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AsstrACT. We introduce 1-primary bi-ideals, 2-primary bi-ideals, and 3-primary bi-ideals of non-commutative
rings. We also interact with several properties of the different semiprimary bi-ideals. We discuss the
2-primary bi-ideals and 3-primary bi-ideals, which are generalizations of 1-primary bi-ideals and 2-primary
bi-ideals, respectively. We discuss the my1, mp2, m;,3-systems and generators of bi-ideals. A generalization
of the m,1-system is the m,2-system, and a generalization of the m»-system is the m,3-system. Given
that ® is a primary bi-ideal of %, it is proved that ® is a primary bi-ideal of % if and only if % \ ® is an
mp1-system (myp2-system, mp3-system) of #. To prove that if A is a primary bi-ideal in % and if .# is an
mps-system of Z with A N .# = 0, then there exists a 3-primary bi-ideal ® of % such that A C ® with
&N .# = 0. Let H® be a primary ideal of %. To prove that a primary bi-ideal A is a 3-primary bi-ideal
of % and the converse is also valid. Let H* be a primary ideal of %, a primary bi-ideal A is a 1-primary
bi-ideal (2-primary bi-ideal) in Z. A doesn’t need to be a 1-primary bi-ideal. A 3-primary bi-ideal ¢ with
a primary bi-ideal A that fails to satisfy the m,,3-system is guaranteed. Examples are provided to illustrate
our results.
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1. INTRODUCTION

Non-commutative rings started to be systematically studied in the 20th century. Another naturally
occurring non-commutative entity is a matrix. Cayley introduced them, along with their addition and
multiplication principles. Pierce claims that square matrices adhere to the well-known ring axioms.
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With his Wedderburns Theorem, which states that every finite division ring is commutative, Scottish
mathematician Wedderburn made fundamental contributions to the science of non-commutative rings.
Commutative and non-commutative ring theories came together and impacted one another in the 18th
century. The basic findings for primary ideals and prime radicals in commutative rings are expanded
in this study to non-commutative rings. Basic findings on non-commutative rings by Lam are [7]
along with a few findings on radicals [21]. Numerous studies have examined various sorts of ideals in
mathematical structures like rings and semirings [5,9], respectively. Dedekind established the concept
of ideals, which comprised associative rings, in the theory of algebraic numbers. Algebraic numbers
were added to the concept in this way. Additionally, it is a specific instance of Lajos’ (m, n)-ideal. Lajos
could analyse regular and intra-regular semigroups using quasi-ideals and generalized bi-ideals. A
bi-ideal to quote [ 6] while describing various classes of semigroups. In some ways, it is arbitrary, but
it is specified in terms of bi-ideals and associative rings. An expansion of LIs and Rls, particularly
examples of bi-ideals, is a quasi-ideal. Steinfeld introduced semigroups and rings, which are now
known as quasi-ideals. Semirings offer a variety of techniques to explain prime ideals, according to
quote [5]. The prime ideal theory has been widely applied to commutative ring theory. Compared to
commutative rings, it has not been applied to non-commutative rings as much. In non-commutative
partial rings, distinct prime partial Blss were studied by Palanikumar et al. [12].

Van der Walt [ 20] investigated the prime and semiprimate Bls of associative rings with unity. Roux [&]
extended associative rings devoid of unity to prime and semiprime Bls. Flaska et al. [ 3] described Bls in
basic semirings. A few findings in the ideal theory of commutative semirings with non-zero identities
were also described by Atani [1]. In general rings, McCoy provides some information regarding prime
ideals [9]. In [2,5, 17] provided information on the PID for rings and semirings. The terms prime
bi-ideals and semiprime bi-ideals were established by Van der Walt [20]. The subsets X; and X»
of #Z and the product X; - X2, what we mean is that the subring of % is generated by the set of all
products z; - x2, where 21 € X; and x2 € X5. By a bi-ideal A; of a ring &%, we mean a subring A; of #Z
satisfying A1 ZA; C Ay. AnID @ of a ring # is PID if and only if whenever AA; C @, for ideals A
and A; of Z implies A C ® or A; C ® [9]. Recently, Palanikumar et al. discussed the new algebraic
structures [10,11,13]. This paper is divided into five sections, each organized differently. In Section 2,
basic definitions will be briefly described. We discuss the different types of primary BIDs and their
extensions in Section 3. The semiprimary BIDs are discussed in Section 4. The conclusion is drawn in

Section 5. This study hopes to accomplish a number of fundamental objectives, including:

(1) A 1-primary bi-ideal implies a 2-primary bi-ideal implies a 3-primary bi-ideal and an opposite
direction does not hold.
(2) An myy-system implies an m,,;2-system implies an m,,3-system and opposite direction does

not hold with Example.
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(3) A 1-semi primary bi-ideal implies a 2-semi primary bi-ideal implies a 3-semi primary bi-ideal,
and the reverse implication does not match.

(4) An npyi-system implies an n,2-system implies an n,,3-system and opposite direction does not

hold with example.
List of Abbreviations
RID rightideal primary BID primary bi-ideal
LID leftideal primary ID primary ideal
ID  ideal TID two sided ideal
BID bi-ideal semi primary BID semi primary bi-ideal
PID prime ideal semi primary ID  semi primary ideal

2. Basic coNCEPTS

Here are a few definitions necessary for the remainder of our study.

Definition 2.1. (i) A non-empty subsets I of a ring (#, +, -) is said to be an LID (RID) of Z if I is a
subring of # and #I" C I (respectively, % C T'). If I is an LID and RID of &%, then I' is called an ID
of Z.

(ii) A subring I" of # is said to be a BID if '#ZT" C T.

(iii) A subring I" of #Z is said tobe a QID if TZ N ZT" C T

Definition 2.2. [8] (i) The BID I' of # is a prime BID if 6; %0, C I' implies 6; € I'or 6 € T".
(ii) The BID I of Z is a semiprime BID if §;%#¢6; C I" implies §; € I'.

Theorem 2.3. [8] (i) The BID I" of % is prime BID if and only if T'1'I'y C T', with 'y is an RID of # and Iy is
an LID of % impliesI'y C T orI'y CT.

(ii) The BID T of Z is semiprime BID if and only if '3 C T (or I's C T") implies Ty C T (or Ty C T') for any
LIDT; (or RIDT'3) of %.

Lemma 2.4. [9] A non-empty subset I" of Z 3 € I'. Then

(B)r = {npB + BZ|n € Z*} is an RID generated by 3.

(B)1 = {nB + ZP|n € Z*} is an LID generated by B.

(B) ={nB+ ZB + BR + ZBZ|\n € LT} is a ID generated by f3.
(B)y = {nB +mpB% + B#B|n € Z*} is a BID generated by 3.

Definition 2.5. An ID @ of % is said to be primary if for any IDs I'; and I'; of Z, I'1I's C ® implies that
Iy Cdorly CVo.
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Definition 2.6. [4] Let # be a non-commutative ring. For an ID I' of %, the radical of I is defined
as follows: T = {1 € %| every m-system containing ¢ intersects I'} C radical I". That is, vT = {¢ €
M) NT 0},

Lemma 2.7. [4,8] (i) Let T and Ty be two IDs of Z. IfT' C Ty, then T C /T1.
(i) If » € VT, then there exists a positive integer n such that ™ € T.
(iii) Let T be any BID of a ring % and let L' = {r € T|%7 CT}and H" = {0 € L'|o%# C L'}.
3. CHARACTERIZATION OF PRIMARY BIDs

Here, we introduce three types of primary BIDs.
Definition 3.1. (i) A BID ® of % is called 1-primary if AjA; C ® implies A C ® or Ay C V@ for any
BIDs A and As of #.
(ii) A BID & of Z is called 2-primary if 325 C ® implies 3 € ® or § € V@

(iii) A BID ® of Z is called 3-primary if I'1T'y C ® impliesI'; € ® or I'y C V@ for any IDs I'y and I'y of
X.

Theorem 3.2. Every 1-primary BID is a 2-primary BID.

Proof. Let ® be a 1-prime BID of Z. Let 3,0 € #Z and %6 C ®. Now, (BZ) - (#6) C f#5 C P, since
% and %6 are BIDs. Hence, 3% C ® or #5 C /®. Suppose that B#Z C ®. Consider < 8 >} - <
B >pC BZ C ®. Then § € ®. Similarly, if Z6 C V@, then § € v®. Thus, ® is a 2-primary BID of Z. [

The converse of the Theorem 3.2 does not hold.

0
0
00 10 00 00
1-primary BID. Now, A; = , , Ao = , and
00 00 00 0 1

00 0 1 00 11
VO = , , , .Since Ay - Ay C ®,but Ay € ® and Ay Z V.
00 0 0 10 11

Theorem 3.4. Every 2-primary BID is a 3-primary BID.

Proof. Let ® be an 2-prime BID of Z. For the IDs I'; and I'; of Z such thatI'y -I'y C ®. AssumeI'y € @,
let eI’y \®. Forany d € I'y, B#5 C< > - < d >CTI';-T'y C . Hence, 0 € V®. Then Ty C V.
Thus, ® is a 3-primary BID of %. 0

The converse of Theorem 3.4 does not hold.
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Example 3.5. Consider the ring # = .#5(Z2), B = { ( 2) }, 0= { (8 (1)) },
q){(o 0)7<0 1)}/\@{(0 o)}(o 1 7(0 0)’(0 1) (1 1)}.Here@isa
00 01 0 0 00 1 0 0 1 11

3-primary BID but not a 2-primary BID. Now, 5 ¢ ®,§ ¢ V® and %5 C ® imply @ is not a 2-primary
BID of #.

Definition 3.6. (i) A subset.# of Z is called an m,,, -system if for any 3,6 € .#, there exists ;1 €< >
and §; < § > such that 5161 € 4.

(ii) A subset .# of Z is called an m,-system if for any 3,6 € .#, thereexists 51 €< f >, and 6; €< § >,
such that 8,01 € .#.

(iii) A subset .# of # is called an m,,-system if for any 3,6 € .#, there exists 3; €<  >and 6; €< >
such that 8,01 € #.

Theorem 3.7. If ® is a BID of %, then ® is a 1-primary (2-primary, 3-primary) BID if and only if # \ ® is an

My, -System (my,-system, my,,-system) of Z.

Proof. Let ® be a 1-primary BID of #Z. To show that % \ ® is an m,, -system. Let 7,0 € Z \ ®. Hence,
T,0 EZbutT,0 ¢ ®. So < T > - < 0 >pZ D. There exists 7 €< 1 >,and 6 €< ¢ >, such that
7' -0 ¢ ® Hence, 7 -0 € %\ ®. So we have proved that for 7,0 € % \ @, there exists 7 €< 7 >; and
0 €< o >ysuchthatt -0 € Z\ ®. SoZ\ ® is an m,,-system.

Conversely, let Z \ ® be an m,, -system. We show that ® is a 1-primary BID of Z. Let A; - Ay C &
for the BIDs A; and As of Z. Let us shows that A C ® or A; C v/®. Let us arrive at a contradiction.
IfA; € ®and Ay Z VO, let§; € Ay \ @ and let 2 € Ag \ V®. Since dy ¢ V®, so there exists an
mp,-system #Z \ ® in # such that 9, € #Z \ ® and (#Z \ ®) N ® = (. Thus, 61,02 € Z \ ® implies
< 61 >p - < 09 >pZ @, which is a contradiction. Thus, A1 C ® or Ay C V®. Hence, @ is a 1-primary
BID of %. O

Lemma 3.8. Every my,, -system is an m,,,-system.

Proof. Given that .# be an m, -system of %. For any 3,6 € .#, there exists f; €< 8 > and §; €< § >y
such that 3; - §; € .#. Let us shows that .# is an m,-system. For 3,9 € .#, there exists 5 €< 3 >,
and 0; €< ¢ >;. Since RIDs and LIDs are BIDs, we have 3; - §; € .. Hence, .# is an m,-system of
XR. O

As shown in the following example, the converse is need not be true.
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Example 3.9. Consider the ring # = #5(Z2) and 4 = X%\ {

0

0
00 0 0

system. For and € .#,but thereisno 31 €

1 0 1 1

0 0)> B { (0

1 1 0

b

0 0
such that 8101 € .# because < > . <
1 0

0
} is an my,- system, but not m, -
0

) mamac{ (0 1))
)}

Proof. Given that .# be an m,,,-system of %. For any 3,9 € .#, there exists 3; €< >, and §; €< 6 >;

Lemma 3.10. Every m,,-system is an my,-systemn.

such that 8101 € .#. Let us shows that .# is an m,,-system. For 3, € .#, there exists ; €< 3 > and
01 €< 6 >. Since IDs are RIDs and LIDs, we have 316, € .#. Hence, .# is an m,,-system of %. O

However, the converse is not hold by the example.

0 0 1
Example 3.11. Z = #5(Z2) and A4 = %\ { ( ) 1) } is an my, - system, but not m,,,-system.

0
0
1 1 0 0 1 0 0
For and € ./, but there is no 1 6 and no 47 € such that
1 1 0 1 1 0 1 l

B e 2o

Remark 3.12. Let /A be any BID of a ring Z. Then VLA = {1 € VAIZ%ZT C V/AYand VHA = {0 €
VIAc# C VLAY

Lemma 3.13. Let /A bea BID of %#. Then VLA is an LID of % such that vV LA C VA.

Proof. Let 7,0 € VLA. Then 7,0 € VA and Z7 C VA and Zo C VA. Since VA is a BID of %,
r—0 € VA and 70 € VA. Now, Z(1 — 0) C #1 — Ho C VA. Thus, 7 — ¢ € VLA. Now,
Z(10) C (#7)(%0) € VA. Thus, 7o € VLA, Hence, VLA is a subring of Z. Let 7 € VLA and v € Z.
Since Y1 € Z1 C VA, we have YT € VA and GYT C BAET C BT C V/A. Thus, YT € VIA, Hence,
VLA is an LID of Z and VLA C VA. O

Lemma 3.14. Let /A be a BID of %. Then v H? is a subring of %.

Proof. Let 7,0 € VHA. Then 7,0 € VLA and 7% C VLA and 0% C VLA. Since 7 € VLA, 7 € VA
and #Z7 C VA. Since 0 € VLA, 0 € VA and Zo C VA. Since 7,0 € VA and VA is a subring of
Z. We have 7 — 0 € VA and 70 € VA. Now, Z(1 — o) C %1 — Ho C \/ZimplieST—a c VIA,
Now, (1 — 0)% C 7% — 0% C VLA. Hence, 7 — 0 € VHA. Now, Z(70) C (#7)(%c) C VA implies
7o € VLA and (70)% C (%) (0 %) C VLA. Thatis 7o € VHA. Hence, VH? is a subring of Z. [
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Lemma 3.15. Let /A be an LID of %. Then VLA = VA,

Proof. Clearly, VLA C V/A. Let T € VA, since /A is an LID of %Z. We have 7 C /A implies 7 € vV LA.
Thus, VA C VLA. Hence, VLA = VA. O

Theorem 3.16. Let /A is a BID of . Then v HA is the unique largest TID of % contained in v/A.

Proof. Let VA s any BID of Z. To prove that VHA is the TID of Z. Since VLA C VA and VHA C VIA.
Therefore, VH2 C VLA C VA. Let r € VH2 and X € Z. Thent € VHA C \/Zimplies that 7 € VA.
Since 7 is an element of VLA, We have Z7 C v/A and 7% C VLA. Then x1 € Z7 C VA implies 7 €
VA and BT C RAT C AT C \/Zimplies that y7 € VIA, Now, Ty € 7% C VIA, Hence, 7y € VLA
and x7 € VLA, First to prove that 7y € VHA and XT € VHA, Now, T™x#Z C T%Z% C 7% C VIA,
Hence, Tx% C VIA implies Ty € VHA. Now, x7T% C #TX# C AVILA - VLA, Since VL2 is an LID
of Z, xT € VHA. Hence, V HA is a TID of Z. It enough to prove vV H is a largest two sided ID of Z.
Let V. be any ID of % and V.7 CVA. Letp e V.. Then p € VA and Zp C V. C v/A. Hence,
Ho C VA implies p € VLA, Hence, V. C VLA, Next, o€ VLA and 0% C V.S C VLA, Therefore,
0% C VLA, Thus, 0 € VHA. Hence, V. C VHA. O

Theorem 3.17. A BID A of a ring % is 2-primary BID if and only if ''\I'y C A, with T'y is an RID of % and
I’y is an LID of % implies 'y C A or 'y C VA.

Proof. Let A be a 2-primary BID and I';I'; C A. SupposeI'y € A. Forall§ e I';and 8 € I'1 \ A, we
have 56 C I'1I'y C A. Since A is primary and 8 ¢ A, we have § € VA forall § € T'y. SoT's C VA.
Conversely, suppose that 525 C A. Now, (BZ)(%#6) C X6 implies SZ# C A or #§ C VA.
If B# C A, then < B >,< & >= {nB + BZ|n € Z*} - {md + Z|m € ZT} = nfmd + nBRs +
BRMS + BRRS C B# C A. Thus, B € A or § € VA. Similarly, suppose that 25 C VA implies that
< B>,<8>C %5 C/A. Thus, € Aord e VA. O

Theorem 3.18. A BID A is a 3-primary BID of % if and only if H> is a primary ID of %.

Proof. Let A be an 3-primary BID of Z. To show that H? is a primary ID of %. Let I'; and T'; be the
IDs of #Z such that Ty - T's C HA. By Theorems 3.16 and 3.17 and Proposition 6 [&], H” and VH? are
unique largest TID contained in A and VA respectively. Thus, I'y C H AorTy C VHA,

Conversely, suppose that I'; and I'; are IDs of # such thatI'y - I's C A. ThenT'y -I'y C H A implies
M CHACAorTy C VHA C vA. Hence, A is a 3-primary BIDs of Z. O

Corollary 3.19. If A is a 1-primary BID of %, then H* is a primary ID of %.

Proof. Let A be a 1-primary BID of Z. Let us show that H Ajsa primary ID of #Z. Let I'1 and I'; be an
IDs of #Z such that T1T's € H2. To show thatT'; € H® or I's € VHA. Since HA € A and VHA C VA.
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Hence, I'i)T's € A. Since I'y and I'y are IDs of %, it is a BIDs and A is a 1-primary BID of #. Hence,
' CAorly CVA. By Proposition 6 [5], H A s the largest ID of # such that H AC Aand by Theorem
3.16, VHA is the largest ID of % such that VHA C VA. Thus,T'; € H2 or Ty C VHA. Hence, H? is a
primary ID of Z. O

Based on the following example, it is evident that the converse of the corollary 3.19 cannot hold.

0 0 11 0 0
Example 3.20. Let #Z = #2(Z2), A = , is a BID and H” = is
0 0 0 0 0 0

00 10
a primary ID, but A is not a 1-primary BID of #. For the BIDs A; = { , } and
10

00 0 0
Ag{( ),( )}.SinceAl‘AQCA,butAlZAandAg,@\/Z.

0 0 01

Corollary 3.21. If A is a 2-primary BID of %, then H® is a primary ID of %.

Proof. Let A be an 2-primary BID of . Let us show that H* is a primary ID of %Z. Let T'y and T'; be an
IDs of % such that T Ty C HA. To show that I'; € H2 or 'y € VHA. Since H2 C A and VH2 C VA.
Hence, I'1T's C A. Since I' is an ID of 4%, it is an RID and since I'y is an ID of 4%, it is an LID. Since A
is an 2-primary BID of %, we haveI'y C Aor 'y C VA. By Proposition 6 [8], H A js the largest ID of
2 such that H® C A and by Theorem 3.16, VHA is the largest ID of # such that VHA C VA. Thus,
'y CHA”orly C VHA, Hence, H” is a primary ID of Z. O

The converse of Corollary 3.21 does not hold by the example.

Example 3.22. Consider the ring # = .#>(Z3). Let A = ) 1s a BID and
0
0

A 0 0 ) . 1 0
H= = is a primary ID. Now, %0 = C Abuta ¢ Aand b ¢ VA.
0 0 0 0 0

Thus, A is not a 2-primary BID of Z.

Theorem 3.23. Let .4 be an my,- system and A be a BID of # with AN .# = (). Then there exists a 3-primary
BID ® of % containing A with ® N .4 = .

Proof. Let X = {F2|F2 isaBIDwith A CTyandI'sN.Z = (Z)}. Clearly X is non-empty. By Zorn’s
lem, there exists a maximal element ® in X. We claim @ is a 3-primary BID of #. In view of the
Theorem 3.18, it is enough if we show that ®isa primary ID in Z. Since H *Coand®nN.Z =0,
this implies that H® N .# = (. Then H? is a largest ID in % such that H® N .# = (. We claim that
<B><d§>C H® Then < 8 >C H(Q) or < § >C H(Q). By proving a contradiction. If < 3 >¢Z H®
and < § >Z VH?®,thenT €< 8> \H®and o €< § > \VH?®. Then < 7 >C< f>and < g >C< § >.
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If< B8 >< 6 >C H®, then< 7 >< ¢ >C< 8 >< § >C H®. Since < § >Z VH? and hence
(< 6 >)" ¢ H® implies that < 6 >Z H®. Then (H®+ <7 >)N.# # Dand (H®+ < o >)N .4 # 0.
Thus, (H®+ < 7 >)(H®+ < 0 >) C H®. Then the BID (H(Q) + ) contains an element m,, of ..
Then there exist w; € (H®+ < 7 >)N.#. Similarly the BID (H(Q) + o) contains an element m,,, of ..
Then there exists @y € (H®+ < 0 >)N.#. Since .4 is m,-system of A, w1’ €< @y >and wy' €< wy >
w1 wy € M for some w, €< w; >C (H®+ < 7 >) and e €< e >C (H®+ < o >). Hence,
w1 wy € (H®+ < 7 >)(H®+ < 0 >) C H®. Which is a contradiction. Thus, < 8 >< § > H®.
Hence, H? is a primary ID of %#. By Theorem 3.18, ® is a 3-primary BID of %. If H? is not largest
element in X, then there is an maximal ID @' in % such that H® C ®' and &' N .# = (). It can be easily

seen that @’ is a primary ID; hence, ¢’ is the required BID of Z. O

4. CHARACTERIZATION OF SEMIPRIMARY BIDs

Here, we introduce three types of semiprimary BIDs.

Definition 4.1. (i) A BID ® of Z is called a 1-semiprimary if A2 C ® implies A C ® or A C v/ for
any BID A of Z.

(ii) A BID & of Z is called a 2-semiprimary if 3%3 C ® implies 3 € ® or 3 € V®.

(iii) A BID @ of Z is called a 3-semiprimary if I % C ®impliesI'y C @ orI'y C V@ for any IDI'; of Z.

Theorem 4.2. Every 1-semiprimary BID is a 2-semiprimary BID of Z.

Proof. Let @ is a 1-semiprimary BID of Z. Let 8 € #Z and %[5 C ®. Now, (BZ) - (%#3) C BZ%ZB C @,
since 3% and %3 are BIDs. Hence, 3% C ® or %3 C \/®. Suppose that 3% C ®. Consider < 8 >, - <
B >,C B# C ®. Then 8 € ®. Similarly, if Z3 C /@, then 3 € /®. Thus, ® is a 2-semiprimary BID of
X. O

The converse of Theorem 4.2 cannot be true.

0 0 01
Example 4.3. Consider the ring # = #>(Zs). Let ® = { , } is a 2-semiprimary BID,
0 0 0 0
00 00
but not a 1-semiprimary BID. For the BID A = , . Since A% C ®,but A Z ® or
00 11

AZ V.
Theorem 4.4. Every 2-semiprimary (2-primary) BID is a 3-semiprimary BID of %.

Proof. Suppose that ® is a 2-semiprimary BID and I'2 C & foran IDT of Z. To show thatT" C ® or
I CVO. I ¢ ®andl' € V®. Forf € T,butf ¢ ®and f ¢ VO. Now BZB C< B> -< B >CT?2C D,
Since @ is a 2-semiprimary BID of %, then 5 € ® or 3 € vV ®. Which is contradiction, hence ' C ® or
I' C V/®. Thus, ® is a 3-semiprimary BID of Z. 0
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The converse of Theorem 4.4 is false.

11
Example 4.5. Consider the ring #Z = #5(Z2) and ® = { , } is a 3-semiprimary BID

C @ imply @ is not a 2-primary BID

_ O o o

= O o o
[an}
[en}

1 0 0 0 1 0
of Z. Now ¢ P, ¢ V& and K74
0 0 1 1 0 0
of #

Definition 4.6. (i) A subset N of # is called n,, -system if for any 5 € N, there exist 81, 82 €< 8 >
such that 515, € N.
(ii) A subset N of Z is called n,,-system if for any 3 € N, there exist 81, 82 €< 8 >, (B1, 02 €< 8 >))
such that 5182 € N.
(iii) A subset NV of # is called n,,,-system if for any 3 € IV, there exist 81, B2 €< 3 > such that 8,82 € N.

Theorem 4.7. If ® is a BID of Z, then ® is a 1-semiprimary BID (2-semiprimary, 3-semiprimary) if and only

if # \ ® is an ny, -system (nyp,-system, n,,-system).

Proof. Let ® be a 1-semiprimary BID of %. To show that % \ ® is an n,,, -system. Let 5 € Z \ ®. Hence,
BeRbutf ¢ . So< >y < >pZ . There exists B, 8" €< B> such that 5 - 5" ¢ ®. Hence,
= Z\ ®. So we have proved that for § € #Z\ ® there exists B.8" e< B >,suchthat 5 -8" € Z\D.
So Z \ ® is an ny, -system.

Conversely, let Z \ @ is an n,, -system. We show that ® is a 1-semiprimary BID of %Z. Let A? C &
for the BID A of Z. Let us shows that A C ® or A C v/®. Let us arrive at a contradiction. If A ¢ ®
and A Z v/®,let§; € A\ ®and §; € A\ V®. Since §; ¢ /¥, so there exists an ny,-system Z \ ® in #
such that §; € Z \ ® and (#Z \ ®) N ® = ). Thus, §; € Z \ ® implies < 01 > - < ;1 >, P, which is
a contradiction. Thus, A C ® or A C v/®. Hence, ® is a 1-semiprimary BID of Z#. Similarly, we can

prove the other two cases. O
Lemma 4.8. Every n,, -system is an ny,-system.

Proof. Given that IV be an n,,-system of %. For any 8 € N, there exists 1, 52 €< 8 >3 such that
B1 - B2 € N. Let us shows that N is an n,,-system. For § € N, there exists 81, 52 €< 8 >, (b1, P2 €<
B >;). Since RIDs and LIDs are BIDs, we have ; - 82 € N. Hence, N is an n,,,-system of Z%. O

Here is an example demonstrating that the converse of the above Lemma is false.

00 01
Example 4.9. Consider the ring # = #5(Z>). Let N = %\ { , } is an ny,- system,
00 0 0

0 0 00
but not n,, - system. For ( ) € N, but there isno 1, 52 € < ( ) > such that 51 - 82 € N.
10 10
b
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s (0 )((00) {0 0) o

Theorem 4.10. Let A be a 2-semiprimary BID of a ring . Then T2 C A impliesT' C A or T' C /A for any
LID (RID)T of .

Proof. Let A be a 2-semiprimary and I'2 C A for any LID T of % . To show thatT' C A or ' C VA. If
not,' Z AandI" Z v/A. then there exists 3 € I',but 8 ¢ A and 3 & VA. Now, BZ3 C TZT C T2 C A.
Since A is 2-semiprimary implies that 3 € A or 3 € v/A. Which is a contradiction hence I' C A or
I C VA.

Conversely, suppose that 3%23 C A. Now, (3%)(%#3) C B%f implies B# C A or Z3 C VA. If
BAZ C A, then < 8 >, < B >={nB+ pZnecZ} - {B+Z%ZBmecZt} CBZ C A. Thus, 3 € Aor
B e VA. Similarly, suppose that 75 C \/Zimplies that < 8 >,< 3 >,C %ZF C VA. Thus, 3 € A or
B e VA. O

Theorem 4.11. A BID A is a 3-semiprimary BID of % if and only if H® is a semiprimary ID of %.

Proof. Let A be an 3-semiprimary BID of %. To show that H* is a semiprimary ID of %Z. Let I be a ID
of % such that T? C H”. By Theorems 3.16 and 4.10 H* and v H2 are unique largest TID contained in
A and VA respectively. Thus, I' C H Aor C VHA,

Conversely, suppose that H Ajsa semiprimary ID of # and I' is a ID of % such that 2 C A. To
show thatT' C A or ' C vA. Now, 2 C HA implies I' C HACAorT C VHA C v/A. Hence, Ais a
3-semiprimary BID of Z%. O

Corollary 4.12. If A is a 1-semiprimary (2-semiprimary) BID of %, then H* is a semiprimary ID of %.

Here is an example demonstrating that the converse of Corollary 4.12 is false.

00 0 0 0 0
Example 4.13. Let #Z = .#2(Z2), HA = { ( ) } and A = { ( ) , ( ) } Now, HA
0 0 0 0 11

0 1 1
is a semiprimary ID, but A is not a 1-semiprimary BID of #. Since . C A, but

0 0 0 0
0 1
Z A.
0 0

This paper introduces various primary BIDs of non-commutative rings and identifies prime BIDs

)

5. CoNcLusIONS

and semiprime BIDs. In addition to this, we introduced three m-systems and characterized them. Also,

1-primary BID implies 2-primary BID implies 3-primary BID. When it comes to exist, the reverse does
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not apply. Using semirings, ternary semirings, partial semirings and ordered semirings as the basis for
the extension of various ideals, such as quasi-ideals, tri-ideals, and bi-quasi-ideals, will be the next

direction of the work.
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