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AsstrACT. This paper investigates fixed point properties of partially nonexpansive mappings in geodesic
spaces. The class of mappings considered herein is independent of the class of quasi-nonexpansive
mappings. We obtain certain theorems regarding A and strong convergence. Additionally, we obtain a
common fixed point theorem of a countable family of commuting partially nonexpansive self-mappings
under certain conditions.

2020 Mathematics Subject Classification. 47H10; 47H09; 47H05.

Key words and phrases. partially nonexpnasive mapping; fixed point; geodesic space.

1. INTRODUCTION

Let (X, ||.||) be a Banach space and Z a nonempty subset of X. A mapping ® : Z — Z is considered
nonexpansive if it satisfies the condition | ®(¢) — ®(o)| < [|¢ — o|| for every ¢,p0 € Z. A point z € Z
is considered a fixed point of ® if ®(z) = z. It is well-known that in a general Banach space, a
nonexpansive mapping may not necessarily possess a fixed point. However, in 1965, Browder [3],
Gohde [9], and Kirk [10] independently established fixed point theorems for nonexpansive mappings
that satisfy specific geometric conditions, such as uniform convexity or normal structure. This category
of mappings holds significant relevance in various mathematical contexts, including transition operators
for initial value problems (of differential inclusion), accretive operators, monotone operators, variational
inequality problems and equilibrium problems.

In 2008, Suzuki [26] introduced a condition on mappings, called condition (C),

Definition 1.1. [26]. Let & be a Banach space and Z a nonempty subset of X'. A mapping ® : Z — Z

is said to satisfy condition (C) if
1 . .
16 =2l = lI¢ = 9l implies [[2(¢) — 2@)]| < [I¢ I V¢, 0 € 2.
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This condition is less stringent than nonexpansiveness but stronger than quasi-nonexpansiveness.
Furthermore, he derived some intriguing fixed point theorems and convergence results for such
mappings. Dhompongsa et al. [5] quickly observed that the same conclusion is reached if the domain Z
of ® is a bounded closed and convex subset of a Banach space, and every asymptotic center of a bounded
sequence relative to Z is nonempty and compact. Additionally, Dhompongsa and Kaewcharoen [6]
expanded Betiuk-Pilarska and Prus’s result [2 ] on the weak fixed point property to continuous mappings
satisfying condition (C) on an order uniformly noncreasy (OUNC) Banach lattice.

In 2011, Garcia-Falset et al. [ 7] further generalized condition (C) into the following class of mappings.

Definition 1.2. [7]. Let Z be a nonempty subset of a Banach space X'. A mapping ® : Z — Z is said to
fulfill condition (£,,) if there exists x> 1 such that

1€ = 2@ < ull¢ =2+ IC =DV Te 2

We say that ® satisfies condition (E) if it satisfies (F,) for some p > 1.

Takahashi [27] introduced convex structure to the metric space and derived theorems regarding the
existence of fixed points for nonexpansive mappings. Goebel and Kirk [8] employed the Krasnosel’skii-
Mann iterative method to approximate fixed points of nonexpansive mappings in nonlinear spaces.
In recent years, several papers have been published focusing on significant fixed point results within
the framework of geodesic spaces, as documented in [1,13,14,16-18,21-24]. For instance, Ariza-Ruiz
et al. [1] extended well-known theorems regarding firmly nonexpansive mappings, including the
asymptotic behavior of the Picard iterative method, from linear spaces to geodesic spaces. Leustean [ 14]
broadened celebrated fixed point theory results in geodesic spaces, such as the monotone modulus of
uniform convexity and asymptotic regularity for the Ishikawa iterative method. Nanjaras et al. [ 16]
expanded Suzuki’s findings on fixed point theorems and convergence theorems to a specific type of
metric spaces, known as CAT(0) spaces.

Inspired by the aforementioned advancements, we aim to approximate fixed points of partially
nonexpansive mappings within nonlinear spaces, specifically in geodesic spaces. We broaden the
scope of partially nonexpansive mappings from Banach spaces to geodesic spaces and establish A and
strong convergence theorems under specific conditions. Our findings serve to generalize, extend, and

complement various results outlined in [7,15,16].

2. PRELIMINARIES

Let (M, ) denote a metric space and [0,!] C R. Considering a pair of points {,¥ € M, a path
© : [0,1] — M joins ¢ and ¥ if it satisfies

©(0) =Cand ©(1) = 9.
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Such a path O is termed a geodesic if it adheres to the condition:
Q(6(s),0(t)) = 2(0(0),0(1))|s — t|, forall s,¢ € [0,1].

A metric space (M, 2) is deemed a geodesic space if every pair of points ¢, ¥ € M can be connected by
a geodesic. It’s important to note that the geodesic segment linking ¢ and ¥/ may not be unique. The

precise formulation of hyperbolic spaces, as described by Kohlenbach [11], adheres to this framework.

Definition 2.1. [11]. A triplet (M, Q, W) is called a hyperbolic metric space (or W-hyperbolic space)
if (M, Q) is a metric space and function W : M x M x [0, 1] — M satisfies the following conditions
forall (, 9, z,w € M and s,t € [0,1]

(W1) Q(z,W(¢,0,s)) < (1 —9)2(z,C) + sQ(z,9);

(W2) QW (¢, 9,5), W(C, 9, 1)) = [s = tQ(C, V);

(W3) W(¢,0,s) =W ({1 —s);

(W4) QW (¢, z,s), W (D, w,s)) < (1—3s)Q,0) + sQ(z,w).

Every Busemann space is uniquely geodesic, meaning that for any pair of points (, 9 € M, there
exists precisely one geodesic segment connecting ¢ and ¥, as outlined in [4]. In other words, for all

¢,¥ € Mandany s € [0, 1], there is an element w € M which is unique (say w = W ((, ¥, s)) such that
Q(C,w) = s, 9) and (9, w) = (1 — ), V). (21)

Notably, the following spaces serve as prominent examples of W -hyperbolic spaces: all normed spaces,
Hadamard manifolds, CAT(0)-spaces, and the Hilbert open unit ball equipped with the hyperbolic

metric (cf. [1,11]).

Remark 2.2. Given that W ((,9,s) = (1—s)(+ st forall (,9 € M and s € [0, 1], it consequently implies

that all normed linear spaces exhibit W-hyperbolic characteristics.

We will employ the notation
W((,9,8) :=(1—s)C P st
to represent a point W ((, ¥, s) within a W-hyperbolic space. For any ¢, € M, we define

[, ={(1—s)(ds?:se]0,1]}

as a geodesic segment. A nonempty subset Z of the W-hyperbolic space (M, 2, W) is termed convex if
[¢,¥] C Zforall (,0 € Z.
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Definition 2.3. [13]. A W-hyperbolic space (M, ) is considered uniformly convex (UCW -hyperbolic
space) if, for every ¢ € (0,2] and any b > 0, there exists a 6 € (0, 1] such that

¢, 2) <b
QW) <b b= Q<;C@;19,z> <(1- o)
Q(¢,9) > eb

forall {,9,z € M.

Remark 2.4. Leustean [14] demonstrated that complete CAT(0) spaces are complete uniformly convex

hyperbolic spaces, denoted as UCW -hyperbolic spaces.

Let {(,, } be a bounded sequence in a hyperbolic space (M, 2, W) and Z a nonempty subset of M. A

functional r( ., {¢n}) : M — [0, 4+00) can be defined as follows:

r(9,{¢n}) = limsup Q(I, ¢,).

n—-+o0o

The asymptotic radius of {¢,, } with respect to (in short, wrt) Z is described as

r(Z,{¢.}) = inf{r(¥,{¢.}) : ¥ € Z}.

A point ( in Z is called as an asymptotic center of {(, } wrt Z if

(¢, {Cn}) = 1(Z,{C})-

A(Z,{¢,}) is denoted as set of all asymptotic centers of {¢,} wrt Z.

Definition 2.5. [25]. Consider a bounded sequence {(,,} within a W-hyperbolic space (M, Q). The
sequence {(,} A-converges to ( if { serves as the unique asymptotic center for every subsequence {p,}

derived from {(,}.

Consider a W-hyperbolic space (M, ) and let Z C M with Z # (). A sequence {(,} in M is termed

Fejér monotone with respect to Z if
Q(CT, Curr) <Q(CT,¢), foralln >0, forall ¢ e 2.

Let ® : M — M be a mapping, we denote F'(®) := {( € M : ®(¢) = (}.

Definition 2.6. [19]. A mapping ® : Z — Z, where F(®) # (), adheres to Condition (I) if there exists
another function f : [0, +00) — [0, +00) satisfying the following conditions:

(1) f(r)>0forr € (0,+00) and f(0) = 0.

(2) Q¢ 2(€) = F(QUC, F(®))) forall ¢ € Z,
where Q(¢, F(®)) = inf{Q((,¥) : ¥ € F(P)}.
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Definition 2.7. Consider a metric space (M, 2) and let Z C M where Z # (. A mapping®: Z — Z

is deemed compact if the closure of ®(Z) is compact.

Proposition 2.8. [14]. Let (M, Q, W) be a complete UCW -hyperbolic space, Z C M such that Z # () and Z

be closed convex. If a sequence {(,,} in M is bounded. Then {(,} has a unique asymptotic center wrt Z.

Lemma 2.9. [14]. Consider {(,} as a bounded sequence in (M, Q, W), where A(Z,(,) = {z}. Let {r,,} and
{sn} be two sequences in R, with r, € [0,+o00) forall n € N, limsupr, < 1, and limsup s,, < 0. Assuming

v € Z and the existence of m, N € N such that
Q0 Crrm) < 12z, Cn) + S, foralln > N.
Then 9 = z.
Lemma 2.10. [1]. Let (M, Q, W) be a W-hyperbolic space, Z C M such that Z # ). If {(,,} is Fejér monotone

wrt Z, A(Z,{C.}) = {¢} and A(M,{pn}) C Z for every subsequence {p,} of {(n}. Then the sequence {(, }
A-converges to ¢ € Z.

Motivated by Definition 1.2, the following definition can be defined:

Definition 2.11. Let (M, ) be a metric space and Z C M such that Z # (. A mapping @ : Z — Z is

said to satisfy condition (E) if there exists p € [1, 00) such that
Q(¢, 2(9)) < (¢, (€)) + GV V¢, 0 € Z.

Proposition 2.12. Let (M, Q) be a metric space and Z C M such that Z # (). Let ® : Z — Z be a mapping

satisfying condition (E). Then ® is a quasi-nonexpansive mapping.

Lemma 2.13. [12,20] Let X be a complete UCW -hyperbolic space, then the intersection of any decreasing

sequence of nonempty bounded closed convex subsets of X is nonempty.

Lemma 2.14. [8] Let X be a UCW -hyperbolic space. Let {(y} and {0y} be two bounded sequences in X
and A € (0,1). Assume that (pi1 = ANy, & (1 — X\)Gp and d (Up41,90) < d(Cpt1,Cn), forany n € N. Then
h_)m d (G, ¥n) = 0 holds.

3. MaIN Resutrs

Llorens-Fuster [ 15] explored a novel class of mappings as described below:

Definition 3.1. Let ® : Z — Z be a mapping. A mapping @ is called as partially nonexpansive, (in
short, PNE), if

| (5c+20n) - 2(0) < 5llc- (@
forall ¢ € Z.
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Remark 3.2. e Having fixed points for a mapping is not necessarily implied by either condition
PNE or condition (E).
e Every mapping ® : Z — Z satisfying condition (C) is partially nonexpansive. However, it
should be noted that the converse of above Proposition is not necessarily true.
e The class of partially nonexpansive mappings with fixed point and the class of quasi-nonexpansive

mappings are independent in nature.

The concept of partially nonexpansive (PNE) mappings can be extended to nonlinear spaces in the

following manner:

Definition 3.3. Let (M, Q, W) be a UCIW-hyperbolic space and Z C M such that Z # (), Z be convex.
A mapping ¢ : Z — Z is said to be partially nonexpansive (PNE) if

o (o500 39(0)).200) < 39¢20)

forall ¢ € Z.

Partially nonexpansive mappings enjoy an approximate fixed point property in Banach spaces. We

have a similar conclusion for partially nonexpansive mappings in geodesic spaces.

Lemma 3.4. Let (M, Q, W) be a UCW -hyperbolic space. Let Z C M such that Z # 0, Z be a bounded, convex
and ® : Z — Z be a PNE mapping. Let {y € Z and define the sequence {(,} by the successive iteration

1 1
Cﬂ+1 = §<n @ 5(1) (Cn) (31)

foranyn € NU{0}}. Then li_>m Q(Cp, ® (n)) = 0 holds, i.e., {¢y} is an approximate fixed point sequence of
.

Proof. From (2.1) and (3.1), we have
5960 ® () = UG )
Using the fact that, ® is PNE mapping implies that
2 (G2 (6) = (2 (36030)) 2 (6)

< 206 ®(G)

= (G Cnt1)
for any n € N. Using Lemma 2.14, we conclude that nh_}rgo Q(Cn, P (¢n)) = 0. O
Theorem 3.5. Let (M, Q, W) be a complete UCW -hyperbolic space and Z C M such that Z # 0, Z be a

bounded closed convex. Let ® : Z — Z be a PNE mapping satisfying condition (E). Then ® has a fixed point in
Z.
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Proof. Let (p € Z and define a sequence {(, } as follows:

1 1
Cn-i—l = ign @ 5(1)(Cn)

for alln € NU {0}}. By Proposition 2.8, the sequence {(, } has a unique asymptotic center wrt Z. Let
{z} = A(Z,{(,}) and by definition of A(Z,{(,}), z € Z. By Lemma 3.4. we have

lim Q(®(¢n),Cn) =0 (3.2)

n—oo

and & satisfies condition (E)

Q(Cn, @(2)) < p2 (2(Cn), Cn) + Q2 (Cn» 2) -

From (3.2), we have

lim sup Q (§,, P(2)) < limsup Q ((p, 2) -

n—00 n—0o0
That is
r(®(2),{G}) <7 (2 {G})-
Since the asymptotic center of {(, } is unique it follows that z = ®(z). O

By leveraging Theorem 3.5 in conjunction with [1, Lemma 6.2], we derive the subsequent corollary.

Corollary 3.6. Let (M,Q, W) be a complete UCW -hyperbolic space and Z C M such that Z # 0, Z be
bounded closed convex. Let & : Z — Z be a PNE mapping satisfying condition (E). Then F(®) is nonempty

closed and convex.

Next, we present a common fixed-point theorem for a countable family of commuting partially

nonexpansive self-mappings on a given set that satisfies condition (E).

Theorem 3.7. Let (M, Q, W) be a complete UCW -hyperbolic space and Z C M such that Z # 0, Z be a
bounded closed convex. Let {®;}%, be a countable family of commuting partially nonexpansive self-mappings

on Z satisfying condition (E). Then {®; };"’:1 has a common fixed point.

Proof. For each n € N, we define

Thus, Z; = F'(®,). By Corollary 3.6, Z; is nonempty, closed and convex subset of M. Since Z; C Z, Z;
is bounded. Let k € N such that £ > 2 and assume that Zj,_; is nonempty, closed, bounded and convex.
We claim that the set Zj, is nonempty, closed, bounded and convex. Since Z;,_; # 0, take ¢ € Z;_; and

j € Nwith 1 < j < k. Since {®; };’il is a family of commuting mappings, ®;, and ®; commute,

Py (¢) = P 0 ©;(C) = P 0 Dr(().
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Thus ®4(() is a fixed point of ®;, it follows that ®4(¢) € Z;_;. Therefore we obtain &, (Z,_1) C Zj_;.

In view of Theorem 3.5, ®; has a fixed point in Z;_;,
Zp = Zp1NF (®y) # 0.

Using Corollary 3.6, Z, is closed and convex. By induction, the set Z,, is nonempty closed bounded

and convex V n € N. Since Z,, C Z,,_; Vn € N. Using Lemma 2.13, we obtain

N F (@) = :iZ” 0.

7=1

This completes the proof. O

Before delving into the proofs of the A and strong convergence theorems, we establish the following

lemma.

Lemma 3.8. Let (M, Q, W) be a complete UCW -hyperbolic space and Z C M such that Z # (), Z be bounded

closed convex. Let (o € Z and define the sequence {(,} by the successive iteration
1 1
foranyn € NU{0}}. Then li_>m Q (Ca, p) exists ¥V p € F(P).
Proof. In view of Theorem 3.5, F(®) # (). Let p € F/(®), from (W1) and Proposition 2.12, we have
1 1
©UGui1.0) = 2 560 © 590

1 1
< 392(Gnp) + 52 (@(G).p)
Q

(Cnsp) -

IA

That is
Q (<n+17p) S Q (Cnap) .

Thus, sequence {2 ({,,p)} is bounded and monotone V p € F(®). Therefore we obtain the desired

result. O

Now we prove our A convergence theorem.

Theorem 3.9. Let (M, Q, W) be a complete UCW -hyperbolic space and Z C M such that Z # 0, Z be
bounded closed convex. Let ® : Z — Z be a PNE mapping satisfying condition (E). Let {y € Z and consider

the sequence {(, } by the successive iteration

1 1
Cn-i—l = §<n @ §CI) (gn) (34)

foranyn € NU{0}}. Then the sequence {(,} A-converges to a point in F'(P).
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Proof. In view of Theorem 3.5, F(®) # 0, let 2! € F(®). By Lemma 3.8, we have the following property
for sequence {Q(¢,, 211,

Q (Cn-i—la ZT) <Q (C-TL’ ZT)
for all 2f € F(®). Therefore, sequence {(,} is Fejér monotone wrt F(®). From Corollary 3.6, F(®)
is closed and convex. In view of Proposition 2.8, the sequence {(,,} has unique asymptotic center w?

wrt F'(®). Assume that {p,,} is a subsequence of {(,}, again from Proposition 2.8, {p,, } has a unique

asymptotic center p’ wrt F(®). Now, by the condition (E)

Qpn, (")) < pUP(pn), pn) + pn, o).

Using the fact that ll)I_iI_l Q(Cn, ®(¢n)) = 0, we have

Qpn, @(p")) < Qpn, p').

In view of Lemma 2.9, we have ®(p') = p'. Using Lemma 2.10, we can conclude that the sequence {¢,}

A-converges to a point in F'(P). O

Theorem 3.10. Suppose M, Z, ®, and {(,, } are as defined in Theorem 3.9. If ® is a compact mapping, then the

sequence {(y } strongly converges to a point in F'(P).

Proof. Considering Lemma 3.8, it is evident that the sequence {(, } is bounded. Furthermore, referring

to Lemma 3.4, we have
Given the definition of a compact mapping, the range of Z under ® is confined within a compact
set. Consequently, there exists a subsequence {®((,,)} of {®((,)} that strongly converges to ¢ fez
In view of (3.5), it implies that the subsequence {(,,} strongly converges to (1. Using the fact that
mapping ® satisfies condition (E) and (3.5)

Ay () < 4Gy, PGy ) + UGy ¢

Therefore, subsequence {(,, } strongly converges to (¢ 1), it implies that ®(¢T) = ¢T. Since li_)m Q(Ca, ¢

exists, the sequence {(, } strongly converges to a point in F'(®). a

Corollary 3.11. Let (M, Q, W) be a complete UCW -hyperbolic space and Z C M such that Z # (), Z be a
compact convex. Let ® : Z — Z be a PNE mapping satisfying condition (E). Let {y € Z and define the sequence

{Cn} by the successive iteration
1 1
Cnt1 = §<n ©® 5(1) (Cn) (3.6)

forany n € NU {0}}. Then the sequence {(,} strongly converges to a point in F(P).
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Theorem 3.12. Suppose M, Z, ®, and {(,, } are as defined in Theorem 3.9. If the mapping ® satisfies condition
(I), then the sequence {(,, } strongly converges to a point in F(®P).

Proof. According to Lemma 3.8, the sequences {Q((,, 27)} are monotonically non-increasing for all
21 € F(®). Consequently, the sequence {Q((,,, F(®))} also exhibits monotonic non-increasing behavior.

This ensures the existence of li_)m Q(Cp, F(®)). In view of Lemma 3.4, we have
ILm Q(Cn, () = 0. (3.7)

Since ® satisfies condition (I),

QG 2(Gn)) = f(QGn, F(D))).
From (3.7), Jim f(Q(Gn, F(®))) = 0and

lim Q(Co, F(®)) = 0. (3.8)

n—oo
Now, it can be confirmed that the sequence {(,} is Cauchy. For any given ¢ > 0, according to (3.8),

there exists an ng € N such that for all n > ng

QGn, F(@)) <

=] ™

Therefore
inf{Q(Cng, 27) : 27 € F(®)} < i,

and there exists 2T € F(®) such that
QCngs 21) <

DN ™

Thus, for all m,n > ny,

Q(gn—&-my Cn) < Q(Cn—l—mv ZT) + Q(ZTa Cn) < 2Q(€noa ZT)
< 2% =g,
and the sequence {(,} is Cauchy. Due to the closedness property of the set Z within M, the sequence

{¢,} converges to a point ¢' € Z. Now, by condition (E), we have

Qh o) < Q)+ Q6. e(<¢h)
QCT, Ga) + 1QUCn, B(Gn)) + QUCT, Gn)
< 20(¢t, Gu) + UGy B(C))

IN

from (3.7), ¢t = ®(¢1). Thus, the sequence {¢,} strongly converges to a point in F(®). O
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