 0. Thus
(i) δB−(ċ+ ṗ) = −1 = max{δB−(ċ), δB

−(ṗ)},
(ii) δB−(ċα̇ṗβ̇u̇) ≤ 0 = max{δB−(ċ), δB

−(u̇)},
(iii) δB+(ċ+ ṗ) = 1 = min{δB+(ċ), δB

+(ṗ)},
(iv) δB+(ċα̇ṗβ̇u̇) ≥ 0 = min{δB+(ċ), δB

+(u̇)}.
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Case 4: If ċ, u̇ ∈ B, ṗ /∈ B, and α̇, β̇ ∈ Γ. Then δ+B(ċ) = δ+B(u̇) = 1, δ+B(ṗ) = 0 and δ−B(ċ) = δ−B(u̇) =

−1, δ−B(ṗ) = 0. Thus
(i) δB−(ċ+ ṗ) ≤ 0 = max{δB−(ċ), δB

−(ṗ)},
(ii) δB−(ċα̇ṗβ̇u̇) ≤ 0 = max{δB−(ċ), δB

−(u̇)},
(iii) δB+(ċ+ ṗ) ≥ 0 = min{δB+(ċ), δB

+(ṗ)},
(iv) δB+(ċα̇ṗβ̇u̇) ≥ 0 = min{δB+(ċ), δB

+(u̇)}.
Case 5: If ṗ, u̇ ∈ B, ċ /∈ B, and α̇, β̇ ∈ Γ. Then δ+B(ṗ) = δ+B(u̇) = 1, δ+B(ċ) = 0 and δ−B(ṗ) = δ−B(u̇) =

−1, δ−B(ċ) = 0. Thus
(i) δB−(ċ+ ṗ) ≤ 0 = max{δB−(ċ), δB

−(ṗ)},
(ii) δB−(ċα̇ṗβ̇u̇) ≤ 0 = max{δB−(ċ), δB

−(u̇)},
(iii) δB+(ċ+ ṗ) ≥ 0 = min{δB+(ċ), δB

+(ṗ)},
(iv) δB+(ċα̇ṗβ̇u̇) ≥ 0 = min{δB+(ċ), δB

+(u̇)}.
Case 6: If ċ ∈ B, ṗ, u̇ /∈ B, and α̇, β̇ ∈ Γ. Then δ+B(ċ) = 1, δ+B(ṗ) = δ+B(u̇) = 0 and δ−B(ċ) = −1, δ−B(ṗ) =

δ−B(u̇) = 0. Thus
(i) δB−(ċ+ ṗ) ≤ 0 = max{δB−(ċ), δB

−(ṗ)},
(ii) δB−(ċα̇ṗβ̇u̇) ≤ 0 = max{δB−(ċ), δB

−(u̇)},
(iii) δB+(ċ+ ṗ) ≥ 0 = min{δB+(ċ), δB

+(ṗ)},
(iv)δB+(ċα̇ṗβ̇u̇) ≥ 0 = min{δB+(ċ), δB

+(u̇)}.
Case 7: If ṗ ∈ B, ċ, u̇ /∈ B, and α̇, β̇ ∈ Γ. Then δ+B(ṗ) = 1, δ+B(ċ) = δ+B(u̇) = 0 and δ−B(ṗ) = −1, δ−B(ċ) =

δ−B(u̇) = 0. Thus
(i) δB−(ċ+ ṗ) ≤ 0 = max{δB−(ċ), δB

−(ṗ)},
(ii) δB−(ċα̇ṗβ̇u̇) ≤ 0 = max{δB−(ċ), δB

−(u̇)},
(iii) δB+(ċ+ ṗ) ≥ 0 = min{δB+(ċ), δB

+(ṗ)},
(iv) δB+(ċα̇ṗβ̇u̇) ≥ 0 = min{δB+(ċ), δB

+(u̇)}.
Case 8: If u̇ ∈ B, ċ, ṗ /∈ B, and α̇, β̇ ∈ Γ. Then δ+B(u̇) = 1, δ+B(ċ) = δ+B(ṗ) = 0 and δ−B(u̇) = −1, δ−B(ċ) =

δ−B(ṗ) = 0. Thus
(i) δB−(ċ+ ṗ) = −1 = max{δB−(ċ), δB

−(ṗ)},
(ii) δB−(ċα̇ṗβ̇u̇) ≤ 0 = max{δB−(ċ), δB

−(u̇)},
(iii) δB+(ċ+ ṗ) = 1 = min{δB+(ċ), δB

+(ṗ)},
(iv) δB+(ċα̇ṗβ̇u̇) ≥ 0 = min{δB+(ċ), δB

+(u̇)}.
Therefore, δB is a BFBI of D. �

4. Conclusion

In this paper, we examine the notion of BFBIs and their one-to-one correspondence. Furthermore,
we proved that a BFBI is a homomorphic image and its pre-image.
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