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AssTrRACT. In this work, we obtain a (p, ¢)-analogue of Generalized Opial’s integral inequalities. The main
tool used in the study to obtain results was (p, ¢)-calculus, specifically, the concepts of (p, ¢)-differentiability,
(p, q)-integrability and continuity of functions, convexity properties of functions, and among others. The
analytical tools applied to prove the theorems established include the (p, ¢)-Holder’s and (p, ¢)-Cauchy-

Schwarz’s integral inequalities.
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1. INTRODUCTION

Opial established an inequality involving integral of a function and its derivative in [ 18] as

h / h 4 /! 2
[isorwia < g [k (1)

where f € C1[0, k], such that f(0) = f(h) =0, f'(t) > 0 and t € [0, k). The coefficient h/4 is the best
constant possible.

This inequality, due to its significance, experienced a lot of extensions and generalizations over time in
the classical field. See [5], [6], [8] and [26], among others.

The generalizations of the classical Opial’s Inequality established in 1960 is presented in [22] as

i) If f(a) = f(b) = 0, then
b —aq) [P
[ @@l <22 [ an (12)
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ii) If f(a) =0or f(b) =0, then

b —q) [P
[ @@ ae <2 [P i (13)

where f € [a,b] — R is an absolutely continuous function such that f > 0. (p,¢)-Calculus is a
generalization of ¢g-calculus. There has been a lot of development in the study of (p, ¢)-calculus. Recently,
Sadjang [20] investigated on fundamental concepts of (p, ¢)-calculus. In [11], (p, ¢)-derivatives and
(p, @)-integrals and their properties are also presented.

In [10], a (p, ¢)-analogue of a generalized Opial type inequality is established as

b b
b
| @Dy @y < 3 [ 1Dy @) g (14)

where w € C10,b] with w(0) =w(b) =0and 0 < g <p < 1.
Seealso [1],[2], [3], [10], [15] and [23] for more analogues of the Opial’s type inequalities.

The Opial inequality plays essential role in establishing the existence and uniqueness of initial and
boundary values problems for both ordinary and partial differential equations [3] and [10].
The main purpose of this work is to establish (p, ¢)-analogue of the generalization of the Opial integral

inequality in [22].

2. METHODOLOGY

The basic concepts of (p, ¢)-calculus employed in this work are presented in this section. The definitions

provided can also be seen in [7], [11], [12], [13], [15], [16], [19] and [20].

Definition 2.1. [11] Let ¢ be a (p, ¢)-differentiable function, the (p, g)-derivative is defined as

o(pr) — ¢(qz)

Drgt(w) = (p—q)x

. 2 #£0. (2.1)

Definition 2.2. Let « > 0, the (p, q)-bracket is defined as

[pg =P 0" g4 pg® P = (= 1), (2.2)

for 0<g<p<1l a€R.

The (p, g)-Derivative of sum or difference of ¢ and ¢ is defined as

Dy q(ad(z) £ BE(x)) = aDpgp(x) £ BDp ¢&(x). (2.3)



Asia Pac. J. Math. 2024 11:71 3of 11

The (p, g)-Derivative of product of ¢ and ¢ is defined as

Dyp,q(¢(x)(2)) = &(px) Dpgd(2) + ¢(q2) Dp g€ ()
= ¢(pr) Dy ¢&(x) + £(qx) Dp g (). (24)

The (p, g)-Derivative of a quotient of ¢ and ¢ is defined as

QS(m) f( ) pq(ls() (;5( ) p,qf(x)
Dp”(su))‘ Epo)E(qe)

£(qx)Dpgd(x) — ¢(q )qu()
E(pr)€(qe ’

Definition 2.3. [20] Let ¢ : [0,b] — R be a continuous function and 0 < ¢ < p < 1. The definite

§(pr)€(qr) # 0. (2.5)

(p, ¢)-integral of the ¢ on [0, b] is defined as

/()b¢(x)dp7qx = (p— q)bji o <p§1i1 > (2.6)

If a € (0,b), then the definite (p, ¢)-integral of ¢ on [a, b] is defined as

b b a
/ P(x)dpgr = /0 ¢(x)dp gr — /0 ¢(z)dp g (2.7)
Remark 2.4. Taking p = 1, equation (2.6) reduces to the well known Jackson g-integral [14]
| o= 1=y dlota), 28)
Definition 2.5. Let ¢ € Cla,b] — R, if ¢ is an antiderivative of ¢ and z € [a, b]. Then
qu/ ¢(s)dpqs = ¢(x) (2.9)
and
/ Dy q9(8)dp,gs = d(z) — ¢(a), (2.10)
[20]-

Definition 2.6. [16]The function ¢ defined on [a, ] is called (p, ¢)-increasing or (p, ¢)-decreasing on

[a, 0], if ¢(gz) < ¢(pz) or (d(qz) = é(px)), for qz, px € [a, b].

It is easily observed that if the function ¢ is increasing (decreasing), then it is also (p, ¢)-increasing

((p, q)-decreasing).

Definition 2.7. [20](Fundamental Theorem of (p, ¢)-Calculus) If ¢ : C[a, b] and @ is an antiderivative

of ¢ and defined on z € [a, b], then we have

_ / " 6(t)d ot (2.11)
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Definition 2.8. [25][(p,q)-H6] Let¢, £ € I - R,0< g >p <1,6;,02 > 1such that % + é = 1. Then

[ 11 < ([ 1062 ) (/ |£<z>92dp,qz>;2- (2.12)

Taking 6; = 6 = 2 then the (p, ¢)-Cauchy-Bunyakovsky-Schwarz’s Integral Inequality is obtained.

holds.

Definition 2.9. [17] A function ¢ : I — R is said to be convex if for every z,y € I and 0 < A < 1, the

inequality
P(Az + (1= N)y) < Ad(z) + (1 = N)d(y) (2.13)

holds.
The function ¢ is strictly convex, if for every  # y € I and 0 < A < 1 the inequality

oAz + (1 = ANy) < Ad(z) + (1 = A)d(y) (2.14)
holds.

3. Resurrs aND Discussions

Lemma 3.1. Let ¢ : [a,b] — R be a differentiable function, such that D, ,¢ € Loja,bland 0 < ¢ < p < 1.
Then

b
Dp,q¢($)|2dp,q$ (3.1)

/b|¢>( 2) Dy () dp g < 10—
, |00 Dpadl@ldpor < 50 s

holds. See prove in [1].

Theorem 3.2. Let ¢ € [c,d] be a (p, q)-differentiable function, such that D, ;¢ € La[c,d] and 0 < ¢ < p < 1.
Then

d 2
[ 160Dtz < ELEOCZD [0, o), (32)

Proof. Let [c,td 4+ (1 —t)c] and [td + (1 — t)c, d] be subintervals of z € [c, d].
Substituting [c, td 4 (1 — t)c] and [td + (1 — t)c, d] into inequality (3.1) for z € [¢,d] and ¢ € [0, 1] yields

td+(1—t)c t(d — td+(1—t)c
L 00D < 50 [ D000 Py (33)
and
d d
(1-t)(d—¢) 2
D d —_— D dp.gZ. 3.4
/td+(1t)c 19(p2)Dpq(9(2)ldpq2 < 2(p+q) /td+(1t)c| pa®(@) gz (34)

Let z = vd + (1 — v)c, This implies dy, 4z = (d — ¢)dp 4v

td+(1—t)c t
[ D0 < B [ D ped s =0l 69
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/d 19(p2) Dy #(2)ld Z<(1_t)/ Dpgd(vd+ (1= v)e)Pdpgv.  (36)
warope A = T ) P P :

Adding the inequalities (3.5) and (3.6) and ¢-integrating the right-hand side over [0, 1] with respect to

t, we obtain

d d— 1 ,t
/ |9(p2) Dp,g¢(2)|dpg2 < é(p-i—q) /0 /0 t|Dp,gp(vd + (1 — U)C)‘de,qupﬂt +
(3.7)
/ / )| Dpgp(vd + (1 —v) )‘de,qup,qt]
Reversing the Order of (p, ¢)-Integration
d (d _ 6)2 1 r1 )
[ 166210y 0(ldnz < 5 — /0 [ tDpadtd + (1= 0)0) Pyt +
c qu
o (3.8)
/0 /0 (1= )|y g(vd + (1 — U)C)de,qtdp,qu] .
Now
1 1 qu
/ tdy gt = / tdy gt — / tdy gt
qu 0 0
oo ; ; o0
¢ ¢ ¢ ¢
=(p-0)) =g P =g (qv)
j:[)p]+ pIt = pitlopit
00 2j & 27
_ q 2
- (p - Q) Z 2(j+1) (p - Q) Z pQ(j+1) (qv)
7=0 7=0
1 p? 1 p?(qv)?
:(p_Q)pgpg qg _(p_Q)?pQ_qQ
L ()
p+q p+gq
1 — (qu)?
= g —(l- q) ) (3.9)
Also,
qu qu qu
/ (1 —t)dy t = / 1dy t — / tdy gt
0 0 0
o) ; 0 o]
=P-aq Z pj+1 <p]+1q Z pg+1 py+1

i=0 >
= (-9 it Z 2(]+1
=

§=0
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o plgr) 1 pP(qu)?
o (v)?
p+q
2, _ 2
ZIW”+;:q(m0. (3.10)
Substituting (3.9) and (3.10) into (3.8) yields
! (d—¢)? ! 2 2
/C |9(2) Dp,g9(2)|dp,qz < W /0 (1 = (qu)7)|Dp,g@(vd + (1 = v)c)|"dp,qv +
1 (3.11)
| oo+ o = @D g+ (1 = 00 o)
Simplifying, we obtain
d d—c 2
/C |¢(p2) Dp,q(2)|dpgz < 2((p+q))2x
1
| bt o= 2Dy o0a+ (1= 0Py, (312)

Let z = vd + (1 — v)e. dpgz = (d — ¢)dp,qv. Implying that d, v = 7-d,zand v = (z — ¢)/(d — ¢). It

implies

g (a0
[ 16020Dy 0= < 5o

d o o _ 2
1 Gﬂﬂm<2_2>+f<2_i>—2f<2_z>)LQWM@F@WL (3.13)
z—c 9 (2z2—cC 9 (2—cC 2
L<Z>:”pq<d_c)+q (d—c>2q (d—c>

Since z € [c, d]. Let z = <54

Let

Implying that

-0 5 (d—c) 2(d—c)2
1 _
TPy T o= T dd— oy
1 1
14 12 19
+2PQ+2CI 2q
:1+%? (3.14)

Substituting (3.14) into (3.13) yields

d d— 424
/c |¢(p2) Dyp,g9(2)|dp,gz < QEP_'_;;Q/C 2pq’Dp,q¢(Z)‘2dp,qz- (3.15)
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This gives

d
/ 16(p2) Dy gd(2)Id, % JRL I CIT

which complete the proof. O
Remark 3.3. In theorem 3.2, taking p = 1 and limit as ¢ — 1, we recapture (1.2) which is proved in [22].

Lemma 3.4. Let ¢ : [a,b] — R be an differentiable function, such that for (D, ,¢) € La[a,b], ¢(a) = ¢(b) =0,
0<qg<p<1 Then

b bh— b
/a |9(px) Dy g9 (2)|dpgr < (p+Z)L ‘Dp7q¢(x)‘2dp,qx (3.16)

holds. See prove in [1].

Theorem 3.5. Let ¢ € [c, d] bea (p, q)-differentiable function, such that D), ;¢ € Lolc,d], ¢(c) =0 (or ¢(d) =
0)and 0 < g <p<1. Then
/d |6(p2) Dp,g0(2)|dp,gz < i H b +pq / | Dypgd(2) Py g2 (3.17)
c 2(p+q)?
Proof. Let [c,td + (1 — t)c] and [td + (1 — t)c, d] be subintervals of z € [c, d].
Substituting [c, td 4+ (1 — t)c] and [td + (1 — t)c, d] into inequality (3.4) for z € [c,d] and ¢ € [0, 1] yields

td+(1—t)c td — td+(1—t)c
/C (6(p2) Dy ()| dpgz < ((p . ;; / 1Dy (=) 2y o (3.18)
and
d d
(1—-t)(d—c) 2
D 4., < t=-Hld=0) D d .z 3.19
/td+(1t)c ’(b(pZ) p7q¢(z>, p7qz S (p + Q) /td+(1t)c | p7q¢(2)‘ p7qz ( )

Let z = vd + (1 — v)c, then dy, gz = (d — ¢)dp 4.

td+(1—t)c Hd — 2 t
/c |¢(p2) Dp,qd(2)|dp,q2 < 2134‘2)) /0 | Dypq¢(vd + (1 — U)C)|2dp,qv (3.20)

¢ 1— 1)
/t o |9p(p2) Dp,g¢(2)|dp,g2 < ((p)—i-q / 1D, gb(vd + (1 —v)c)*dy 4v. (3.21)

Adding the inequalities (3.20) and (3.21) and g¢-integrating the right-hand side over [0, 1] with respect

to t, we obtain

d d
/C |6(pz)Dp,q(2)|dp,qz < ((p 0 / / t|Dpgd(vd + (1 —v)c )\ dp qvd, gt +

o (3.22)
/0 /t (1 —8)|Dpgdp(vd + (1 — v)e)2dp qudy 4t
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Reversing the Order of (p, ¢)-Integration
d (d _ 0)2 1 1 5
|6(p2) Dp,¢(2)|dp,qz < v+ | o t|Dp,gp(vd + (1 — v)c)|“dp gtdpqv +
c qu
. (3.23)
/0 /0 (1= )| Dpgd(vd + (1 — v)e) Py gtdp o]
Now
1 1 qu
/ tdy gt = / tdy. gt — / tdy gt
qu 0 0
= ¢ ¢ g J
= (p—Q)Zﬁ ﬁ—(p a)q Zﬁ-ﬁ(q )
= P p = T pd
00 2j oo 27
_ q 2
D (R Z;) 267D (@)
Jj= j=
2 2002
p 1 p*(qv)
= (p Q)pgpg qg _(p_q)ﬁpg_qg
1 (qv)?
p+q p+gq
_ 1! ;J(rqz) (3.24)
Also,
qu qu qu
/ (1— t)dpﬂt = / ldy, gt — / tdy 4t
0 0 0
=P-ae Z ijrl <pg+1q > Z it pitl (qu
(p—a)qv Z Z pz(]+1
7=0
s )}p(qv) v q)ipz(qv)2
pPpP—q p?p* — ¢
o ()?
p+gq
2, 2
_ bav +§ J"; ; (qv)” (3.25)
Substituting (3.24) and (3.25) into (3.23) yields
b 2 1
(b—a) 2 2
6(2) Dp g (2)dp,qz < el (1 = (qu)7)[Dp,gp(vb + (1 — v)a)|"dpqv +
(3.26)

1
/0 (pg + ¢ — (q0)?)| Dy (b + (1 — 0)a)2dpq .
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Simplifying, we obtain

’ (b—a)?
/a 602) D2z < 10

1
| @po o - 2002 Dpotob + (1= D) Py, (327)
0

Let z = vb+ (1 — v)a. dpqz = (b — a)dpqv. Implying that d,, v = ;1-d, 2z and v = (z — a)/(b — a). It

a

implies

b
/ 16(p2) Dy (2)ldpg2 <

b o - o 2
/ (1 + g (2_2) +q* <2_Z) —2¢° (;_ Z) ) |Dyp.gd(2)2dp . (3.28)
z—a 9 (z2—a 9 (z2—a 2
o= e (G2 v (12) -2 (52)

Since z € [a,b]. Let 2 = 2$°

Let

Implying that

1 1 1
— 14z L2 Lo
+2pq+2q 2(]

—1+ %. (3.29)

Substituting (3.29) into (3.28) yields

d d—c d9 4 Pq
[ 10w Dbz < Sy [ EED, 000 (3:30)
This gives
2+ pq)(d d
/ |6(p2) Dp,gd(2)|dp (Q(Z?J)r(q)) / | Dp.g(2)|*dp,q2-
This completes the proof. 0
ConcLusioN

In this work, (p, ¢)-analogues of a generalized Opial’s Inequality is established. The basic definitions of
(p, g)-calculus and the principles of convex functions were employed to obtain the results. The Opial
type integral inequalities have a great interest in their own right and also have important applications

in ordinary differential equations, number theory, Quantum Theory, Quantum Computing and among
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others. (p, ¢)-Cauchy-Schwartz and (p, ¢)-Holder’s integral inequalities were also applied to prove the

theorems. It is hoped that these results will be very useful to the mathematics community.
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