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AsstracT. In this paper, we introduce an abstract finding that delineates the correspondence between
specific sets of linear operators and the class of Cohen strongly (p, o)-continuous operators. We expand
our argument to encompass multilinear operators, consequently establishing alternative descriptions for
the class of Cohen strongly (p, o )-continuous multilinear operators.
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1. NOTATION AND BACKGROUND

Motivated by the observation that the class of p-summing linear operators lacks closure under
conjugation, Pietsch [11, p.338] demonstrated that while the identity from ¢; to ¢ is absolutely 2-
summing, its conjugate from ¢5 to {, is not 2-summing. Cohen [5] introduced the class D,, of strongly
p-summing linear operators, establishing in his work that the conjugate of a strongly p-summing
operator is a p*-summing operator, satisfying the condition 1/p + 1/p* = 1. In [4], Campos presented
abstract results, highlighting instances of overlap between Cohen’s space and other operator spaces. The
interpolated operator ideal II,, ;, as introduced by Matter [ 1], is defined for (p, o)-absolutely continuous
operators, where 1 < p < coand 0 < o < 1. It serves as an intermediary between the ideal of absolutely
p-summing linear operators and the ideal of all continuous operators. Subsequently, Achour et al.
in [1] introduced the ideal D} of strongly (p, o)-continuous linear operators to investigate the adjoints
of (p, o)-absolutely continuous linear operators. They further constructed a new multi-ideal using the
composition method from this ideal, demonstrating the corresponding Pietsch domination theorem

and presenting a tensorial representation for this multi-ideal. In this paper, we establish an abstract
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result derived from the Full General Pietsch Domination Theorem [10, Theorem 4.6], which holds
immediate relevance concerning the class of strongly (p, o)-continuous operators. Furthermore, we
extend this result to the multilinear case, enabling the establishment of alternative definitions for Cohen
strongly (p, o)-continuous multilinear operators, drawing inspiration from techniques employed in [4].
We adopt standard Banach space notation, where n and m are positive integers, E, E1, ..., Ey,, F' denote
Banach spaces over K = R or C. E* represents the topological dual of E, and Bf, denotes the closed unit
ball of E. The Banach space of all continuous m-linear operators from E; x - - - x E,, into F, equipped
with the supremum norm, is denoted by £ (E1, ..., Ep,; F'). When F = Kandif B} =--- = E,, = E,
we respectively write L(Ey, ..., E,,;) and L(™E; F). Let’s define the classical sequence spaces we’ll be
working with:
- {,(E): Represents absolutely p-summable E-valued sequences with the usual norm || - ||,.

- Upw (E): Represents weakly p-summable E-valued sequences with the norm

1
o0 »
1(@i)iZi1lle, o(my = sup (Z [(zis ) !p> ;

P€Bpx \ =1

The space 77 (E) of (p, o)-weakly summable sequences was introduced in [8] in order to provide a
characterization of the class of (p, 0)-absolutely continuous operators. Now, let’s recall some properties
of this space:

For a fixed sequence (z;);" ; in E, where 1 < p < coand 0 < o < 1, we define

n L *\|1—0 o % I_Tg
by (@) = sup (22 (Ifwin o) ] 7) ,
z*€Bg+ \i=1
It is clear that
1@l oy < O (@F1) < @) ll 2 (11)

forall (x;); , € E(%) (E).

We start by introducing various classes of operator ideals. Let (11, 7,) be the ideal of p-absolutely
summing operators for 1 < p < co. The notion of (p, )-absolutely continuous operators was initiated
by Matter [9], such that a linear operator 7" € L(E, F') is (p, 0)-absolutely continuous operator if there
exist a Banach space G and an operator S € II,, (E, G) such that

|Tz]| < |7 | Szl|'~7,z € E. (1.2)

-0

In such case, we put m,, = infm,(S5)

S e II, (E, G) such that (1.2) holds. We denote by (II, ,, 7, ») the Banach ideal of (p, o)-absolutely

, taking the infimum over all Banach spaces G' and

continuous linear operators [9]. Clearly Il coincides with the ideal I,. If 0 < o < land 1 < p < oo,
weput [l , = 11,1 = L.

The following definition of strongly (p, o)-continuous m-linear operator is due to Achour etal. in [1].
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eletl <p,r<ooand0<a<1suchtha’c1

= 1. An m-linear mapping T' € L(E1, ..., Ep; F)
is strongly (p, o)-continuous if there is a constant C' > 0 such that for any =/, ...,2}, € E;,1 < j <m

and any y7, ..., y;, € F’*, we have

(7 () s0m)) | < €

The collection of all strongly (p, o)-continuous m-linear maps E; X - - - x E,, to F will be denoted
D, (E, ..., Em; F), that is readily seen to be a subspace of L(E1, ..., Ep; F). The least C for which
(1.3) holds will be written ||T'|| .- . This define a norm on the space D"’ (E, ..., Ep; FF). Clearly D0

o (()ize) - (1.3)

i=1j=1

coincides with the ideal D}, where (D", d;’) be the ideal of Cohen strongly p-summing m-linear

operators (see [2]).

Definition 1.1. [0] Let 1 < p,q < coand 0 < o < 1 be such that % + I_TU = 1. They define the space ¢1° (E)

; |¢i ()]
say that (xz;);°, is strongly (p, q, o)-summable. In addition, we have by [6, Theorem 1] the inclusions

to be the space of all sequences (x;);°, in E such that < oo forall ¢; € £99 (E*) . In this case we

L (E) C 17 (E*) C{,(E).
Where ¢, (E) the space of Cohen strongly p-summing sequences in E (See [5]) .

As in the classical cases, the natural way of presenting the summability properties of the strongly
(p, o)-continuous operators is by defining the corresponding operator between adequate sequence

spaces.

Theorem 1.1. [6, Theorem 3] Let 1 < r,p < oo and 0 < o < 1 be such that + +

= 1. Then, an operator

T € L(E, F) is strongly (p, o)-continuous if and only sz( (X)) C (R ) F) .where the operator T is defined
by T (wi)iza) = T (@i for all (wi)iy € 07 (E).

ABSTRACT FINDINGS REGARDING STRONGLY (p, g )-CONTINUOUS OPERATORS

1.1. The linear case. In this section, we show that the class of strongly (p, o)-continuous operators can
be delineated through various inequalities. Consequently, we derive several coincidental and inclusive

outcomes between specific classes of linear operators.

Letl < qo,q1,p,7 < ooand 0 < o < 1besuchthatl/r+(1 —o) /p* = 1. We denoteby C7, - p)(E,F)
the class of all operators T" € L (E, F') such that there exists a constant C' > 0 satisfying
1
a0
(Z |6i (T !q°> < ONl(@i)izlly, pro (D0)iz1) (1.4)

for all positive integers n, and all (z;);"; C E and (¢;);_, C F™*.
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Let

1 1 1—0
e = , €fl,0) x (1,00): — = — + }
P {(qo @) € [1,00) x (1, 00) o @ @ pF

According to Definition 1.1, it is evident that

Dg(E’ F) C C (g0,q1 ,P F)
(90,q1)€Tg

Proposition 1.1. If 1 < qo,q1,p <ooand 0 <o < 1,and if p < qi, then C,

(v (B> F) = {0}

Proof. The statement is clear if either E or ' = {0}. We proceed assuming E # {0} and F' # {0}. Let

(Ni)igy = (@iBi)isy ¢ (1.5)

with (a;);2, € E( ) and (B;);2, € {q,. We have

l1—0o

S le (T (i) = Zw (;B;)
i=1
= Z|Oéi90(T
i=1

By (1.4), we have

Yo lo (T i) < CHBi)ylly, Spro (i)iy) -
i=1
Thus by (1.1)

@Y Nl < Cllall18:)ially, oo ((@ip)iy)
=1
< Cllall1(Ba)i II(aisO)?:1II<%)
< Ol 1Bz lly, Nl (ea)iz 1||( e ) -

Taking the supremum thereafter, it follows that

1T il < CHB g, (@il e

Therefore, we conclude that if 7" # 0 then (\;);2; € ¢1, which contradicts assertion (1.5). O

To obtain the main result of this section, we require a brief review of the Pietsch Domination Theorem
as presented by Pellegrino et al. [10].

LetEq, ..., By, Fand F1, ..., Fj, be non-empty sets, and let # be a family of mappings from Fy x---x Ey,
to F. Additionally, let K1, .., K; be compact Hausdorff topological spaces, G1, ..., G be Banach spaces,
and suppose that the mappings

Rj:KjXFlX-"XFkXGj%[O,—l-OO),j:1,...,t
S:HXFy XX Fpx Gy X ... x G = [0, +00)
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satisfy
(1) Foreach 2! € Fyand b € G, where (j,1) € {1,...,t} x {1,...,k}, the mapping
(Bj)pr,. arp s Kj — [0,400)
¢ — Rj (cp,xl, ...,a:k,b)
is continuous.

(2) The following inequalities holds

R; (gp,xl, xk,njbj) <n;R; (cp,:cl, ...,mk,bj)
(f, sz bl tbt) calS (fjazl, akobt ...,bt)

Definition 1.2. Ingpl,...,pt,q<oo,with%:]}I—i--‘-—k}%,amappingf:El XX E,— FinHis

said to be Ry, ..., R¢-S-abstract (p1, ..., pt)-summing if there is a constant C' > 0 so that

1
(Zs(fulea 7xz7bzla' bt ) <CHSUP (ZR (907 Liy e 71:176{) )pjv (16)
=1

lgoeK
forall (z3), C F., (bi)7_1 CGyneNand (5,5) € {1, ok} x {1, ).

Theorem 1.2. [10, Theorem 4.6] A map f € H is Ry, ..., Ri-S-abstract (p1, ..., pt)-summing if, and only if

there is a constant C' > 0 and Borel probability measures p; on K; with the weak star topology such that

1
t Ny P
S(fyat, e bl b)) < O] (/K R; ((p,xl,...,xk,w)pj duj> , (1.7)
j=1 j
forall 2t € Byl € {1,....k}and ¥V € Gjwithj=1,...,t

Given all the conditions and notations mentioned above, we will prove the following theorem. It

will be sufficient to consider £ = 1 and ¢ = 2 in Definition 1.2 and Theorem 1.2.

Theorem 1.3. Let f : X = Ybea mapping belonging to ‘H, and let 0 < qo, q1,po,p1,p < ocoand 0 <o < 1
be such that q%

1 a

(R1)(ap)(-) is constant for each x and for each b, then the

0

following statements are equzvalent

(1) fis Ry, Ry — S-abstract (q:
(2) fis Ri, Ry — S-abstract (pl,

p* ;
= )-summing;

= ) summing.

Proof. According to [10], f is Ry, Ro-S-abstract (g, %)-summing if and only if, there exists a constant

C > 0 and Borel probability measures j; on K, j = 1,2, such that

1

2 o
S(f,x,0',0%) < H(/ (2, b)Y d,uj> .
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Given the hypothesis that for every fixed ¢ € K :

1

</ Ry (@amvbl)ql dul) " =R ((paxa bl) )
Ky

then, in our case, f is R;, Ro-S-abstract (¢, %)-summing if and only if, there exists a constant C' > 0
and Borel probability measure ; on K5 such that

1

Py *
/ R] (@7xabj)pj dMg) J =ChR; (SD?xabl) . <A Ry (vaxabQ)lp_ia d:““)
2

J

—a
E3

P

2
S(f,x,0,0%) < O] (

Jj=1

(1.8)
On the other hand, using the same reasoning, f is R, Re-S-abstract (p1, %)-summing if and only
if there exists a constant C' > 0 and a Borel probability measure p in K3 such that

1—0o
p*

S(fa$7b17b2) < CRl (907$7b1) . </ R2 (907337b2)1p_7g d#)
K.

2

This expression corresponds exactly to the one given by (1.8) . O

The theorem above implies the equality D (E, F)) = Clooarp)

leads to various ways of characterizing the class of strongly (p, o)-continuous operators. Now, we can

(B, F) for all (qo,q1) € I'j , which

establish the following corollary:

1 1 1— 1 1 1—
Corollary 1.1. For 0 < o < land all (qo,q1), (po, p1) € L'y, where w=at pf and o =n T 7 we

have

C?‘ZO#]M’) (E,F) = C&’O’Pﬁp)(E? F).

and

CF vy (B F) = Ch o (B, F) = DY (E, F).

(90,91;p)

Proof. LetT € C? (E, F). Since (g0, q1) € 'y, then, qio = L 4 129 For the parameters

(g0,q15p) Q p*
(t=2k=1
Elz{O}, Xi=EY=F
H=L(E,F)

*

Po = 4o, P1 = 41, P2 = 1p_g

Gy =F, Go=F*

Ki ={0}, Ko = Bp«~
S(T,0,z,¢) = [@ (T (z))|

Ry (0,0, ) = [|]|

Ry (6,0,0) = [ ()" llell”,
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we have
n 1/po n 1/q0
(Z (S(f, i, b}, 62))" ) = (Z(S(f,w@,bi,b?)) )
i=1 =1
1/q0
(Z‘S‘% |q0> )
and

[T (S0 o))

j=1955 \i=1
n @ (1-0)/p
= sup Ry (9,0, 2;)" - sup Ry (4,0, ;)" */(1—0)
veKs <; a : PeK; ; i :
m n (1—0)/p"
" p*/(1-0)
= Hx HQI - sup ‘¢<@z)’1_0|’90ZHU

= II(fvi)i:ﬂIq1 Opro ((pi)i1) -

Thus, by [10, Definition 4.4], it follows that T'is Ry, R»-S-abstract (¢1, 1= *U )-summing and, by Theorem
2.4, T is Ry, Re-S-abstract (p1, & 1= ) summing. Therefore, exists a constant C' > 0 such that

(Z i (T |P0> < Ol by (607)

for all positive integers n and for all (z;);" ; C E'and (¢;);_, C F**,s0T € C

(po,p1; p)( F), we find that

ct E,Fycc . (E,F).

90,91; p)( (po,p1;p)

The other inclusion is obtained by the same argument. O

1.2. The multilinear case. Here’s an alternative definition for the concept of Cohen strongly (p, o)-
continuous multilinear operators as established by Achour et al. [ 1, Definition 4.1]. Let 1 < p,r < oo

and 0 <o < 1besuchthatl/r+(1—-0)/p* =1

Theorem 1.4. For T € L (En, ..., Ey,; F'), the following statements are equivalent:

(1) There exists a constant C' > 0 such that

(et}

for all :vf € Ejandy; € F*suchthati=1,...,nand j =1,....m

1/r

Opro (U7 )iz1) »

(2) There exists a constant C' > 0 such that

1/mr

00 1/mr 0
H(<T($]i’-~’x%>?y%“>);H1SC (;Hw}\\’w) --~(;memr> Spo ()321), (19)
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whenever (wf)oi €l (Ey),j=1,...,mand (y;); 166(
(3) There is a constant C' > 0 such that

n 1/mr n 1/mr
|(Cx (. oad) o)) [ < € (Z;I!x%}l"”") -~<;||x;f”||mr) o (1)1

for all :Uf € Ejandy; € F*suchthati=1,..,nand j=1,....m

)(F*)-

l1—0o

This theorem provides an alternative characterization for Cohen strongly (p, o)-continuous multilin-

ear operators.
Proof. (1) = (2) Given T is Cohen strongly (p, o)-continuous, the mapping
T: 077" X (By) X -+ x (M(Ew) — £
(DZ0 @) 2y @) = 5 (T (2 027))) 2

is well-defined and (m + 1)-linear. A straightforward calculation shows that T has closed graph and

hence is continuous. Therefore,

[ R RS Hf(@;)gl,(m;;,...,(x;n);;)ul

< T @D E - 1T G (@20
(2) = (1)and (2) = (3 ) are immediate.
(3) = (2) Let (w{) Ej),j=1,...,mand (y;)2, € €(L> (F*). Then
1—0o
J((r (- ) %>)21H1 - (<T (I]ia---ax?%) ;y%‘>>;H1
1/mr
< sup opro ((4)iz1)
j=li=1
1/mer
= Opro ((47)i21)
j=li=1
< o0.

The smallest C such that (1.9) is satisfied, denoted by || T’ HD;"*’/ definesanormonD,"’ (E1, ..., Ep; F).
O

As a result of Theorem 1.4 and the subsequent theorem, akin to the linear scenario, we can delineate
the category of Cohen strongly (p, o)-continuous multilinear operators through several inequalities. To

achieve this, we must broaden the abstract outcome of Theorem 1.3.
Theorem 1.5. Let f : By x - - - x E,, — F be a mapping belonging to H, and let

0< D, DP05905 P15 -+ Pt—1,q1, -+, Gt—1 < OO
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and 0 < o < 1, be such that

1 1 1 l1—0

— = 4+ e — "

Po b1 Pt—1 p
and

1 1 1 l—0

—_ =4 4 — "

q0 q1 qt—1 p

If (Rj),, ..z p () is constant for all zy, ..., xx, band forall 1 < j <t — 1, then the following statements are
equivalent
(1) fis Ry, ..., Ry-S-abstract (pl, ey Di—1, %)—summing,

*

(2) fis Ry, ..., Ry-S-abstract (ql, s Qi—1, ﬁ—g)—summing.

Corollary 1.2. For T € L(E,...,Ep; F)and 0 < o < 1 with q% =41t -+ qu + lp_f’, the following
statements are equivalent:

(1) There exists a constant C' > 0 such that

n n 1/mr n 1/mr
Y KT (), af) sy < © (Z Hmﬂ\’”) (Z ||:c;“||"“"> Speo (1)11)
=1 =1 =1

for all :cf € Ejandy; € F*suchthati=1,...nand j =1,...,m.

(2) There exists a constant C' > 0 such that

n 1/‘10 n 1/‘11 n 1/Qm
(Z (T (2}, ... 2" ,yz‘>|q°) <C (Z HwiH‘“) (Z ||x;”||q"") Spro ((y1)i1) . (1.10)
=1 =1 =1

for all a:f € Ejandy; € F*suchthati=1,...,nand j =1,...,m.

From Corollary 1.2, it’s feasible to derive further characterizations for the class of Cohen strongly
(p, o)-continuous multilinear operators using sequences. Equivalently, one can establish an inequality

akin to that presented by (1.10), albeit with infinite sums:

Forl <p<xand0 <o < 1,wi’chqi0 = q%—i-'--—l—qim—l—lz;",anoperatorT € L(E,...,Ey; F)is Cohen
2\ OO

strongly (p, o)-continuous if ((T" (z}, ..., zI") ,yj}):il € {4, whenever (azf) € o, (Ej),j=1,....,m,
- .

and (y:)zoil S £< P )(F*)

1—0o
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